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❉✳✶✼ ✭❛✮ ❘❡❞✉❝❝✐ó♥ ❛ ✶ ♥✐✈❡❧ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥✱ ✭❜✮ ❘❡❞✉❝❝✐ó♥ ❛ ✷ ♥✐✈❡❧❡s ❞❡
❞❡s❝♦♠♣♦s✐❝✐ó♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✵
✐①
❈❛♣ít✉❧♦ ✶
■♥tr♦❞✉❝❝✐ó♥
▲❛ ♣r❡s❡♥t❡ t❡s✐s ❡s ✉♥❛ ✐♥✈❡st✐❣❛❝✐ó♥ s♦❜r❡ ❧♦s ❢✉♥❞❛♠❡♥t♦s ♠❛t❡♠át✐❝♦s ❞❡❧ ❆♥á❧✐s✐s ❞❡
❖♥❞í❝✉❧❛s ② ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧♦s ♠✐s♠♦s ❛❧ ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡ ✐♠á❣❡♥❡s✳
❊❧ ♣r❡❝❡❞❡♥t❡ ❤✐stór✐❝♦ ♠ás ❛♥t✐❣✉♦ ❞❡❧ ❆♥á❧✐s✐s ❞❡ ❖♥❞í❝✉❧❛s ❡s ❡❧ ❛♥á❧✐s✐s ❞❡ ❋♦✉r✐❡r
♦r✐❣✐♥❛❞♦ ❡♥ ✶✽✵✼✱ ♣♦st❡r✐♦r♠❡♥t❡ ❡♥ ✶✾✵✾✱ ❆❧❢r❡❞ ❍❛❛r ♣r❡s❡♥t❛ s✉ t❡s✐s ❞♦❝t♦r❛❧ ❩✉r
❚❤❡♦r✐❡ ❞❡r ♦rt❤♦❣♦♥❛❧❡♥ ❋✉♥❦t✐♦♥❡♥s②st❡♠❡✱ q✉❡ ❡s ❡❧ ♣r✐♠❡r tr❛❜❛❥♦ ♣r♦♣✐❛♠❡♥t❡ ❞✐❝❤♦
❡♥ ❡❧ ❝❛♠♣♦ ❞❡ ❧❛s ♦♥❞í❝✉❧❛s❀ ❡♥ ❧♦s ❛ñ♦s ✈❡♥✐❞❡r♦s s✐❣✉✐❡r♦♥ ❛❧❣✉♥♦s ❡st✉❞✐♦s r❡❧❛❝✐♦♥❛❞♦s
❡st❡ ❝❛♠♣♦✳ ❊♥ ✶✾✺✷ ❘✳ ❏✳ ❉✉✣♥ ② ❆✳ ❈✳ ❙❝❤❛❡✛❡r ✐♥tr♦❞✉❝❡♥ ❧❛ ♥♦❝✐ó♥ ❞❡ ❢r❛♠❡s ❡♥ ❧❛s
♠❛t❡♠át✐❝❛s✱ ❡♥ ❡s❡ ❡♥t♦♥❝❡s ❡st❛ ♠❛t❡♠át✐❝❛ ♥♦ t❡♥í❛ r❡❧❛❝✐ó♥ ❛❧❣✉♥❛ ❝♦♥ ❧❛s ♦♥❞í❝✉❧❛s✳
❊♥ ✶✾✽✷✱ P✳ ❏✳ ❇✉rt ② ❊✳ ❍✳ ❆❞❡❧s♦♥ ❞❡s❛rr♦❧❧❛♥ ❡❧ ❛❧❣♦r✐t♠♦ ♣✐r❛♠✐❞❛❧ ♣❛r❛ ❧❛ ❝♦♠♣r❡s✐ó♥
❞❡ ✐♠á❣❡♥❡s ② ♣♦st❡r✐♦r♠❡♥t❡ ❧❛ ✐❞❡❛ ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❞❡ s❡ñ❛❧❡s ❛ ❞✐st✐♥t❛s ❡s❝❛❧❛s ❞❡
r❡s♦❧✉❝✐ó♥ ②❛ ❡r❛ ❢❛♠✐❧✐❛r ♣❛r❛ ❧♦s ❡①♣❡rt♦s ❡♥ ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡ ✐♠á❣❡♥❡s✳ ❊♥ ✶✾✽✻ ❧❛
♠❛t❡♠át✐❝❛ ❞❡ ❧♦s ❢r❛♠❡s ❡s r❡✉t✐❧✐③❛❞❛ ♣♦r ■✳ ❉❛✉❜❡❝❤✐❡s✱ ❆✳ ●r♦ss♠❛♥ ❝♦♥ ❨✳ ▼❡②❡r
❡♥ ❡❧ ❛rtí❝✉❧♦ P❛✐♥❧❡ss ♥♦♥♦rt♦❣♦♥❛❧ ❡①♣❛♥s✐♦♥s ❡❧ ❝✉❛❧ ❡s ❡❧ ♣r✐♠❡r♦ ❡♥ ✉t✐❧✐③❛r ❧♦s ❢r❛♠❡s
❡♥ ❝♦♥❥✉♥t♦ ❝♦♥ ❧❛s ♦♥❞í❝✉❧❛s✳ ❆sí t❛♠❜✐é♥ ❡♥ ✶✾✽✻ ❙✳ ▼❛❧❧❛t✱ q✉❡ tr❛❜❛❥❛❜❛ ❡♥ s✉ t❡s✐s
❞♦❝t♦r❛❧ s♦❜r❡ ✈✐s✐ó♥ ✐♥❢♦r♠át✐❝❛✱ ✉♥ ❛♥t✐❣✉♦ ❛❧✉♠♥♦ ❞❡ ❨✳ ▼❡②❡r ❝♦♥ ❛②✉❞❛ ❞❡❧ ♠✐s♠♦
s❡♥t❛r♦♥ ❧❛s ❜❛s❡s ❞❡ ✉♥ ♠♦❞❡❧♦ ❧❧❛♠❛❞♦ ❆♥á❧✐s✐s ▼✉❧t✐r❡s♦❧✉❝✐ó♥ ✭❆▼❘✮ ❛❞❡♠ás ❞❡ ✈✐♥✲
❝✉❧❛r ❧❛ t❡♦rí❛ ❞❡ ♦♥❞í❝✉❧❛s ❛ ❧❛ ❧✐t❡r❛t✉r❛ ❡①✐st❡♥t❡ s♦❜r❡ ❡❧ ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡ ✐♠á❣❡♥❡s✱
❧❧❡✈❛♥❞♦ ❧♦s ❛❧❣♦r✐t♠♦s ♣✐r❛♠✐❞❛❧❡s ❛❧ ❝♦♥t❡①t♦ ❞❡ ❧❛s ♦♥❞í❝✉❧❛s✳
❊st❡ tr❛❜❛❥♦ ❡s ❡str✉❝t✉r❛❞♦ s✐❣✉✐❡♥❞♦ ❧❛ ❡✈♦❧✉❝✐ó♥ t❡♠♣♦r❛❧ ❞❡❧ ❆♥á❧✐s✐s ❞❡ ❖♥❞í❝✉❧❛s✱ ❡♥
❡❧ ❈❛♣ít✉❧♦ ✶✿ Pr❡❧✐♠✐♥❛r❡s✱ s❡ ❤❛❝❡ ✉♥ r❡❝✉❡♥t♦ ❞❡ ❧❛s ❞❡✜♥✐❝✐♦♥❡s✱ ♣r♦♣✐❡❞❛❞❡s✱ ❧❡♠❛s ②
t❡♦r❡♠❛s ♥❡❝❡s❛r✐♦s ♣❛r❛ ♣♦❞❡r ❡♥t❡♥❞❡r ❧❛ ♠❛t❡♠át✐❝❛ ❞❡s❛rr♦❧❧❛❞❛ ❡♥ ❧♦s ❝❛♣ít✉❧♦s ♣♦s✲
t❡r✐♦r❡s✱ ✐♥❢♦r♠❛❝✐ó♥ ❝♦♠♣❧❡♠❡♥t❛r✐❛ s❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛r ❡♥ ❬✶❪✱ ❬✷❪✱ ❬✸❪✳ ❊♥ ❡❧ ❈❛♣ít✉❧♦ ✷✿
❖♥❞í❝✉❧❛s✱ s❡ ❡♥✉♥❝✐❛ ❧❛ ♣r✐♠❡r❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ♦♥❞í❝✉❧❛✱ ❝♦♥ ❧❛ ❝✉❛❧ s❡ tr❛❜❛❥❛ ❛ ❧♦ ❧❛r❣♦
❞❡❧ ♠✐s♠♦ ❝❛♣ít✉❧♦✱ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❛❞♠✐s✐❜✐❧✐❞❛❞ ❞❡ ♦♥❞í❝✉❧❛ ② ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❈♦♥t✐♥✉❛
❞❡ ❖♥❞í❝✉❧❛ ✭❚❈❖✮ ❝♦♥ ❧❛ ❝✉❛❧ s❡ ❞❡♠✉❡str❛♥ r❡s✉❧t❛❞♦s ❛♥á❧♦❣♦s ❛❧ ❛♥á❧✐s✐s ❞❡ ❋♦✉r✐❡r✱
t❛❧❡s ❝♦♠♦ ❧❛ r❡❧❛❝✐ó♥ ❞❡ P❛rs❡✈❛❧✱ ❧❛ ❢♦r♠✉❧❛ ❞❡ ■♥✈❡rs✐ó♥ ❡ ✐s♦♠❡trí❛ ♣❛r❛ ❧❛ ❚❈❖ ❬✹❪✳ ❊♥
❡❧ ❈❛♣ít✉❧♦ ✸✿ ❋r❛♠❡s✱ ❞❡s♣✉és ❛❧❣✉♥♦ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♠ás ✐♠♣♦rt❛♥t❡s ❡♥ ❡st❡ ❝❛♠♣♦
❬✺❪✱ ✈❛♠♦s ❛ ✈❡r ❝♦♠♦ ❧♦s ❢r❛♠❡s s❡ r❡❧❛❝✐♦♥❛♥ ❝♦♥ ❧❛s ❜❛s❡s ❞❡ ❘✐❡s③ ❬✻❪✱ ❬✼❪❀ s✐❡♥❞♦ ✉♥♦ ❞❡
❧♦s r❡s✉❧t❛❞♦s ♠ás ✐♠♣♦rt❛♥t❡s ❡❧ ❚❡♦r❡♠❛ ❞❡ ❉❛✉❜❡❝❤✐❡s ❡❧ ❝✉❛❧ r❡❧❛❝✐♦♥❛ ❝✐❡rt♦ t✐♣♦ ❞❡
✶
❢r❛♠❡ ❝♦♥ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❛❞♠✐s✐❜✐❧✐❞❛❞ ❞❡ ♦♥❞í❝✉❧❛ ❬✽❪✱ ❝♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❡st❡ t❡♦r❡♠❛
s❡ ♣r❡s❡♥t❛ ❛❧ ✜♥❛❧ ❞❡❧ ❝❛♣ít✉❧♦ ✉♥❛ ♥✉❡✈❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ♦♥❞í❝✉❧❛ ❧❛ ❝✉❛❧ ❡s ✉t✐❧✐③❛❞❛ ♣❛r❛
❧♦s r❡s✉❧t❛❞♦s ❞❡❧ ❝❛♣ít✉❧♦ ♣♦st❡r✐♦r✳ ❊♥ ❡❧ ❈❛♣ít✉❧♦ ✹✿ ❆♥á❧✐s✐s ▼✉❧t✐r❡s♦❧✉❝✐ó♥ ✭❆▼❘✮✱ s❡
❡st✉❞✐❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧ ❆▼❘ ❬✻❪✱ ❬✾❪❀ ❛sí ❝♦♠♦ ❡❧ t❡♦r❡♠❛ ❞❡ ❝♦♥str✉❝❝✐ó♥ ❞❡ ✉♥ ❆▼❘
❛ ♣❛rt✐r ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❡s❝❛❧❛ ② ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ✉♥❛ ♦♥❞í❝✉❧❛ ❛ ♣❛rt✐r ❞❡ ✉♥❛ ❆▼❘ ❬✾❪✳
❊♥ ❡❧ ❈❛♣ít✉❧♦ ✺✿ ❉❡s❝♦♠♣♦s✐❝✐ó♥ ② ❘❡❝♦♥str✉❝❝✐ó♥ ❜❛s❛❞❛ ❡♥ ❖♥❞í❝✉❧❛s✱ s❡ ❡st✉❞✐❛♥ ❧♦s
❛❧❣♦r✐t♠♦s ♣✐r❛♠✐❞❛❧❡s ❡♥ ❡❧ á♠❜✐t♦ ❞❡❧ ❆▼❘ ❬✶✵❪✱ ❛❞❡♠ás ❞❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❘á♣✐❞❛ ❞❡
❖♥❞í❝✉❧❛ ✭❚❘❖✮ ❝♦♥ ❧❛ ❝✉❛❧ s❡ ♣✉❡❞❡♥ ❝♦♠♣✉t❛r ❞✐❝❤♦s ❛❧❣♦r✐t♠♦s ❬✶✶❪✱ ❬✶✷❪✳ ❊❧ ❈❛♣ít✉❧♦
✻✿ ❆♣❧✐❝❛❝✐ó♥ ❛❧ Pr♦❝❡s❛♠✐❡♥t♦ ❞❡ ■♠á❣❡♥❡s✱ ❡♠♣✐❡③❛ tr❛t❛♥❞♦ s♦❜r❡ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ♠❛✲
tr✐❝✐❛❧ ❞❡ ❧❛s ✐♠á❣❡♥❡s ❡♥ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s ② ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ✐♠á❣❡♥❡s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡
❝♦❧♦r ❘●❇ ❬✶✸❪✱ ❛♠❜♦s r❡♣r❡s❡♥t❛❝✐♦♥❡s s♦♥ ♠❛tr✐❝✐❛❧❡s ♣♦r ❡st❡ ❤❡❝❤♦ s❡ ❡①t✐❡♥❞❡ ❡❧ ❝♦♥✲
❝❡♣t♦ ❞❡ ❚❘❖ ♣❛r❛ ♣♦❞❡r tr❛❜❛❥❛r ❝♦♥ ♠❛tr✐❝❡s✱ ❚❘❖ ❜✐❞✐♠❡♥s✐♦♥❛❧✱ ♣❛r❛ ❧✉❡❣♦ ✐❧✉str❛r ❧♦s
♣r♦❝❡s♦s ❞❡ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s✱ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥ ② r❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦ ❬✶✵❪✱ ❬✶✶❪✱ ❬✶✷❪✳
❆❞✐❝✐♦♥❛❧♠❡♥t❡ s❡ ❞✐s❡ñ❛r♦♥ ❛❧❣♦r✐t♠♦s✱ ❆♣é♥❞✐❝❡ ❇✱ ❜ás✐❝♦s ♣❛r❛ ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ❞❡❧
❈❛♣ít✉❧♦ ✻✱ ❡♥ ❜❛s❡ ❛ ❡st♦s ❛❧❣♦r✐t♠♦s✱ ❡♥ ▼❆❚▲❆❇❘© R2010a✱ s❡ ❞❡s❛rr♦❧❧♦ ✉♥ ♣r♦t♦t✐♣♦
♣❛r❛ ✐❧✉str❛r ♣r♦❝❡❞✐♠✐❡♥t♦s ❞❡❧ ❈❛♣ít✉❧♦ ✺ ② ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❞❡❧ ❈❛♣ít✉❧♦ ✻✱ ❡❧ ❝ó❞✐❣♦ ❞❡
❡st❡ ♣r♦t♦t✐♣♦ s❡ ♠✉❡str❛ ❡♥ ❡❧ ❆♣é♥❞✐❝❡ ❈✱ ② ✉♥❛ ❜r❡✈❡ ❡①♣❧✐❝❛❝✐ó♥ ❡ ✐❧✉str❛❝✐ó♥ ❞❡ ❝ó♠♦
✉t✐❧✐③❛r❧♦ s❡ ♠✉❡str❛ ❡♥ ❡❧ ❆♣é♥❞✐❝❡ ❉✳
❱❡❛♠♦s ❝♦♥ ✉♥ ♣♦❝♦ ♠ás ❞❡ ❞❡t❛❧❧❡ ❡❧ ❢✉♥❞❛♠❡♥t♦ ❞❡❧ ❈❛♣ít✉❧♦ ✻✳ P❛r❛ ✉♥❛ ✐♠❛❣❡♥ ❡♥
❡s❝❛❧❛ ❞❡ ❣r✐s❡s ❝❛❞❛ ♣í①❡❧ ❝♦♥t✐❡♥❡ ✉♥ ú♥✐❝♦ ✈❛❧♦r ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥❛ ❡s❝❛❧❛ ❞❡ ✷✺✻
t♦♥♦s ❣r✐s❡s✳ ❙❡❛ ❧❛ ✐♠❛❣❡♥ f ❞❡ M × N ♣í①❡❧❡s ❡♥ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s ❡s r❡♣r❡s❡♥t❛❞❛ ♣♦r
✉♥❛ ♠❛tr✐③ [f ] ❞❡ ♦r❞❡♥ M ×N ✱ ❞♦♥❞❡ ❝❛❞❛ ♣í①❡❧ ❞❡ f ❡stá ❛s♦❝✐❛❞♦ ❛ ✉♥ ❡❧❡♠❡♥t♦ ❞❡ [f ]✱
fi,j ❝♦♥ i = 1, · · · ,M ② j = 1, · · · , N ✱ ❡❧ ❝✉❛❧ t✐❡♥❡ ❝♦♠♦ ✈❛❧♦r ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡ ❞✐❝❤♦ ♣í①❡❧
❡♥ ❧❛ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s ✭✵✲✷✺✻✮✳
▲❛ ❢♦r♠❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ❛♣❧✐❝❛r ❧♦s ❛❧❣♦r✐t♠♦s ♣✐r❛♠✐❞❛❧❡s ❡s ❛ tr❛✈és ❞❡ ❧❛ ❚r❛♥s✲
❢♦r♠❛❞❛ ❘á♣✐❞❛ ❞❡ ❖♥❞í❝✉❧❛✱ ② ❛❧ t❡♥❡r r❡♣r❡s❡♥t❛❞❛ ❧❛ ✐♠❛❣❡♥ ❝♦♠♦ ✉♥❛ ♠❛tr✐③✱ ❡st❛
❛♣❧✐❝❛❝✐ó♥ r❡s✉❧t❛ ✉♥❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ♠❛tr✐❝✐❛❧✱ ❞❡❜✐❞♦ ❛ ❡st♦ ❧❛s ✐♠♣❧❡♠❡♥t❛❝✐♦♥❡s ❝♦♠✲
♣✉t❛❝✐♦♥❛❧❡s ❢✉❡r♦♥ r❡❛❧✐③❛❞❛s ❡♥ ▼❆❚▲❆❇❘© R2010a✱ ②❛ q✉❡ ❞✐❝❤♦ ♣r♦❣r❛♠❛ ❜r✐♥❞❛ ✉♥❛
❣r❛♥ ❢❛❝✐❧✐❞❛❞ ♣❛r❛ ❧❛ ♠❛♥✐♣✉❧❛❝✐ó♥ ❞❡ ♠❛tr✐❝❡s ❛❞❡♠ás ❞❡ ✐♥❝♦r♣♦r❛r ✉♥ ❧❡♥❣✉❛❥❡ ♣r♦♣✐♦
♣❛r❛ ❞❡s❛rr♦❧❧❛r ❛❧❣♦r✐t♠♦s✳
❚♦❞❛s ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❞❡s❛rr♦❧❧❛❞❛s ❡♥ ❡st❡ tr❛❜❛❥♦✱ ❜ás✐❝❛♠❡♥t❡ ❝♦♥st❛♥ ❞❡ tr❡s ❡t❛♣❛s✱
❞❡s❝♦♠♣♦s✐❝✐ó♥✱ ✜❧tr❛❞♦ ② r❡❝♦♥str✉❝❝✐ó♥ ❞❡ ✐♠❛❣❡♥✳ ❊st❛s ❛♣❧✐❝❛❝✐♦♥❡s s♦❧♦ ✈❛rí❛♥ ❡♥ ❡❧
s❡❣✉♥❞♦ ♣❛s♦ ✐✳❡✳ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡♣❡♥❞❡♥ ❞❡❧ ✜❧tr❛❞♦ q✉❡ s❡ r❡❛❧✐③❛ ❛ ❧❛ ✐♠❛❣❡♥✳
❊♥ ❡st❡ tr❛❜❛❥♦✱ ♣r✐♠❡r♦✱ s❡ ❞❡s❛rr♦❧❧ó ❡ ✐♠♣❧❡♠❡♥tó ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ② r❡❝♦♥str✉❝❝✐ó♥
♣♦r ♦♥❞í❝✉❧❛s ❡♥ d ♥✐✈❡❧❡s✱ ②❛ q✉❡ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❞❡s❛rr♦❧❧❛❞❛s ❡♥ ❡st❡ tr❛❜❛❥♦ ❞❡♣❡♥✲
❞❡♥ ❞✐r❡❝t❛♠❡♥t❡ ❞❡❧ ✉s♦ ❞❡ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ② r❡❝♦♥str✉❝❝✐ó♥ ♣♦r ♦♥❞í❝✉❧❛s ✭❛❧❣♦r✐t♠♦s
♣✐r❛♠✐❞❛❧❡s✮ ♣✉❡s s♦❧♦ s❡ ❞✐❢❡r❡♥❝✐❛♥ ❡♥ ❡❧ ✜❧tr❛❞♦ ❞❡ ❞❛t♦s q✉❡ s❡ r❡❛❧✐③❛ ❛ ❧❛ ✐♠❛❣❡♥
❞❡s❝♦♠♣✉❡st❛ ❛♥t❡s ❞❡ r❡❝♦♥str✉✐r❧❛✳ P♦r ❡st♦ ❡❧ ♣❛s♦ ❝r✉❝✐❛❧ ♣❛r❛ ❞❡s❛rr♦❧❧❛r ❡❧ ❛♣❧✐❝❛t✐✈♦
✷
❢✉❡ ❞❡s❝♦♠♣♦♥❡r ② r❡❝♦♥str✉✐r✳ ❊st♦s ♣r♦❝❡❞✐♠✐❡♥t♦s s❡ ❞❡s❛rr♦❧❧❛r♦♥ ❡♥ ♣r✐♠❡r ❧✉❣❛r ♣❛r❛
✐♠á❣❡♥❡s ❡♥ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s✱ ❝♦♠♦ ②❛ s❡ ❤❛❜í❛ ❝♦♠❡♥t❛❞♦ ❛♥t❡s✱ ♣♦rq✉❡ ❡st♦s ❝á❧❝✉❧♦s
s♦♥ ♦♣❡r❛❝✐♦♥❡s ♠❛tr✐❝✐❛❧❡s✳ ❉❡s♣✉és ❞❡ ❤❛❜❡r t❡r♠✐♥❛❞♦ s❛t✐s❢❛❝t♦r✐❛♠❡♥t❡ ❡❧ ❞✐s❡ñ♦ ❡
✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ② r❡❝♦♥str✉❝❝✐ó♥ ♣❛r❛ ✐♠á❣❡♥❡s
❡♥ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s s❡ ♣r♦❝❡❞✐ó ❛ ❡①t❡♥❞❡r ❞✐❝❤♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ❛ ✐♠á❣❡♥❡s ❡♥ ❝♦❧♦r✳
❊❧ ❡s♣❛❝✐♦ ❞❡ ❝♦❧♦r ❘●❇✱ ❡stá ❜❛s❛❞♦ ❡♥ ❧❛ ❝♦♠❜✐♥❛❝✐ó♥ ❛❞✐t✐✈❛ ❞❡ tr❡s ❝♦❧♦r❡s ♣r✐♠❛r✐♦s
r♦❥♦✱ ✈❡r❞❡ ② ❛③✉❧✳ ❊♥t♦♥❝❡s ✉♥❛ ✐♠❛❣❡♥ f ❛ ❝♦❧♦r ❞❡ M ×N ♣í①❡❧❡s s❡ r❡♣r❡s❡♥t❛rá ♣♦r ❧❛
❤✐♣❡r♠❛tr✐③ [f ] ❞❡ ♦r❞❡♥ M ×N × 3 ❞♦♥❞❡ ❝❛❞❛ ♥✐✈❡❧ ❝♦rr❡s♣♦♥❞❡ ❛ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡
❧❛ ✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ r♦❥♦s✱ ✈❡r❞❡s ② ❛③✉❧❡s r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❯♥❛ ✐♠❛❣❡♥ ❡♥ ❡❧ ❡s♣❛❝✐♦
❘●❇ t❛♠❜✐é♥ ♣✉❡❞❡ s❡r ✈✐st❛ ❝♦♠♦ ❧❛ ❛❣r✉♣❛❝✐ó♥ ❞❡ tr❡s ♠❛tr✐❝❡s✱ ❞♦♥❞❡ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s
♠❛tr✐❝❡s ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ r♦❥♦s✱ ✈❡r❞❡s ② ❛③✉❧❡s r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡
❡st❛ ♠❛♥❡r❛ s❡ ♣✉❡❞❡♥ ❛♣❧✐❝❛r ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ❞❡s❛rr♦❧❧❛❞♦s ♣❛r❛ ✐♠á❣❡♥❡s ❡♥ ❡s❝❛❧❛
❞❡ ❣r✐s❡s ❛ ❡st❛s ♠❛tr✐❝❡s ❝♦♠♣♦♥❡♥t❡s✳ P❛r❛ ❡①t❡♥❞❡r ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❛ ✐♠á❣❡♥❡s ❡♥ ❝♦❧♦r
❜❛stó ❝♦♥ ❛❝♦♣❧❛r ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ♠❛tr✐❝✐❛❧❡s ❞❡ ♦r❞❡♥ M ×N ✱ ②❛ ❞❡s❛rr♦❧❧❛❞♦s✱ ❛ ♣r♦✲
❝❡❞✐♠✐❡♥t♦s ❤✐♣❡r♠❛tr✐❝✐❛❧❡s ❞❡ ♦r❞❡♥ M ×N × 3✳ ❊♥ ❡st❛ ❡t❛♣❛ ❞❡❧ tr❛❜❛❥♦ ②❛ s❡ ♣✉❡❞❡
❞❡s❝♦♠♣♦♥❡r ✐♠á❣❡♥❡s✱ ❡♥ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s ♦ ❛ ❝♦❧♦r✱ ② r❡❝♦♥str✉✐r❧❛s✳
▲❛s ❛♣❧✐❝❛❝✐♦♥❡s s❡ ❞❡s❛rr♦❧❧❛r♦♥ t❡♥✐❡♥❞♦ ❝♦♠♦ ❝r✐t❡r✐♦ ❧❛ ❞✐✜❝✉❧t❛❞ q✉❡ r❡♣r❡s❡♥t❛rí❛
♣r♦❣r❛♠❛r ❞✐❝❤❛ ❛♣❧✐❝❛❝✐ó♥✱ ♣♦r ❧♦ q✉❡ s❡ ❡♠♣❡③ó ❝♦♥ ❧❛ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s✱ ✜♥❛❧✐③❛❞♦
s❛t✐s❢❛❝t♦r✐❛♠❡♥t❡ ❡st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ s❡ ❝♦♥t✐♥ú♦ ❝♦♥ ❧❛ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥ ♣❛r❛ ❧✉❡❣♦
t❡r♠✐♥❛r ❝♦♥ ❧❛ r❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦✳
▲❛ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❝♦♥t❡♠♣♦rá♥❡❛ ②❛ q✉❡ s✉ ♣r✐♥❝✐♣❛❧ ✉s♦ ❡s ❧❛ s❡❣✲
♠❡♥t❛❝✐ó♥ ❞❡ ✐♠❛❣❡♥ ② ❡❧ r❡❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ♣❛tr♦♥❡s ❡♥ ❧❛s ♠✐s♠❛s✳ ❊st❛s ❛♣❧✐❝❛❝✐♦♥❡s
② ❡♥ ❡s❡♥❝✐❛❧ ❡❧ r❡❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ♣❛tr♦♥❡s s❡ ✉t✐❧✐③❛ ❜❛st❛♥t❡ ❡♥ ❧❛ ❞❡t❡❝❝✐ó♥ ❞❡ r♦str♦s✱
✈✐s✐ó♥ ❛rt✐✜❝✐❛❧✱ ❡t❝✳
❊❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥ ❤✐stór✐❝❛♠❡♥t❡ ❢✉❡ ❧❛ ♣r✐♠❡r❛ ❛♣❧✐❝❛❝✐ó♥ q✉❡
s❡ ❧❡ ❞✐♦ ❛ ❧❛ t❡♦rí❛ ❞❡ ♦♥❞í❝✉❧❛s✱ ❧♦s r❡s✉❧t❛❞♦s q✉❡ s❡ ♦❜t✐❡♥❡♥ ❝♦♥ ❧❛ ❝♦♠♣r❡s✐ó♥ ♣♦r
♦♥❞í❝✉❧❛s s♦♥ ♥♦t❛❜❧❡s✱ ❡♥ ❡st❡ tr❛❜❛❥♦ t♦❞♦s ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s s♦♥ ✐♠♣❧❡♠❡♥t❛❞♦s ❝♦♥
❡❧ ❆▼❘ ❞❡ ❍❛❛r✱ ❡❧ ♠✐s♠♦ q✉❡ s❡ ✉t✐❧✐③❛ ❝♦♠♦ ❡❥❡♠♣❧♦ ❡♥ ❧♦s ❞✐✈❡rs♦s ❝❛♣ít✉❧♦s ❞❡ ❡st❡
tr❛❜❛❥♦✳ ❉❡❜✐❞♦ ❛ q✉❡ s♦❧♦ s❡ ❜✉s❝❛ ✐❧✉str❛r ❝♦♠♦ s❡ ❛♣❧✐❝❛ ❡❧ ❆♥á❧✐s✐s ❞❡ ❖♥❞í❝✉❧❛s ❛❧
♣r♦❝❡s❛♠✐❡♥t♦ ❞❡ ✐♠á❣❡♥❡s✱ ♣❛r❛ ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ♠❛②♦r ✉t✐❧✐③❛❞ s❡ s✉❡❧❡ ✉t✐❧✐③❛r ❡❧ ❆▼❘
q✉❡ ❣✉❛r❞❡ ♠❛②♦r ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❧❛ s❡ñ❛❧ ❛ ❛♥❛❧✐③❛rs❡✱ ♣♦r ❡❥❡♠♣❧♦ ♣❛r❛ ❡❧ ♣r♦❝❡✲
s❛♠✐❡♥t♦ ❞❡ ✐♠á❣❡♥❡s s❡ s✉❡❧❡♥ ✉t✐❧✐③❛r ❧❛s ♦♥❞í❝✉❧❛s ❞❡ ❉❛✉❜❡❝❤✐❡s✳
❙❡❣✉r❛♠❡♥t❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥✱ ♠♦str❛❞❛ ❡♥ ❡st❡ tr❛❜❛❥♦✱ q✉❡ t✐❡♥❡ ♠❛②♦r ✐♠♣♦rt❛♥❝✐❛ ❡s ❧❛
r❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦ ②❛ q✉❡ ❡st❡ ♣r♦❝❡s♦ ❡s ✉s❛❞♦ ❝♦♥ ♠✉❝❤❛ ❢r❡❝✉❡♥❝✐❛ ❡♥ ❛♣❛r❛t♦s ❞❡ ✉s♦
❝♦t✐❞✐❛♥♦ ❝♦♠♦ s♦♥ ❝á♠❛r❛s ❞✐❣✐t❛❧❡s✱ ✜❧♠❛❞♦r❛s✱ ❝❡❧✉❧❛r❡s✱ r❛❞✐♦s✱ ❡t❝✳ ❉❡❜✐❞♦ ❛ q✉❡ ❡❧
r✉✐❞♦ ❡stá ♣r❡s❡♥t❡ ❡♥ ❝❛s✐ t♦❞❛ tr❛♥s♠✐s✐ó♥ ❞❡ s❡ñ❛❧❡s ♣♦r ❧♦ q✉❡ ❞❡s❛rr♦❧❧❛♥ ♥✉❡✈❛s t❡❝✲
♥♦❧♦❣í❛s ② ❤❡rr❛♠✐❡♥t❛s ♣❛r❛ ❧✐❞✐❛r ❝♦♥ ❡st❡ ❤❡❝❤♦✳
✸
❈❛♣ít✉❧♦ ✷
Pr❡❧✐♠✐♥❛r❡s
✷✳✶ ❊s♣❛❝✐♦s ▼étr✐❝♦s
❉❡✜♥✐❝✐ó♥ ✷✳✶ ❙❡❛ M ✉♥ ❝♦♥❥✉♥t♦ ❝✉❛❧q✉✐❡r❛✱ s♦❜r❡ M ❞❡✜♥✐♠♦s ❧❛ ❛♣❧✐❝❛❝✐ó♥ d : M ×
M → R q✉❡ s❛t✐s❢❛❝❡
✐✳ d(x, y) ≥ 0 ♣❛r❛ t♦❞♦ x, y ∈M ✳
✐✐✳ d(x, y) = 0 s✐ ② só❧♦ s✐ x = y✳
✐✐✐✳ d(x, y) = d(y, x) ♣❛r❛ t♦❞♦ x, y ∈M ✳
✐✈✳ d(x, y) ≤ d(x, z) + d(z, y) ♣❛r❛ t♦❞♦ x, y, z ∈M ✳
❊st❛ ❛♣❧✐❝❛❝✐ó♥ s❡ ❞❡♥♦♠✐♥❛ ♠étr✐❝❛ s♦❜r❡M ✱ ② ❡❧ ♣❛r (M,d) s❡ ❞❡♥♦♠✐♥❛ ❡s♣❛❝✐♦ ♠étr✐❝♦✳
❖❜s❡r✈❛❝✐ó♥ ✷✳✶ ❚♦❞❛ ♠étr✐❝❛ d : M ×M → R ✐♥❞✉❝❡ ✉♥❛ ♥♦r♠❛ ♣♦r ♠❡❞✐♦ ❞❡
d(x, y) = ‖x− y‖
M
✐✳❡✳ ‖x‖
M
= d(x, 0).
❉❡✜♥✐❝✐ó♥ ✷✳✷ ❙❡❛ (M,d) ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ② {xn}n∈N ✉♥❛ s✉❝❡s✐ó♥ ❡♥ M ✳ ❉❡❝✐♠♦s
q✉❡ ❧❛ s✉❝❡s✐ó♥ {xn}n∈N converge ❛ x ∈M s✐ ♣❛r❛ ❝❛❞❛ ε > 0 ❡①✐st❡ N ∈ N t❛❧ q✉❡
❙✐ n > N ❡♥t♦♥❝❡s d(xn, x) < ε.
❖ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡
xn ❝♦♥✈❡r❣❡ s✐ ② só❧♦ s✐ lim
n,m→∞ d(xn, xm) = 0.
❚❡♦r❡♠❛ ✷✳✶ ❙✐ {xn}n∈N ❡s ✉♥❛ s✉❝❡s✐ó♥ ❝♦♥✈❡r❣❡♥t❡ ❡♥ M ❡♥t♦♥❝❡s
✐✳ s✉ ❧í♠✐t❡ ❡s ú♥✐❝♦✳
✐✐✳ t♦❞❛ s✉❜s✉❝❡s✐ó♥ ❞❡ {xn}n∈N ❡s ❝♦♥✈❡r❣❡♥t❡✳
✐✐✐✳ {xn}n∈N ❡s ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❈❛✉❝❤②✳
✹
❉❡✜♥✐❝✐ó♥ ✷✳✸ ❙❡❛ (M,d) ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ② a ∈M ✱ ❡❧ ❝♦♥❥✉♥t♦
Br(a) = {x ∈M ; d(x, a) < r}
s❡ ❞❡♥♦♠✐♥❛ ❜♦❧❛ ❞❡ ❝❡♥tr♦ a ② r❛❞✐♦ r ❡♥ ▼✳
❉❡✜♥✐❝✐ó♥ ✷✳✹ ❙❡❛ (M,d) ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ② A ⊆M ✱ ❞❡❝✐♠♦s q✉❡
✐✳ A ❡s acotado s✐ ❡①✐st❡ k ∈ R t❛❧ q✉❡ d(x, y) ≤ k ♣❛r❛ t♦❞♦ x, y ∈ A✳
✐✐✳ A ❡s abierto s✐ ♣❛r❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ x ∈ A ❡①✐st❡ ✉♥❛ ❜♦❧❛ Br(x) t❛❧ q✉❡ Br(x) ⊂ A✳
✐✐✐✳ A ❡s cerrado s✐ M −A ❡s ❛❜✐❡rt♦ ✳
❉❡✜♥✐❝✐ó♥ ✷✳✺ ❙❡❛ (M,d) ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦✱ ❞❡❝✐♠♦s q✉❡ M ❡s ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦
completo s✐ t♦❞❛ s✉❝❡s✐ó♥ ❞❡ ❈❛✉❝❤② ❡♥ M ❡s ❝♦♥✈❡r❣❡♥t❡ ❡♥ M ✳
❉❡✜♥✐❝✐ó♥ ✷✳✻ ❙❡❛ (M,d) ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ② A ⊂ M ✱ ❞❡❝✐♠♦s q✉❡ A ❡s compacto s✐
❞❡ t♦❞❛ s✉❝❡s✐ó♥ ❡♥ A ❡s ♣♦s✐❜❧❡ ❡①tr❛❡r ✉♥❛ s✉❜s✉❝❡s✐ó♥ q✉❡ ❝♦♥✈❡r❣❡ ❡♥ A✳
❚❡♦r❡♠❛ ✷✳✷ ❙❡❛ (M,d) ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ② A ⊂M ❡♥t♦♥❝❡s
✐✳ s✐ A ❡s ❝♦♠♣❧❡t♦✱ ❡♥t♦♥❝❡s A ❡s ❝❡rr❛❞♦✳
✐✐✳ s✐ M ❡s ❝♦♠♣❧❡t♦✱ ❡♥t♦♥❝❡s A ❡s ❝♦♠♣❧❡t♦ s✐ ② só❧♦ s✐ A ❡s ❝❡rr❛❞♦✳
✐✐✐✳ s✐ A ❡s ❝♦♠♣❛❝t♦✱ ❡♥t♦♥❝❡s A ❡s ❝❡rr❛❞♦ ② ❛❝♦t❛❞♦✳
❉❡✜♥✐❝✐ó♥ ✷✳✼ ❙❡❛ (M,d) ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦✱ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✲
✉❛s f : M → K s❡rá ❞❡♥♦t❛❞♦ ♣♦r C(M,K)✳ ❉❡✜♥✐♠♦s ❧❛ ♠étr✐❝❛
d(f, g) = Sup {|f(x)− g(x)| : x ∈M} ♣❛r❛ t♦❞♦ f, g ∈ C(M,K).
✷✳✷ ❊s♣❛❝✐♦s ◆♦r♠❛❞♦s
❉❡✜♥✐❝✐ó♥ ✷✳✽ ❯♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ s♦❜r❡ ✉♥ ❝❛♠♣♦ K ❡s ✉♥ ❝♦♥❥✉♥t♦✱ ♥♦ ✈❛❝✐♦✱ X ❞❡
❡❧❡♠❡♥t♦s x, y, · · · ❧❧❛♠❛❞♦s vectores✱ ♣❛r❛ ❧♦s ❝✉❛❧❡s s❡ ❞❡✜♥❡♥ ❞♦s ♦♣❡r❛❝✐♦♥❡s ❛❧❣❡❜r❛✐❝❛s✳
❊st❛s ♦♣❡r❛❝✐♦♥❡s s♦♥ ❧❧❛♠❛❞❛s ❛❞✐❝✐ó♥ ✈❡❝t♦r✐❛❧ ② ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ♣♦r ✉♥ ❡s❝❛❧❛r✱ ❡st♦ ❡s
♣♦r ❡❧❡♠❡♥t♦s ❞❡ K✳
❉❡✜♥✐❝✐ó♥ ✷✳✾ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ s♦❜r❡ K✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ‖·‖ : X → R ❡s ✉♥❛
norma s♦❜r❡ X✱ s✐ ✈❡r✐✜❝❛ ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s✿
✐✳ ‖x‖ ≥ 0✳
✐✐✳ ‖λx‖ = |λ| ‖x‖ ♣❛r❛ t♦❞♦ x ∈ X✱ λ ∈ K✳
✐✐✐✳ ‖x+ y‖ ≤ ‖x‖+ ‖y‖ ♣❛r❛ t♦❞♦ x, y ∈ X✳
✐✈✳ ‖x‖ = 0 s✐ ② só❧♦ s✐ x = 0✳
❉❡✜♥✐❝✐ó♥ ✷✳✶✵ ❙✐ ‖·‖ ❞❡✜♥❡ ✉♥ ♥♦r♠❛ s♦❜r❡ X✱ ❡♥t♦♥❝❡s ❞❡❝✐♠♦s q✉❡ (X, ‖·‖) ❡s ✉♥
❡s♣❛❝✐♦ ♥♦r♠❛❞♦✳ ❯♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ ❡s ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦ ❝♦♠♣❧❡t♦ ✭❝♦♠♣❧❡t♦ ❡♥
❧❛ ♠étr✐❝❛ ❞❡✜♥✐❞❛ ♣♦r ❧❛ ♥♦r♠❛✮✳
✺
✷✳✷✳✶ ❖♣❡r❛❞♦r❡s ▲✐♥❡❛❧❡s
❉❡✜♥✐❝✐ó♥ ✷✳✶✶ ❙❡❛♥ X,Y ❞♦s ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s ② T : X → Y ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥
❧✐♥❡❛❧✱ ❡♥t♦♥❝❡s ❞❡❝✐♠♦s q✉❡ T ❡s ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧✳
Pr♦♣♦s✐❝✐ó♥ ✷✳✶ ❙❡❛ T : X → Y ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❧✐♥❡❛❧✱ ❧❛s s✐❣✉✐❡♥t❡s ❛✜r♠❛❝✐♦♥❡s
s♦♥ ❡q✉✐✈❛❧❡♥t❡s
✐✳ T ❡s ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥t✐♥✉❛✳
✐✐✳ T ❡s ❝♦♥t✐♥✉❛✳
✐✐✐✳ T ❡s ❝♦♥t✐♥✉❛ ❡♥ ❝❡r♦✳
✐✈✳ ❊①✐st❡ k ∈ R+ t❛❧ q✉❡ ‖Tx‖ ≤ k ♣❛r❛ t♦❞♦ x ∈ X ❝♦♥ ‖x‖ ≤ 1✳
✈✳ ❊①✐st❡ k ∈ R+ t❛❧ q✉❡ ‖Tx‖ ≤ k ‖x‖ ♣❛r❛ t♦❞♦ x ∈ X✳
❉❡✜♥✐❝✐ó♥ ✷✳✶✷ ❙❡❛♥ X,Y ❞♦s ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s ② T : X → Y ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧✱
❞❡❝✐♠♦s q✉❡ T ❡s acotada s✐ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ c > 0 t❛❧ q✉❡
‖Tx‖ ≤ c ‖x‖ ♣❛r❛ t♦❞♦ x ∈ X.
❚❡♦r❡♠❛ ✷✳✸ ✭❖♣❡r❛❞♦r ■♥✈❡rs♦✮ ❙❡❛ T : X → Y ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧✳ ❊♥t♦♥❝❡s
✐✳ ❡①✐st❡ ❡❧ ♦♣❡r❛❞♦r ✐♥✈❡rs♦ T−1 ❞❡ T ✱ s✐ ② só❧♦ s✐ Tx = 0 ✐♠♣❧✐❝❛ q✉❡ x = 0✳
✐✐✳ s✐ ❡①✐st❡ T−1✱ ❡♥t♦♥❝❡s T−1 ❡s ❧✐♥❡❛❧✳
❖❜s❡r✈❛❝✐ó♥ ✷✳✷ ❯t✐❧✐③❛♠♦s ❧❛ ♥♦t❛❝✐ó♥ B(X,Y ) ♣❛r❛ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❧♦s ♦♣❡r❛❞♦r❡s
❧✐♥❡❛❧❡s T : X → Y q✉❡ s♦♥ ❛❝♦t❛❞♦s✱ ② B(X) ♣❛r❛ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛❧❡s
T : X → X q✉❡ s♦♥ ❛❝♦t❛❞♦s✳
❉❡✜♥✐❝✐ó♥ ✷✳✶✸ ❙❡❛ T ∈ B(X,Y ) ❞❡❝✐♠♦s q✉❡ T ❡s invertible s✐ ② só❧♦ s✐ ❡①✐st❡ S ∈
B(Y,X) t❛❧ q✉❡ ST = IY ② TS = IX ✱ ❡♥ t❛❧ ❝❛s♦ ❡❧ ♦♣❡r❛❞♦r S s❡ ❞❡♥♦♠✐♥❛ operador
inverso ❞❡ T ② s❡ ❞❡♥♦t❛ S = T−1✳
▲❡♠❛ ✷✳✶ ❙❡❛♥ ❧♦s ♦♣❡r❛❞♦r❡s F,G ∈ B(X,Y )✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡
‖FG‖ ≤ ‖F‖‖G‖.
❖❜s❡r✈❛❝✐ó♥ ✷✳✸ P❛r❛ ❡❧ ♦♣❡r❛❞♦r ✐♥✈❡rt✐❜❧❡ F ∈ B(X,Y ) s❡ ❝✉♠♣❧❡
✐✳ ‖FF−1‖ = 1✳
✐✐✳ 1 ≤ ‖F‖‖F−1‖✳
❚❡♦r❡♠❛ ✷✳✹ ❙❡❛ T ∈ B(X) t❛❧ q✉❡ ‖T‖ ≤ 1 ❡♥t♦♥❝❡s ❡❧ ♦♣❡r❛❞♦r I − T ❡s ✐♥✈❡rt✐❜❧❡ ②
s✉ ✐♥✈❡rs❛ ❡s ❞❛❞❛ ♣♦r
(I − T )−1 =
∞∑
k=0
T k.
✻
✷✳✸ ❊s♣❛❝✐♦s ❝♦♥ Pr♦❞✉❝t♦ ■♥t❡r♥♦
❉❡✜♥✐❝✐ó♥ ✷✳✶✹ ❙❡❛ x ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✱ s❡ ❞❡♥♦♠✐♥❛ producto interno s♦❜r❡ X ❛ ✉♥❛
❛♣❧✐❝❛❝✐ó♥
〈·, ·〉 : X ×X → R
q✉❡ s❛t✐s❢❛❝❡ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✿
✐✳ 〈x, x〉 ∈ R ② 〈x, x〉 ≥ 0✳
✐✐✳ 〈x, x〉 = 0 s✐ ② só❧♦ s✐ x = 0✳
✐✐✐✳ 〈αx+ βy, z〉 = α 〈x, z〉+ β 〈y, z〉 .
✐✈✳ 〈x, y〉 = 〈y, x〉.
❖❜s❡r✈❛❝✐ó♥ ✷✳✹ ❯♥ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ ❡♥ X ❞❡✜♥❡ ✉♥❛ ♥♦r♠❛ ❡♥ X ❞❛❞❛ ♣♦r
‖x‖ =
√
〈x, x〉.
❨ t❛♠❜✐é♥ ✉♥❛ ♠étr✐❝❛ ❞❛❞❛ ♣♦r
d(x, y) = ‖x− y‖ =
√
〈x− y, x− y〉.
❉❡✜♥✐❝✐ó♥ ✷✳✶✺ ❙✐ 〈·, ·〉 ❞❡✜♥❡ ✉♥ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ X✱ ❡♥t♦♥❝❡s
❞❡❝✐♠♦s q✉❡ (X, 〈·, ·〉) ❡s ✉♥ ❡s♣❛❝✐♦ ❝♦♥ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦✳ ❯♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt ❡s ✉♥
❡s♣❛❝✐♦ ❝♦♥ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ ❝♦♠♣❧❡t♦ ✭❝♦♠♣❧❡t♦ ❡♥ ❧❛ ♠étr✐❝❛ ❞❡✜♥✐❞❛ ♣♦r ❡❧ ♣r♦❞✉❝t♦
✐♥t❡r♥♦✮✳
Pr♦♣♦s✐❝✐ó♥ ✷✳✷ ❙❡❛ H ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt✱ ❝♦♥ u ∈ H t❛❧ q✉❡
Si 〈u, v〉
H
= 0 ♣❛r❛ t♦❞♦ v ∈ H, ❡♥t♦♥❝❡s u = 0.
❉❡✜♥✐❝✐ó♥ ✷✳✶✻ ❯♥ ❡❧❡♠❡♥t♦ x ❞❡ ✉♥ ❡s♣❛❝✐♦ ❝♦♥ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦X ❡s ❧❧❛♠❛❞♦ ortogonal
❛ y ∈ X s✐
〈x, y〉 = 0.
Pr♦♣♦s✐❝✐ó♥ ✷✳✸ ✭❉❡s✐❣✉❛❧❞❛❞ ❞❡ ❙❝❤✇❛r③✮ ❙❡❛ (X, 〈·, ·〉) ✉♥ ❡s♣❛❝✐♦ ❝♦♥ ♣r♦❞✉❝t♦ ✐♥✲
t❡r♥♦ ② s❡❛ ‖·‖ ❧❛ ♥♦r♠❛ ❞❡✜♥✐❞❛ ♣♦r ❡❧ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ 〈·, ·〉✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡
|〈x, y〉| ≤ ‖x‖ ‖y‖ .
❉❡✜♥✐❝✐ó♥ ✷✳✶✼ ❯♥ ❡s♣❛❝✐♦ X ❡s ❧❧❛♠❛❞♦ ❧❛ s✉♠❛ ❞✐r❡❝t❛ ❞❡ ❞♦s s✉❜❡s♣❛❝✐♦s Y ② Z ❞❡
X✱ ❧♦ ❝✉❛❧ ❡s❝r✐❜✐♠♦s
X = Y
⊕
Z,
s✐ ❝❛❞❛ x ∈ X t✐❡♥❡ ✉♥❛ ú♥✐❝❛ r❡♣r❡s❡♥t❛❝✐ó♥
x = y + z ❞♦♥❞❡ y ∈ Y, z ∈ Z,
✼
❡♥t♦♥❝❡s Z ❡s ❧❧❛♠❛❞♦ ❡❧ ❝♦♠♣❧❡♠❡♥t♦ ❛❧❣❡❜r❛✐❝♦ ❞❡ Y ❡♥ X ② ✈✐❝❡✈❡rs❛✳
❚❡♦r❡♠❛ ✷✳✺ ✭❙✉♠❛ ❉✐r❡❝t❛✮ ❙❡❛ Y ❝✉❛❧q✉✐❡r s✉❜❡s♣❛❝✐♦ ❝❡rr❛❞♦ ❞❡ ✉♥ ❡s♣❛❝✐♦ ❞❡
❍✐❧❜❡rt H✳ ❊♥t♦♥❝❡s
H = Y
⊕
Z ❞♦♥❞❡ Z = Y ⊥,
② Z ❡s ❧❧❛♠❛❞♦ ❡❧ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞❡ Y ❡♥ H✳
❉❡✜♥✐❝✐ó♥ ✷✳✶✽ ❯♥ ❝♦♥❥✉♥t♦ ✐♥❞❡①❛❞♦ {xα} ❝♦♥ α ∈ I✱ ❡s ❧❧❛♠❛❞♦ ♦rt♦❣♦♥❛❧ s✐ xα⊥xβ
♣❛r❛ α, β ∈ I✱ α 6= β✳ ▲❛ ❢❛♠✐❧✐❛ ❡s ♦rt♦♥♦r♠❛❧ s✐ ❡s ♦rt♦❣♦♥❛❧ ② ❝❛❞❛ xα t✐❡♥❡ ♥♦r♠❛ ✶✳
❊♥t♦♥❝❡s ♣❛r❛ t♦❞♦ α, β ∈ I t❡♥❡♠♦s
〈
xα , xβ
〉
= δ
α,β
=
{
0 s✐ α 6= β.
1 s✐ α = β.
❚❡♦r❡♠❛ ✷✳✻ ✭❉❡s✐❣✉❛❧❞❛❞ ❞❡ ❇❡ss❡❧✮ ❙❡❛ {e
k
} ✉♥❛ s✉❝❡s✐ó♥ ♦rt♦♥♦r♠❛❧ ❡♥ ❡❧ ❡s♣❛❝✐♦
❝♦♥ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ (X, 〈·, ·〉)✱ ❡♥t♦♥❝❡s ♣❛r❛ ❝❛❞❛ x ∈ X s❡ ❝✉♠♣❧❡
∞∑
k=1
|〈x, e
k
〉|2 ≤ ‖x‖2 .
❚❡♦r❡♠❛ ✷✳✼ ❙❡❛ H ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt✱ {e
k
} ✉♥❛ s✉❝❡s✐ó♥ ♦rt♦♥♦r♠❛❧ ② {α
k
} ✉♥❛
s✉❝❡s✐ó♥ ❡♥ K✱ ❡♥t♦♥❝❡s ❧❛ s❡r✐❡
∞∑
k=1
α
k
e
k
❝♦♥✈❡r❣❡ s✐ ② só❧♦ s✐
∞∑
k=1
|α
k
|2 ❡s ❝♦♥✈❡r❣❡♥t❡,
❡♥ t❛❧ ❝❛s♦ s❡ ❝✉♠♣❧❡ ❧❛ r❡❧❛❝✐ó♥ ❞❡ P✐tá❣♦r❛s∥∥∥∥∥
∞∑
k=1
α
k
e
k
∥∥∥∥∥
2
=
∞∑
k=1
|α
k
|2 .
✷✳✸✳✶ ❖♣❡r❛❞♦r ❆❞❥✉♥t♦
❚❡♦r❡♠❛ ✷✳✽ ❈❛❞❛ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛❧ ② ❛❝♦t❛❞♦ f ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt ❍ ♣✉❡❞❡ s❡r
r❡♣r❡s❡♥t❛❞♦ ❡♥ tér♠✐♥♦s ❞❡❧ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦✱ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛
f(x) = 〈x, z〉
❞♦♥❞❡ z ❞❡♣❡♥❞❡ ❞❡ f ② ❡s ú♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦ ♣♦r f ✱ ② ❛❞❡♠ás t✐❡♥❡ ♥♦r♠❛
‖z‖ = ‖f‖ .
❉❡✜♥✐❝✐ó♥ ✷✳✶✾ ❙❡❛ T ∈ B(X,Y )✱ ❡♥t♦♥❝❡s ❡❧ operador adjunto ❞❡ T ✱ ❞❡♥♦t❛❞♦ ❝♦♠♦
T ∗ : Y → X✱ ❡s t❛❧ q✉❡ ♣❛r❛ t♦❞♦ u ∈ X ② v ∈ Y ❝✉♠♣❧❡
〈Tu, v〉 = 〈u, T ∗v〉 .
✽
❚❡♦r❡♠❛ ✷✳✾ ✭❊①✐st❡♥❝✐❛ ❞❡❧ ❖♣❡r❛❞♦r ❆❞❥✉♥t♦✮ ❊❧ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ ❞❡ T ❞❛❞♦ ❡♥
❧❛ ❉❡✜♥✐❝✐ó♥ ✷✳✶✾ ❡①✐st❡✱ ❡s ú♥✐❝♦✱ ② ❡s ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ❛❝♦t❛❞♦ ❝♦♥ ♥♦r♠❛
‖T ∗‖ = ‖T‖.
Pr♦♣♦s✐❝✐ó♥ ✷✳✹ ❙❡❛♥ ❧♦s ♦♣❡r❛❞♦r❡s S, T ∈ B(X,Y ) ② α ✉♥ ❡s❝❛❧❛r ❝✉❛❧q✉✐❡r❛✳ ❊♥t♦♥❝❡s
s❡ ❝✉♠♣❧❡♥ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s
✐✳ I∗x = Iy✱ ❛sí ♠✐s♠♦ I∗y = Ix✳
✐✐✳ (S + T )∗ = S∗ + T ∗✳
✐✐✐✳ (αT )∗ = αT ∗✳
✐✈✳ (T ∗)∗ = T ✳
✈✳ ‖T ∗T‖ = ‖TT ∗‖ = ‖T‖2✳
✈✐✳ T ∗T = 0⇔ T = 0✳
✈✐✐✳ (ST )∗ = S∗T ∗✱ ❛s✉♠✐❡♥❞♦ q✉❡ X = Y ✳
✈✐✐✐✳ (T−1)∗ = (T ∗)−1✱ ❛s✉♠✐❡♥❞♦ q✉❡ T ❡s ✐♥✈❡rt✐❜❧❡✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✵ ❊❧ ♦♣❡r❛❞♦r T ∈ B(X) ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt X ❡s ❧❧❛♠❛❞♦
✐✳ ❛✉t♦❛❞❥✉♥t♦ ♦ ❤❡r♠✐t✐❛♥♦ s✐ T ∗ = T ✳
✐✐✳ ✉♥✐t❛r✐♦ s✐ T ❡s ❜✐②❡❝t✐✈♦ ② T ∗ = T−1✳
✐✐✐✳ ♥♦r♠❛❧ s✐ TT ∗ = T ∗T ✳
✷✳✸✳✷ ❖♣❡r❛❞♦r Pr♦②❡❝❝✐ó♥
❉❡✜♥✐❝✐ó♥ ✷✳✷✶ ❊❧ ♦♣❡r❛❞♦r P ∈ B(X) ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt X ❡s ✉♥❛ ♣r♦②❡❝❝✐ó♥ s✐
② só❧♦ s✐ P ❡s ❛✉t♦❛❞❥✉♥t❛ ❡ ✐❞❡♠♣♦t❡♥t❡ ✭❡st♦ ❡s P 2 = P ✮✳
❚❡♦r❡♠❛ ✷✳✶✵ ✭P♦s✐t✐✈✐❞❛❞ ❞❡ ❧❛ Pr♦②❡❝❝✐ó♥✮ P❛r❛ ❝✉❛❧q✉✐❡r ♣r♦②❡❝❝✐ó♥ P ❡♥ ✉♥ ❡s✲
♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt H✱ s❡ ❝✉♠♣❧❡
✐✳ 〈Px, x〉
H
= ‖Px‖
H
♣❛r❛ t♦❞♦ x ∈ H✳
✐✐✳ P ≥ 0✳
✐✐✐✳ ‖P‖ ≤ 1 ② ‖P‖ = 1 s✐ P (H) 6= {0}✳
✷✳✹ ▼❡❞✐❞❛ ❡ ■♥t❡❣r❛❧ ❞❡ ▲❡❜❡s❣✉❡
❙❡❛ X ✉♥ ❝♦♥❥✉♥t♦ ❞❛❞♦✳ ❉❡❝✐♠♦s q✉❡ Σ ❡s ✉♥ σ✲❛❧❣❡❜r❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ X s✐ ✈❡r✐✜❝❛
❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s✿
✐✳ ∅, X ∈ Σ✳
✾
✐✐✳ ❙✐ A ∈ Σ ❡♥t♦♥❝❡s X −A ∈ Σ✳
✐✐✐✳ s✐ An ∈ Σ ❝♦♥ n ∈ N ❡♥t♦♥❝❡s
⋃
n∈N
An ∈ Σ✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✷ ❙❡❛ X ✉♥ ❝♦♥❥✉♥t♦ ❞❛❞♦ ② Σ ✉♥ σ✲❛❧❣❡❜r❛ ❞❡ X✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥
µ : Σ→ R+
0
(
R
+
0
= [0,+∞]
)
s❡ ❞❡♥♦♠✐♥❛ medida s✐ s❛t✐s❢❛❝❡ ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s
✐✳ µ(∅) = 0✳
✐✐✳ µ ❡s ♥✉♠❡r❛❜❧❡♠❡♥t❡ ❛❞✐t✐✈❛ ✐✳❡✳ ❙✐ {An} ❡s ✉♥❛ ❝♦❧❡❝❝✐ó♥ ❞❡ ❝♦♥❥✉♥t♦s ❡♥ Σ ❞✐s❥✉♥t♦s
❞♦s ❛ ❞♦s✱ ❡♥t♦♥❝❡s
µ
( ∞⋃
n=1
An
)
=
∞∑
n=1
µ (An) .
▲❛ t❡r♥❛ (X,Σ, µ) s❡ ❞❡♥♦♠✐♥❛ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✸ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ (X,Σ, µ) ② s❡❛ ❡❧ ❝♦♥❥✉♥t♦ N ⊂ Σ t❛❧ q✉❡
µ(N) = 0✱ ❡♥t♦♥❝❡s ❞❡❝✐♠♦s q✉❡ N ❡s ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✳
❖❜s❡r✈❛❝✐ó♥ ✷✳✺ ❙✐ P ❡s ✉♥❛ ♣r♦♣✐❡❞❛❞ q✉❡ ❡s ✈á❧✐❞❛ ♣❛r❛ t♦❞♦ x ∈ X −N ② µ(N) = 0
❡♥t♦♥❝❡s ❞❡❝✐♠♦s q✉❡ P ❡s ✉♥❛ ♣r♦♣✐❡❞❛❞ q✉❡ ✈❛❧❡ ❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦ ❞❡ X✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✹ ❉❛❞♦ ✉♥ ❝♦♥❥✉♥t♦ A ⊂ X✱ ❧❛ ❢✉♥❝✐ó♥ χA : X → R ❞❛❞❛ ♣♦r
χA(x) =
{
1 s✐ x ∈ A.
0 s✐ x /∈ A.
s❡ ❞❡♥♦♠✐♥❛ ❢✉♥❝✐ó♥ ❝❛r❛❝t❡ríst✐❝❛✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✺ ❙❡❛ (X,Σ, µ) ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛✱ ✉♥❛ ❢✉♥❝✐ó♥ ϕ : X → R s❡ ❞❡♥♦♠✐♥❛
s✐♠♣❧❡ s✐ ❡①✐st❡♥ ❝♦♥st❛♥t❡s αj ❝♦♥ j = 1, 2, · · · , n ② ❝♦♥❥✉♥t♦s Aj ⊂ Σ ❝♦♥ j = 1, 2, · · · , n
t❛❧ q✉❡
ϕ(x) =
n∑
j=1
αjχnj (x).
❉❡✜♥✐❝✐ó♥ ✷✳✷✻ ❙❡❛ (X,Σ, µ) ❡❧ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✳ ❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ s✐♠♣❧❡
ϕ =
n∑
j=1
αjχnj ,
❞❡✜♥✐♠♦s s✉ ✐♥t❡❣r❛❧ ❞❡ ▲❡❜❡s❣✉❡ ♣♦r∫
X
ϕdµ =
n∑
j=1
αjµ (Ai) .
✶✵
❉❡✜♥✐❝✐ó♥ ✷✳✷✼ ❙❡❛ (X,Σ, µ) ✉♥ ❡s♣❛❝✐♦ ♠❡❞✐❞❛✱ s❡❛ f : X → R+
0
❞❡❝✐♠♦s q✉❡ f ❡s
♠❡❞✐❜❧❡ s✐ ❞❛❞♦ α ∈ R ❡❧ ❝♦♥❥✉♥t♦
{x ∈ X ; f(x) > α} = f−1 (〈α,+∞〉)
♣❡rt❡♥❡❝❡ ❛ Σ✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✽ ❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ f : X → R ❞❡✜♥✐♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❢✉♥❝✐♦♥❡s f+, f− :
X → R+
0
✱ ♣♦r
f+(x) =
{
f(x) s✐ f(x) > 0.
0 s✐ f(x) ≤ 0.
f−(x) =
{
−f(x) s✐ f(x) < 0.
0 s✐ f(x) ≥ 0.
❧❛s ❝✉❛❧❡s ❝✉♠♣❧❡♥ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✿
✐✳ f+ + f− = |f |✳
✐✐✳ f+ − f− = f ✳
✐✐✐✳ f+ = ♠á①✐♠♦ {f(x), 0} ≥ 0✳
✐✈✳ f− = ♠á①✐♠♦ {−f(x), 0} ≥ 0✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✾ ❙❡❛ (X,σ, µ) ❡❧ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ② f : X → R ✉♥❛ ❢✉♥❝✐ó♥
♠❡❞✐❜❧❡ ♥♦ ♥❡❣❛t✐✈❛✳ ❉❡✜♥✐r❡♠♦s ❧❛ ✐♥t❡❣r❛❧ ❞❡ ▲❡❜❡s❣✉❡ ❞❡ f ♣♦r∫
X
f dµ = Sup
{∫
X
ϕdµ ; ϕ ❡s s✐♠♣❧❡ ② 0 ≤ ϕ ≤ f
}
.
❉❡✜♥✐❝✐ó♥ ✷✳✸✵ ❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ f : X → R✱ ❞❡❝✐♠♦s q✉❡ f ❡s ▲❡❜❡s❣✉❡✲✐♥t❡❣r❛❜❧❡ s✐ f
❡s ✐♥t❡❣r❛❜❧❡ ② ❛❞❡♠ás ∫
X
|f | dµ <∞,
❡♥ t❛❧ ❝❛s♦ ❞❡✜♥✐♠♦s ❧❛ ✐♥t❡❣r❛❧ ❞❡ ▲❡❜❡s❣✉❡ ♣♦r∫
X
f dµ =
∫
X
f+ dµ−
∫
X
f− dµ.
❉❡✜♥✐❝✐ó♥ ✷✳✸✶ ❊❧ ❝♦♥❥✉♥t♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ▲❡❜❡s❣✉❡✲✐♥t❡❣r❛❜❧❡s ❝♦♥st✐t✉②❡♥ ✉♥ ❡s♣❛❝✐♦
✈❡❝t♦r✐❛❧ ❞❡♥♦t❛❞♦ ♣♦r L1(X)✱
L1(X) =
{
f : X → R ;
∫
X
|f | dµ <∞
}
.
❆♥á❧♦❣❛♠❡♥t❡ ♣♦❞❡♠♦s ❞❡✜♥✐r ♣❛r❛ 1 < p ≤ ∞ ❡❧ ❡s♣❛❝✐♦
Lp(X) =
{
f : X → R ;
∫
X
|f |p dµ <∞
}
.
✶✶
❙✐ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ M > 0 t❛❧ q✉❡ |f(x)| ≤ M ❝✳t✳♣✳ ❡♥ X ❡♥t♦♥❝❡s ❞❡❝✐♠♦s q✉❡ f ❡s
❡s❡♥❝✐❛❧♠❡♥t❡ ❛❝♦t❛❞♦✳ ❙✐ f ❡s ❡s❡♥❝✐❛❧♠❡♥t❡ ❛❝♦t❛❞♦ ❞❡✜♥✐♠♦s s✉ s✉♣r❡♠♦ ❡s❡♥❝✐❛❧ ♣♦r
SupEss(f) = inf {M ; |f(x)| ≤M ❝✳t✳♣✳ ❡♥ X} ,
❆sí ❞❡✜♥✐♠♦s ❡❧ ❡s♣❛❝✐♦
L∞(X) = {f : X → R ; SupEss|f | <∞} .
❉❡✜♥✐❝✐ó♥ ✷✳✸✷ ❉❡❝✐♠♦s q✉❡ f ② g s♦♥ equivalentes ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ (X,σ, µ) s✐
❞✐✜❡r❡♥ ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛
✐✳❡✳ f ∼ g s✐ ② só❧♦ s✐ f − g = 0 ❝✳t✳♣✳ ❞❡ X✳
✐✳❡✳ f ∼ g s✐ ② só❧♦ s✐
∫
X
f dµ =
∫
X
g dµ✳
❊st❛ r❡❧❛❝✐ó♥ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ❞❛ ♦r✐❣❡♥ ❛ ❧❛ s✐❣✉✐❡♥t❡ ❝❧❛s❡ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛
f = {g : X → R ; f ∼ g} .
❊♥t♦♥❝❡s ❞❡♥♦t❛♥❞♦ ♣♦r L
p
(X) ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ❧❛s ❝❧❛s❡s ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ t❛❧ q✉❡
∫
X |[f ]|p dµ <
∞✱ ❝♦♥ 1 < p ≤ ∞✱ ♣❛r❛ ❡❧ ❝✉❛❧ ❧❛ ❛♣❧✐❝❛❝✐ó♥
‖·‖p : L
p
(X) −→ R
f 7−→ ‖f‖p =
(∫
X |f |p dµ
)1/p
❞❡✜♥❡ ✉♥❛ ♥♦r♠❛ ❡♥ L
p
(X)✳ ❊♥ ❛❞❡❧❛♥t❡ ♥♦s r❡❢❡r✐r❡♠♦s ❛ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ L
p
(X) ❝♦♠♦
❢✉♥❝✐♦♥❡s ✭❡♥ r❡❛❧✐❞❛❞ s♦♥ ❝❧❛s❡s ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛✮✳ ❙♦❜r❡ L
p
(X) ♣♦❞❡♠♦s ❞❡✜♥✐r ❧❛ ♠étr✐❝❛
d(f, g) =
(∫
X
|f − g|p dµ
)
,
❝♦♥ ❡st❛ ♠étr✐❝❛✱ ❡❧ ❡s♣❛❝✐♦ L
p
r❡s✉❧t❛ s❡r ❝♦♠♣❧❡t♦✳
✷✳✺ ❊s♣❛❝✐♦s L
p
(K)
✷✳✺✳✶ ❚❡♦r❡♠❛s ✐♠♣♦rt❛♥t❡s
❚❡♦r❡♠❛ ✷✳✶✶ ✭❈♦♥✈❡r❣❡♥❝✐❛ ❞♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✮ ❙❡❛ X ⊆ Lp(K) ② {fn} ✉♥❛
s✉❝❡s✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s ♠❡❞✐❜❧❡s fn : X → R✳ ❙✐ g : X → R ❡s ✉♥❛ ❢✉♥❝✐ó♥ ✐♥t❡❣r❛❜❧❡ ♥♦
♥❡❣❛t✐✈❛ ② f : X → R ✉♥❛ ❢✉♥❝✐ó♥ t❛❧ q✉❡✿
✐✳ P❛r❛ t♦❞♦ n ∈ N✱ s❡ ❝✉♠♣❧❡ |fn(x)| ≤ g(x) ❝✳t✳♣✳ x ∈ X✱
✐✐✳ f(x) = lim
n
fn(x)✳
❊♥t♦♥❝❡s f ❡s ✐♥t❡❣r❛❜❧❡ ② ❛❞❡♠ás∫
X
f dµ = lim
n
∫
X
fn(x)µ
✶✷
❚❡♦r❡♠❛ ✷✳✶✷ ✭❋✉♥❞❛♠❡♥t❛❧ ❞❡❧ ❈á❧❝✉❧♦✮ ❙❡❛ I ✉♥ ✐♥t❡r✈❛❧♦ ❞❡ ♥ú♠❡r♦s r❡❛❧❡s✱ ②
s❡❛ f : I → R ✉♥❛ ❢✉♥❝✐ó♥ ✐♥t❡❣r❛❜❧❡ s❡❣ú♥ ▲❡❜❡s❣✉❡ ❡♥ I✳ ❙❡❛ ❛ ∈ I ✜❥♦✱ ② ❞❡✜♥❛♠♦s ❧❛
❢✉♥❝✐ó♥
F (t) =
∫ t
a
f(x)dx ♣❛r❛ t♦❞♦ t ∈ I.
❊♥t♦♥❝❡s F ❡s ❝♦♥t✐♥✉❛ ❡♥ I✳ ❆❞❡♠ás✱ s✐ f ❡s ❝♦♥t✐♥✉❛ ❡♥ ✉♥ ♣✉♥t♦ t0 ∈ I ❡♥t♦♥❝❡s F ❡s
❞❡r✐✈❛❜❧❡ ❡♥ t0 ②
F ′ (t0) = f (t0) .
❚❡♦r❡♠❛ ✷✳✶✸ ✭❉❡r✐✈❛❝✐ó♥ ❜❛❥♦ ❡❧ s✐❣♥♦ ❞❡ ❧❛ ■♥t❡❣r❛❧✮ ❙❡❛ I ✉♥ ✐♥t❡r✈❛❧♦ ❡♥ R✱ X
✉♥ ❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ s❡❣ú♥ ▲❡❜❡s❣✉❡✱ ② f : X × I → R ✈❡r✐✜❝❛♥❞♦✿
✐✳ P❛r❛ t♦❞♦ t ∈ I ❧❛ ❢✉♥❝✐ó♥ f(., t) ❡s ♠❡❞✐❜❧❡ ❡♥ X✱ ② ❡①✐st❡ t0 ∈ I t❛❧ q✉❡ f(., t0) ❡s
✐♥t❡❣r❛❜❧❡ ❡♥ X✳
✐✐✳ P❛r❛ ❝❛s✐ t♦❞♦ x ∈ X ❧❛ ❢✉♥❝✐ó♥ f(x, .) ❡s ❞❡ ❝❧❛s❡ C1 ❡♥ I✳
✐✐✐✳ ❊①✐st❡ g : X → R ✐♥t❡❣r❛❜❧❡ s❡❣ú♥ ▲❡❜❡s❣✉❡ ❡♥ X t❛❧ q✉❡ ♣❛r❛ t♦❞♦ t ∈ I ② ♣❛r❛ ❝❛s✐
t♦❞♦ x ∈ X s❡ t✐❡♥❡ ∣∣∣∣dfdt (x, t)
∣∣∣∣ ≤ g(x).
❊♥t♦♥❝❡s ❧❛ ❢✉♥❝✐ó♥ F (t) =
∫
X
f(x, t)dx ❡s ❞❡ ❝❧❛s❡ C
1
❡♥ I ②
F ′(t) =
∫
X
df
dt
(x, t)dx.
❚❡♦r❡♠❛ ✷✳✶✹ ✭❋✉❜✐♥♥✐✮ ❙❡❛ X ✉♥ ❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ s❡❣ú♥ ▲❡❜❡s❣✉❡ ② s❡❛♥ ❧♦s r❡❝tá♥✲
❣✉❧♦s A,B ⊆ X✱ ❞❡✜♥✐♠♦s R = A× B✱ ② f : R → R ✉♥❛ ❢✉♥❝✐ó♥ ✐♥t❡❣r❛❜❧❡✳ ❡♥t♦♥❝❡s ❧❛s
❢✉♥❝✐♦♥❡s
G(x) =
∫
B
f(x, y)dy ② H(x) =
∫
B
f(x, y)dy,
s♦♥ ✐♥t❡❣r❛❜❧❡s ❡♥ A✱ ② ❛❞❡♠ás s❡ ✈❡r✐✜❝❛∫
R
f(x, y)dxdy =
∫
A
G(x)dx =
∫
A
H(x)dx.
✷✳✺✳✷ ❖♣❡r❛❞♦r❡s ❚r❛s❧❛❝✐ó♥ ② ❉✐❧❛t❛❝✐ó♥
❉❡✜♥✐❝✐ó♥ ✷✳✸✸ ❉❛❞♦ ✉♥ ♥ú♠❡r♦ r❡❛❧ h✱ ❞❡✜♥✐♠♦s ❡❧ ♦♣❡r❛❞♦r tr❛s❧❛❝✐ó♥ ❝♦♠♦
❚h : L
2
(R) −→ L2(R)
f 7−→ ❚h(f)
❞♦♥❞❡
❚h(f)(x) = f(x− h). ✭✷✳✶✮
✶✸
❉❡✜♥✐❝✐ó♥ ✷✳✸✹ ❉❛❞♦ ✉♥ ♥ú♠❡r♦ ❡♥t❡r♦ j✱ ❞❡✜♥✐♠♦s ❡❧ ♦♣❡r❛❞♦r ❞✐❧❛t❛❝✐ó♥ ❝♦♠♦
❉j : L
2
(R) −→ L2(R)
f 7−→ ❉j(f)
❞♦♥❞❡
❉j(f)(x) =
1
j
f
(
x
j
)
. ✭✷✳✷✮
❉❡✜♥✐❝✐ó♥ ✷✳✸✺ ❉❛❞♦ ✉♥ ♥ú♠❡r♦ ❡♥t❡r♦ j✱ ❞❡✜♥✐♠♦s ❡❧ ♦♣❡r❛❞♦r ❞✐❧❛t❛❝✐ó♥ ❞✐á❞✐❝♦ ❝♦♠♦
Dj : L
2
(R) −→ L2(R)
f 7−→ Dj(f)
❞♦♥❞❡
Dj(f)(x) = f
(
2jx
)
. ✭✷✳✸✮
Pr♦♣♦s✐❝✐ó♥ ✷✳✺ ▲♦s ♦♣❡r❛❞♦r❡s ❚h ② Dj ❝✉♠♣❧❡♥ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s
✐✳ ❚h ② Dj s♦♥ ✐♥✈❡rt✐❜❧❡s✳
✐✐✳ ❚h
−1
= ❚−h✱ ② D
−1
j = D−j✳
✐✐✐✳ ❚h ② 2
j/2
Dj s♦♥ ✐s♦♠❡trí❛s ❡♥ L
2
(R)✳
✷✳✻ ❆♥á❧✐s✐s ❞❡ ❋♦✉r✐❡r
✷✳✻✳✶ ❙❡r✐❡s ❞❡ ❋♦✉r✐❡r
❉❡✜♥✐❝✐ó♥ ✷✳✸✻ ❙✐ ✉♥❛ ❢✉♥❝✐ó♥ f s❡ ❡①♣r❡s❛ ❝♦♠♦
f(x) =
1
2
a0 +
∞∑
n=1
(
an cos
(nπx
L
)
+ bn sin
(nπx
L
))
,
❡s ❞❡ ❡s♣❡r❛rs❡ q✉❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s an ② bn ❡sté♥ í♥t✐♠❛♠❡♥t❡ ❧✐❣❛❞♦s ❛ ❧❛ ❢✉♥❝✐ó♥ f ✳
■♥t❡❣r❛♥❞♦ ♦❜t❡♥❡♠♦s
a0 =
1
L
∫ L
−L
f(x)dx
② ♣❛r❛ ❧♦s ❞❡♠ás ❝♦❡✜❝✐❡♥t❡s ✐❣✉❛❧♠❡♥t❡ s❡ ✐♥t❡❣r❛✱ ✉t✐❧✐③❛♥❞♦ ❧❛s r❡❧❛❝✐♦♥❡s ❞❡ ♦rt♦❣♦♥❛❧✲
✐❞❛❞ ❞❡ ❧❛ ✐♥t❡❣r❛❧ ❞❡❧ s❡♥♦ ♣♦r ❡❧ ❝♦s❡♥♦ ❞❡ −L ❛ L✱ ♦❜t❡♥✐❡♥❞♦
an =
1
L
∫ L
−L
f(x) cos
(nπx
L
)
dx, n ≥ 0. ✭✷✳✹✮
bn =
1
L
∫ L
−L
f(x) sin
(nπx
L
)
dx, n ≥ 1. ✭✷✳✺✮
❊♥t♦♥❝❡s ♣❛r❛ ❧❛ ❢✉♥❝✐ó♥ ♣❡r✐ó❞✐❝❛ f : R → R✱ ❞❡ ♣❡r✐♦❞♦ 2L ✐♥t❡❣r❛❜❧❡ ② ❛❜s♦❧✉t❛♠❡♥t❡
✐♥t❡❣r❛❜❧❡ ❡♥ ❝❛❞❛ ✐♥t❡r✈❛❧♦ ❧✐♠✐t❛❞♦✱ ❡♥ ♣❛rt✐❝✉❧❛r ❡♥∫ L
−L
|f(x)|dx <∞.
✶✹
▲♦s ♥ú♠❡r♦s an ② bn ✱ ❞❛❞♦s ❡♥ ✭✷✳✹✮ ② ✭✷✳✺✮ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s♦♥ ❝♦♥♦❝✐❞♦s ❝♦♠♦ ❧♦s
❝♦❡✜❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r ❞❡ ❧❛ ❢✉♥❝✐ó♥ f ✳
❉❡✜♥✐❝✐ó♥ ✷✳✸✼ ❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ f : R → R 2L✲♣❡r✐ó❞✐❝❛ ✐♥t❡❣r❛❜❧❡ ② ❛❜s♦❧✉t❛♠❡♥t❡
✐♥t❡❣r❛❜❧❡✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r s✉s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r ♣♦r ❧❛s ❡①♣r❡s✐♦♥❡s ✭✷✳✹✮ ② ✭✷✳✺✮✱
❛sí ♠✐s♠♦ ♣♦❞❡♠♦s ❡s❝r✐❜✐r
f(x) ∼ 1
2
a0 +
∞∑
n=1
(
an cos
(nπx
L
)
+ bn sin
(nπx
L
))
. ✭✷✳✻✮
❊st♦ s✐❣♥✐✜❝❛ q✉❡ ❧❛ ❡①♣r❡s✐ó♥ ❞❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❡s ✉♥❛ s❡r✐❡ ❞❡ f ✳
❯♥❛ ❢✉♥❝✐ó♥ f : R → R s❡rá s❡❝❝✐♦♥❛❧♠❡♥t❡ ❝♦♥t✐♥✉❛ s✐ t✐❡♥❡ ❛♣❡♥❛s ✉♥ ♥ú♠❡r♦ ✜♥✐t♦
❞❡ ❞✐s❝♦♥t✐♥✉✐❞❛❞❡s ❡♥ ❝✉❛❧q✉✐❡r ✐♥t❡r✈❛❧♦ ❝❡rr❛❞♦✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ♣❛r❛ a < b ❡①✐st❡♥
a ≤ a1 ≤ a2 ≤ · · · ≤ an ≤ b✱ t❛❧ q✉❡ f ❡s ❝♦♥t✐♥✉❛ ❡♥ ❝❛❞❛ ✐♥t❡r✈❛❧♦ ❛❜✐❡rt♦
〈
aj , aj+1
〉
♣❛r❛
j = 1, · · · , n− 1 ② ❡①✐st❡♥ ❧♦s ❧í♠✐t❡s
f
(
aj + 0
)
= lim
x→a+j
f(x) ② f
(
aj − 0
)
= lim
x→a−j
f(x).
❯♥❛ ❢✉♥❝✐ó♥ f : R → R s❡rá s❡❝❝✐♦♥❛❧♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡ s✐ f ② f ′ s♦♥ s❡❝❝✐♦♥❛❧♠❡♥t❡
❝♦♥t✐♥✉❛s✳
❚❡♦r❡♠❛ ✷✳✶✺ ✭❋♦✉r✐❡r✮ ❙❡❛ f : R → R s❡❝❝✐♦♥❛❧♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡ ② 2L✲♣❡r✐ó❞✐❝❛✱
❡♥t♦♥❝❡s ❧❛ s❡r✐❡ ❞❡ ❋♦✉r✐❡r ❞❡ ❧❛ ❢✉♥❝✐ó♥ f ❞❛❞❛ ❡♥ ✭✷✳✻✮✱ ❝♦♥✈❡r❣❡ ❡♥ ❝❛❞❛ ♣✉♥t♦ x ♣❛r❛
1
2
[f (x+ 0) + f (x− 0)] = 1
2
a0 +
∞∑
n=1
(
an cos
(nπx
L
)
+ bn sin
(nπx
L
))
.
❉❡✜♥✐❝✐ó♥ ✷✳✸✽ ❙✐ f : R → R ❡s 2L✲♣❡r✐ó❞✐❝❛✱ ✐♥t❡❣r❛❜❧❡ ② ❛❜s♦❧✉t❛♠❡♥t❡ ✐♥t❡❣r❛❜❧❡✱
❡♥t♦♥❝❡s ✉t✐❧✐③❛♥❞♦ ❧❛ ❢♦r♠✉❧❛ ❞❡ ❊✉❧❡r
e
iθ
= cos θ + i sin θ,
❧❛ s❡r✐❡ ❞❡ ❋♦✉r✐❡r ❞❡ f ♣✉❡❞❡ s❡r ❡s❝r✐t❛ ❡♥ ❧❛ ❢♦r♠❛
f(x) ∼
∞∑
−∞
cne
inπx/L
,
❞♦♥❞❡
cn =
1
2L
∫ L
−L
f(x)e
−inπx/L
dx, ♣❛r❛ n = 0,±1,±2, · · ·
❚❡♦r❡♠❛ ✷✳✶✻ ✭❚❡♦r❡♠❛ ❞❡ ❧❛s ❙❡r✐❡s ❞❡ ❋♦✉r✐❡r✮ P❛r❛ ❝✉❛❧q✉✐❡r ❝♦♥❥✉♥t♦ ♦rt♦♥♦r✲
♠❛❧ {ψn} ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt H✱ ❧❛s s✐❣✉✐❡♥t❡s ❛✜r♠❛❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s
✐✳ ❈❛❞❛ f ∈ H ♣✉❡❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ ♣♦r ❙❡r✐❡s ❞❡ ❋♦✉r✐❡r ❡♥ H✱ ❡st♦ ❡s
f =
∞∑
i=1
〈f, ψi〉H ψi
✶✺
✐✐✳ P❛r❛ ❝✉❛❧q✉✐❡r f, g ∈ H s❡ ❝✉♠♣❧❡
〈f, g〉
H
=
∞∑
i=1
〈f, ψi〉H 〈g, ψi〉H
✐✐✐✳ P❛r❛ ❝✉❛❧q✉✐❡r f ∈ H✱ s❡ ❝✉♠♣❧❡
‖f‖2
H
=
∞∑
i=1
∣∣∣〈f, ψi〉H ∣∣∣2
✐✈✳ ❈✉❛❧q✉✐❡r s✉❜❡s♣❛❝✐♦ Y ⊂ H q✉❡ ❝♦♥t✐❡♥❡ ❛ {ψn} ❡s ❞❡♥s♦ ❡♥ H✳
✷✳✻✳✷ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r
❉❡✜♥✐❝✐ó♥ ✷✳✸✾ ❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ f ∈ L1(R)✱ ❧❛ ❢✉♥❝✐ó♥ f̂ ❞❡✜♥✐❞❛ ♣♦r ❧❛ ❡①♣r❡s✐ó♥
f̂(w) =
1√
2π
∫ ∞
−∞
e
−ixw
f(x)dx.
❡s ❧❧❛♠❛❞❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ f ✳
❖❜s❡r✈❛❝✐ó♥ ✷✳✻ ❙❡ s✉❡❧❡♥ ✉s❛r ❧❛s s✐❣✉✐❡♥t❡s ♥♦t❛❝✐♦♥❡s ♣❛r❛ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r
f̂ ∼= F {f(x)} ,
❧❛ s❡❣✉♥❞❛ ♥♦t❛❝✐ó♥ ❡s ✉s❛❞❛ ❝♦♥ ❢r❡❝✉❡♥❝✐❛ ❝✉❛♥❞♦ s❡ ❛♣❧✐❝❛ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r
❛ ✉♥❛ ❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s ♦ ❝❛s♦s ❛✜♥❡s✳
Pr♦♣♦s✐❝✐ó♥ ✷✳✻ ▲❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ f ∈ L1(R) ❝✉♠♣❧❡ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s
✐✳ f̂ ❡s ❝♦♥t✐♥✉❛✳
✐✐✳ ❙✐ g ∈ L1(R) ② α, β ∈ K ❡♥t♦♥❝❡s
F {αf(x) + βg(x)} = αF {f(x)}+ βF {g(x)} .
❚❡♦r❡♠❛ ✷✳✶✼ ✭❘✐❡♠♠❛♥ ✲ ▲❡❜❡s❣✉❡✮ ❙❡❛ f ∈ L1(R) ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡
lim
|w|→∞
∣∣∣f̂(x)∣∣∣ = 0
Pr♦♣♦s✐❝✐ó♥ ✷✳✼ ❙❡❛ f ∈ L1(R)✱ ❡♥t♦♥❝❡s s✉ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❝✉♠♣❧❡ ❧❛s s✐❣✉✲
✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s
✐✳ ❚r❛s❧❛❝✐ó♥
F
{
e
iαx
f(x)
}
(w) = f̂(w − α).
✐✐✳ ❆❧t❡r♥❛❝✐ó♥
F {f(x− u)} (w) = f̂(w)eiwu .
✶✻
✐✐✐✳ ❊s❝❛❧❛❞♦
F {αf(x)} (w) = 1
α
f̂
(w
α
)
, α > 0.
✐✈✳ ❈♦♥❥✉❣❛❝✐ó♥
F
{
f(x)
}
(w) = F {f(−x)} (w).
❚❡♦r❡♠❛ ✷✳✶✽ ❙❡❛ f ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ② s❡❝❝✐♦♥❛❧♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡✱ t❛❧ q✉❡ f, f ′ ∈
L1(R) ② lim
|x|→∞
f(x) = 0✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡
F {f ′} (w) = iwf̂(w).
❈♦r♦❧❛r✐♦ ✷✳✶ ❙✐ f ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ② n✲✈❡❝❡s s❡❝❝✐♦♥❛❧♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡✱ t❛❧
q✉❡ f, f ′, · · · , f (n) ∈ L1(R) ② lim
|x|→∞
f
k
(x) = 0✱ ♣❛r❛ k = 0, 1, · · · , n − 1✳ ❊♥t♦♥❝❡s s❡
❝✉♠♣❧❡
F
{
f (n)
}
(w) = (iw)nf̂(w).
❉❡✜♥✐❝✐ó♥ ✷✳✹✵ ❉❛❞❛s ❧❛s ❢✉♥❝✐♦♥❡s f, g ∈ L1(R) ❞❡✜♥✐♠♦s s✉ ❝♦♥✈♦❧✉❝✐ó♥ ♣♦r ❧❛ s✐❣✉✲
✐❡♥t❡ ❡①♣r❡s✐ó♥
(f ∗ g)(x) =
∫ ∞
−∞
f(x− y)g(y)dy.
▲❛ ✐♥t❡❣r❛❧ ❛♥t❡r✐♦r ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ L
1
(R) ② ❛❞❡♠ás s❡ ❝✉♠♣❧❡ f ∗ g = g ∗ f ✳
Pr♦♣♦s✐❝✐ó♥ ✷✳✽ ❙❡❛♥ f, g ∈ L1(R) ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡
F {(f ∗ g)(x)} = F {f(x)} ∗ F {g(x)} .
❉❡✜♥✐❝✐ó♥ ✷✳✹✶ ❙❡❛ f ∈ L2(R) ② {fn} ✉♥❛ s✉❝❡s✐ó♥✱ ❞❡ ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s ❝♦♥ s♦♣♦rt❡
❝♦♠♣❛❝t♦✱ ❝♦♥✈❡r❣❡♥t❡ ❛ f ❡♥ L
2
(R)✱ ❡st♦ ❡s
‖f − fn‖2 → 0.
❊♥t♦♥❝❡s ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ f ❡s ❞❡✜♥✐❞❛ ❝♦♠♦
f̂ = lim
n→∞ f̂n,
❞♦♥❞❡ ❡❧ ❧í♠✐t❡ ❡s ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ♥♦r♠❛ ❡♥ L
2
(R).
❚❡♦r❡♠❛ ✷✳✶✾ ✭P❧❛♥❝❤❡r❡❧✮ P❛r❛ ❝❛❞❛ f ∈ L2(R) ❡①✐st❡ f̂ ∈ L2(R) t❛❧ q✉❡
✐✳ s✐ f ∈ L1(R)⋂L2(R) ❡♥t♦♥❝❡s
f̂(w) =
1√
2π
∫ ∞
−∞
e
−iwx
f(x)dx.
✐✐✳
∥∥∥∥f̂ − 1√2π
∫ n
−n
e
−iwx
f(x)dx
∥∥∥∥
2
→ 0 ❝✉❛♥❞♦ n→∞.
✶✼
✐✐✐✳
∥∥∥f̂ ∥∥∥
2
= ‖f‖
2
✳
❚❡♦r❡♠❛ ✷✳✷✵ ✭P❧❛♥❝❤❡r❡❧ ✲ P❛rs❡✈❛❧✮ ❉❛❞❛s f, g ∈ L2(R) ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡∫ ∞
−∞
f(x)g(x)dx =
∫ ∞
−∞
F {f(x)} (w)F {g(x)} (w)dw.
✐✳❡✳
〈f, g〉
2
=
〈
f̂ , ĝ
〉
2
.
✶✽
❈❛♣ít✉❧♦ ✸
❖♥❞í❝✉❧❛s
✸✳✶ ❖♥❞í❝✉❧❛
❉❡✜♥✐❝✐ó♥ ✸✳✶ ❯♥❛ ❢✉♥❝✐ó♥ ψ ∈ L2(R) ❡s ❧❧❛♠❛❞❛ ♦♥❞í❝✉❧❛ s✐ t✐❡♥❡ ♠❡❞✐❛ ❝❡r♦ ❡♥ R✱
❡st♦ ❡s ∫ ∞
−∞
ψ(t)dt = 0. ✭✸✳✶✮
Pr♦♣♦s✐❝✐ó♥ ✸✳✶ ❙✐ ψ ∈ L2(R) ∩ L1(R) s❛t✐s❢❛❝❡
cψ = 2π
∫
R
∣∣∣ψ̂(w)∣∣∣2
|w| dw <∞, ✭✸✳✷✮
❞♦♥❞❡ ψ̂ ❡s ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ ψ ❡♥t♦♥❝❡s ✭✸✳✶✮ ❡s s❛t✐s❢❡❝❤❛✳
▲❛ ❝♦♥❞✐❝✐ó♥ ✭✸✳✷✮ ❡s ❧❧❛♠❛❞❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❛❞♠✐s✐❜✐❧✐❞❛❞ ❞❡ ♦♥❞í❝✉❧❛✳
❉❡♠♦str❛❝✐ó♥✳ ❉❡♠♦str❛r❡♠♦s q✉❡ ✉♥❛ ❢✉♥❝✐ó♥ ψ ∈ L1(R) ∩ L2(R) t❛❧ q✉❡ cψ < ∞
❝✉♠♣❧❡ ✭✸✳✶✮✳ Pr✐♠❡r♦ ♥♦t❡♠♦s q✉❡
ψ̂(0) =
1√
2π
∫ ∞
−∞
ψ(t)dt,
❡♥t♦♥❝❡s ❞❡❝✐r q✉❡ ψ̂(0) = 0 ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❞❡❝✐r
∫ ∞
−∞
ψ(t)dt = 0✳ P❛r❛ ♣r♦❜❛r ❧❛
✐♠♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✉t✐❧✐③❛♠♦s ❡❧ ♠ét♦❞♦ ❞❡ ❝♦♥tr❛❞✐❝❝✐ó♥ ♣❛r❛ ❧♦ ❝✉❛❧ s✉♣♦♥❡♠♦s
q✉❡
ψ̂(0) 6= 0.
❉❡ ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r✱ t❡♥❡♠♦s q✉❡ ❡①✐st❡
ε > 0 t❛❧ q✉❡ ψ̂(w) 6= 0 ❝✳t✳♣✳ w ∈ Iε = [−ε, ε].
❈♦♠♦ ψ̂ ❡s ❝♦♥t✐♥✉❛ ❡♥t♦♥❝❡s ❡s ❛❝♦t❛❞❛ ❡♥ Iε✱ ❛sí ❡①✐st❡♥ m,M > 0 t❛❧❡s q✉❡
m ≤
∣∣∣ψ̂(w)∣∣∣ ≤M ❝✳t✳♣✳ w ∈ Iε.
✶✾
❈♦♥ ❡st❛s ❝♦♥s✐❞❡r❛❝✐♦♥❡s t❡♥❡♠♦s
cψ = 2π
∫
R
∣∣∣ψ̂(w)∣∣∣2
|w| dw = 2π
∫
Iε
∣∣∣ψ̂(w)∣∣∣2
|w| dw + 2π
∫
R−Iε
∣∣∣ψ̂(w)∣∣∣2
|w| dw,
❡s ❞❡❝✐r
cψ = 2π
∫
Iε
∣∣∣ψ̂(w)∣∣∣2
|w| dw + 2π
∫
R−Iε
∣∣∣ψ̂(w)∣∣∣2
|w| dw. ✭✸✳✸✮
❆♥❛❧✐❝❡♠♦s ❝ó♠♦ s❡ ❝♦♠♣♦rt❛♥ ❧❛s ✐♥t❡❣r❛❧❡s ❛♥t❡r✐♦r❡s✱ ✈❡❛♠♦s q✉❡ ❧❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧ ❞❡
✭✸✳✸✮ ❡s ✜♥✐t❛ ②❛ q✉❡ ♣❛r❛ ε ❞❛❞♦✱ t❡♥❡♠♦s |w| ≥ ε ❡♥t♦♥❝❡s ε−1 ≥ |w|−1 ② ♣♦r ❡❧ ❚❡♦r❡♠❛
❞❡ P❧❛♥❝❤❡r❡❧ t❡♥❡♠♦s
∫
R−Iε
∣∣∣ψ̂(w)∣∣∣2
|w| dw ≤
∫
R−Iε
∣∣∣ψ̂(w)∣∣∣2
ε
dw
≤ 1
ε
∫
R
∣∣∣ψ̂(w)∣∣∣2 dw
≤ 1
ε
‖ψ‖2
2
<∞.
❆❤♦r❛ ✈❡❛♠♦s q✉❡ ❧❛ ♣r✐♠❡r❛ ✐♥t❡❣r❛❧ ❞❡ ✭✸✳✸✮ ♥♦ ❡s ✜♥✐t❛
∫
Iε
∣∣∣ψ̂(w)∣∣∣2
|w| dw ≥
∫
Iε
m2
|w|dw
= m2 lim
k→0+
[∫ −k
−ε
dw
|w| +
∫ ε
k
dw
|w|
]
= 2m2 lim
k→0+
∫ ε
k
dw
|w|
= 2m2 lim
k→0+
∫ ε
k
dw
w
= 2m2 lim
k→0+
[ln ε− ln k] = +∞.
❆sí t❡♥❡♠♦s q✉❡ cψ = +∞ ❧♦ ❝✉❛❧ ❡s ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥ ②❛ q✉❡ cψ <∞ ♣♦r ❧♦ t❛♥t♦
ψ̂(0) = 0, ❡s ❞❡❝✐r
∫
R
ψ(x)dx = 0.
❊st♦ ❡s✱ s✐ ψ s❛t✐s❢❛❝❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❛❞♠✐s✐❜✐❧✐❞❛❞ ❞❡ ♦♥❞í❝✉❧❛✱ ❡♥t♦♥❝❡s ψ ❡s ✉♥❛ ♦♥❞í❝✉❧❛✳
❆❤♦r❛ ✈❡❛♠♦s ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ② ❧❛ ✐♥t❡❣r❛❧ ❞❡ ✉♥ ♦♥❞í❝✉❧❛✱ ♠♦str❛r❡♠♦s
❜❛❥♦ q✉é ❝♦♥❞✐❝✐♦♥❡s ❡st❛s t❛♠❜✐é♥ s♦♥ ♦♥❞í❝✉❧❛s✳
▲❡♠❛ ✸✳✶ ❙❡❛ ϕ ∈ L2(R) ✉♥❛ ❢✉♥❝✐ó♥ ♥♦ ♥✉❧❛ ② ♥✲✈❡❝❡s ❞✐❢❡r❡♥❝✐❛❜❧❡ (n ≥ 1) t❛❧ q✉❡
ϕ(n) ∈ L2(R)✳ ❊♥t♦♥❝❡s
ψ(x) = ϕ(n)(x)
❡s ✉♥❛ ♦♥❞í❝✉❧❛✳
✷✵
❉❡♠♦str❛❝✐ó♥✳ ❊♥ ❡st❛ ❞❡♠♦str❛❝✐ó♥ ✉t✐❧✐③❛♠♦s ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❛❞♠✐s✐❜✐❧✐❞❛❞ ❞❡ ♦♥❞í❝✉❧❛✱
♣❛r❛ ❡❧❧♦ ♥♦t❡♠♦s q✉❡ ❞❡ ❧❛ ❢ór♠✉❧❛ ❞❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ♣❛r❛ ❧❛ ❞❡r✐✈❛❞❛ t❡♥❡♠♦s
ψ̂(w) = ϕ̂(n)(w) = (iw)nϕ̂(w),
❧✉❡❣♦ ∣∣∣ψ̂(w)∣∣∣ = |(iw)nϕ̂(w)| = |(iw)n || ϕ̂(w)| = |w |n| ϕ̂(w)| .
❊st♦ ❡s ∣∣∣ψ̂(w)∣∣∣ = |w |n| ϕ̂(w)| . ✭✸✳✹✮
❆❤♦r❛ ❡st✐♠❡♠♦s cψ
cψ = 2π
∫
R
∣∣∣ψ̂(w)∣∣∣2
|w| dw
= 2π
∫
R
|w|2n |ϕ̂(w)|2
|w| dw,
r❡❡♠♣❧❛③❛♥❞♦ ✭✸✳✹✮✱ t❡♥❡♠♦s
cψ = 2π
∫
R
|w|2n−1 |ϕ̂(w)|2 dw
= 2π
∫
|w|≤1
|w|2n−1 |ϕ̂(w)|2 dw + 2π
∫
|w|>1
|w|2n−1 |ϕ̂(w)|2 dw
❆❝♦t❛r❡♠♦s ❧❛s ✐♥t❡❣r❛❧❡s ❛♥t❡r✐♦r❡s ♣♦r ♠❡❞✐♦ ❞❡ ❧♦s ✈❛❧♦r❡s ❞❡ |w|✱ ②❛ q✉❡
✐✳ ❙✐ |w| ≤ 1 ❡♥t♦♥❝❡s |w|2n ≤ 1.
✐✐✳ ❙✐ |w| > 1 ❡♥t♦♥❝❡s |w|2n−1 < |w|2n.
❊♥t♦♥❝❡s ❞❡ ❧♦ ❛♥t❡r✐♦r✱ t❡♥❡♠♦s
cψ = 2π
∫
|w|≤1
|w|2n−1 |ϕ̂(w)|2 dw + 2π
∫
|w|>1
|w|2n−1 |ϕ̂(w)|2 dw
< 2π
∫
|w|≤1
|ϕ̂(w)|2 dw + 2π
∫
|w|>1
|w|2n |ϕ̂(w)|2 dw
= 2π
∫
|w|≤1
|ϕ̂(w)|2 dw + 2π
∫
|w|>1
|(iw)nϕ̂(w)|2 dw
≤ 2π
∫
R
|ϕ̂(w)|2 dw + 2π
∫
R
|(iw)nϕ̂(w)|2 dw,
❣r❛❝✐❛s ❛❧ t❡♦r❡♠❛ ❞❡ P❧❛♥❝❤❡r❡❧✱ t❡♥❡♠♦s
cψ = 2π
(
‖ϕ̂‖2
2
+ ‖ϕ̂(n)‖2
2
)
= 2π
(
‖ϕ‖2
2
+ ‖ϕ(n)‖2
2
)
<∞.
✷✶
❧✉❡❣♦ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✶ t❡♥❡♠♦s q✉❡ ψ ❡s ✉♥❛ ♦♥❞í❝✉❧❛✳
▲❡♠❛ ✸✳✷ ❙❡❛ ψ ∈ L1(R) ∩ L2(R) ✉♥❛ ❢✉♥❝✐ó♥ ♥♦ ♥✉❧❛ ❝♦♥∫
R
ψ(x)dx = 0 ②
∫
R
|x|βψ(x)dx <∞ ♣❛r❛ β > 1
2
,
❡♥t♦♥❝❡s
ϕ(x) =
∫ x
−∞
ψ(t)dt
❡s ✉♥❛ ♦♥❞í❝✉❧❛✳
❉❡♠♦str❛❝✐ó♥✳ ❇❛s❛r❡♠♦s ❡st❛ ♣r✉❡❜❛ ❡♥ ❡❧ ▲❡♠❛ ✸✳✶✱ ❡s ❞❡❝✐r ❞❡♠♦str❛r❡♠♦s q✉❡
ϕ ∈ L2(R) ② ϕ′ ∈ L2(R)✱ ♣❛r❛ ❧♦ ❝✉❛❧ ❛s✉♠✐♠♦s s✐♥ ♣ér❞✐❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞ q✉❡ 12 < β ≤ 1✱
♣✉❡s s✐ β > 1 t❡♥❡♠♦s ∫
R
|x|ψ(x)dx ≤
∫
R
|x|βψ(x)dx <∞,
❛sí ♥♦r♠❛❧✐③❛♠♦s β ♣❛r❛ ♣♦❞❡r ❛♣❧✐❝❛r ❧❛ s✐❣✉✐❡♥t❡ ❞❡s✐❣✉❛❧❞❛❞
(1 + |x|)β ≤ 1β + |x|β ≤ 1 + |x|β ❝♦♥ 1
2
< β ≤ 1. ✭✸✳✺✮
❉❡♥♦t❡♠♦s ❧♦s ❝♦♥❥✉♥t♦s
A = {x;ψ(x) ≥ 0} ② B = {x;ψ(x) < 0} ,
② ❡♥ ✈✐st❛ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✺✮ t❡♥❡♠♦s∫
R
(1 + |x|)β |ψ(x)|dx ≤
∫
R
|ψ(x)|dx+
∫
R
|x|β |ψ(x)|dx
= ‖ψ‖1 +
∫
A
|x|β |ψ(x)|dx+
∫
B
|x|β |ψ(x)|dx
= ‖ψ‖1 +
∫
A
|x|βψ(x)dx−
∫
B
|x|βψ(x)dx,
❝♦♠♦ s❡ ❝✉♠♣❧❡ q✉❡
∫
R
|x|βψ(x)dx <∞✱ ❡♥t♦♥❝❡s
∫
R
|x|βψ(x)dx =
∫
A
|x|βψ(x)dx+
∫
B
|x|βψ(x)dx <∞,
❡s ❞❡❝✐r ❝❛❞❛ s✉♠❛♥❞♦ ❡s ✜♥✐t♦✱ ②❛ q✉❡ A ② B s♦♥ ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s✱ ❡♥t♦♥❝❡s t❡♥❡♠♦s∫
R
(1 + |x|)β |ψ(x)|dx ≤ ‖ψ‖1 +
∫
A
|x|βψ(x)dx−
∫
B
|x|βψ(x)dx <∞
❞❡ ❡st❛ ❢♦r♠❛✱ ❧❛ ❢✉♥❝✐ó♥ f(t) = (1 + |t|)βψ(t) ♣❡rt❡♥❡❝❡ ❛ L1(R)✳
✷✷
❉❡❧ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❡❧ ❈á❧❝✉❧♦✱ ♣♦❞❡♠♦s ❞❡❝✐r q✉❡ ❧❛ ❢✉♥❝✐ó♥
ϕ(x) =
∫ x
−∞
ψ(t)dt ❡s ❞✐❢❡r❡♥❝✐❛❜❧❡ ❝✳t✳♣✳ x ∈ R,
② t❛♠❜✐é♥ ϕ′(x) = ψ(x) ❝✳t✳♣✳ x ∈ R✱ ♣❛r❛ ❛❝♦t❛r ❡st❛ ❢✉♥❝✐ó♥ ❛♥❛❧✐③❛r❡♠♦s s✉ ❝♦♠♣♦r✲
t❛♠✐❡♥t♦ ♣❛r❛ ❧♦s ✈❛❧♦r❡s ♣♦s✐t✐✈♦s ② ♥❡❣❛t✐✈♦s ❞❡ x
✐✳ ❈♦♥s✐❞❡r❡♠♦s x ≤ 0✱ ❡♥t♦♥❝❡s
|ϕ(x)| =
∣∣∣∣∫ x−∞ ψ(t)dt
∣∣∣∣ ≤ ∫ x−∞ |ψ(t)|dt =
∫ x
−∞
(1 + |t|)β
(1 + |t|)β |ψ(t)|dt,
❝♦♠♦ −∞ < t ≤ x ≤ 0✱ s❡ t✐❡♥❡ (1 + |t|)−β ≤ (1 + |x|)−β ✱ ❛sí t❡♥❡♠♦s
|ϕ(x)| ≤ 1
(1 + |x|)β
∫ x
−∞
(1 + |t|)β |ψ(t)|dt,
❧✉❡❣♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ♣❛r❛ ❝❛s✐ t♦❞♦ x ∈ R✱ s❡ t✐❡♥❡
|ϕ(x)| =
∣∣∣∣∫ x−∞ ψ(t)dt
∣∣∣∣ ≤ 1(1 + |x|)β
∫ ∞
−∞
(1 + |t|)β |ψ(t)|dt = ‖f‖1
(1 + |x|)β .
✐✐✳ ❈✉❛♥❞♦ x > 0✱ ✉t✐❧✐③❛♠♦s ❧❛ ❤✐♣ót❡s✐s
∫ ∞
−∞
ψ(t)dt = 0✱ ❡st♦ ❡s
∫ x
−∞
ψ(t)dt+
∫ ∞
x
ψ(t)dt = 0,
❧✉❡❣♦ t❡♥❡♠♦s
ϕ(x) =
∫ x
−∞
ψ(t)dt = −
∫ ∞
x
ψ(t)dt.
❊♥ ✈✐st❛ ❞❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❛♥t❡r✐♦r (x ≤ 0)✱ ♣❛r❛ ❝❛s✐ t♦❞♦ x ∈ R t❡♥❡♠♦s
|ϕ(x)| =
∣∣∣∣− ∫ x−∞ ψ(t)dt
∣∣∣∣ ≤ ‖f‖1(1 + |x|)β .
❆sí ❝♦♥❝❧✉✐♠♦s q✉❡ ♣❛r❛ ❝❛s✐ t♦❞♦ x ∈ R✱ s❡ ❝✉♠♣❧❡
|ϕ(x)| ≤ ‖f‖1
(1 + |x|)β ,
❝♦♥ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡♠♦str❛r❡♠♦s q✉❡ ϕ ∈ L2(R)✳ ❊♥ ❡❢❡❝t♦∫
R
|ϕ(x)|2dx ≤
∫
R
1
(1 + |x|)2β ‖f‖
2
1
dx
= ‖f‖2
1
∫
R
dx
(1 + |x|)2β
= 2‖f‖2
1
∫ ∞
0
dx
(1 + |x|)2β <∞,
✷✸
♣✉❡s ❛❧ s❡r 2β > 1✱ ♣♦❞❡♠♦s ✉s❛r ❡❧ ❤❡❝❤♦ q✉❡ ♣❛r❛ α > 1 ❧❛ s✐❣✉✐❡♥t❡ ✐♥t❡❣r❛❧ ❡s ✜♥✐t❛∫ ∞
0
1
(1 + x)α
dx <∞.
❆sí ♦❜t❡♥❡♠♦s q✉❡ ϕ ∈ L2(R) ② ❞❡❧ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❡❧ ❈á❧❝✉❧♦ ②❛ ✈✐♠♦s q✉❡
ϕ′ = ψ ∈ L2(R)✱ ❡♥t♦♥❝❡s ♣♦r ❡❧ ▲❡♠❛ ✸✳✶ t❡♥❡♠♦s q✉❡ ϕ ❡s ✉♥❛ ♦♥❞í❝✉❧❛✳
❈♦r♦❧❛r✐♦ ✸✳✶ P❛r❛ ❝❛❞❛ ❢✉♥❝✐ó♥ ψ ∈ L2(R) ♥♦ ♥✉❧❛✱ ❝♦♥ s♦♣♦rt❡ ❝♦♠♣❛❝t♦✱ ❧❛s s✐❣✉✐❡♥t❡s
❛✜r♠❛❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s
✐✳ ▲❛ ❢✉♥❝✐ó♥ ψ ❡s ✉♥❛ ♦♥❞í❝✉❧❛✳
✐✐✳ ▲❛ r❡❧❛❝✐ó♥ ✭✸✳✷✮ s❡ ❝✉♠♣❧❡✳
❉❡♠♦str❛❝✐ó♥✳ Pr✐♠❡r♦ ♦❜s❡r✈❡♠♦s q✉❡ ❛❧ s❡r ❡❧ Supp(ψ) ❝♦♠♣❛❝t♦ ❡♥t♦♥❝❡s ❡s ❝❡rr❛❞♦
② ❛❝♦t❛❞♦✱ ❛sí s❡ ❝✉♠♣❧❡ ❧❛ ✐♥♠❡rs✐ó♥
L
2
(Supp(ψ)) ⊂ L1(Supp(ψ)),
❉❡❧ ❤❡❝❤♦ q✉❡ ψ ∈ L2(R) ② ❞❡ ❧♦ ❛♥t❡r✐♦r t❡♥❡♠♦s q✉❡ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ c > 0 t❛❧ q✉❡∫
Supp(ψ)
|ψ(x)|dx ≤ c
∫
Supp(ψ)
|ψ(x)|2dx <∞,
❧✉❡❣♦ ψ ∈ L1(R)✱ ②❛ q✉❡ ψ s❡ ❛♥✉❧❛ ❢✉❡r❛ ❞❡ s✉ s♦♣♦rt❡✱ ❡s ❞❡❝✐r∫ ∞
−∞
|ψ(x)|dx =
∫
Supp(ψ)
|ψ(x)|dx+
∫
R−Supp(ψ)
|ψ(x)|dx =
∫
Supp(ψ)
|ψ(x)|dx <∞.
❆sí t❡♥❡♠♦s q✉❡ ψ ∈ L1(R)∩L2(R) s❛t✐s❢❛❝✐❡♥❞♦ ❧❛ r❡❧❛❝✐ó♥ ✭✸✳✷✮✱ ❡♥t♦♥❝❡s ♣♦r ❧❛ Pr♦♣♦s✐✲
❝✐ó♥ ✸✳✶ t❡♥❡♠♦s q✉❡ ψ ❡s ✉♥❛ ♦♥❞í❝✉❧❛✳ ❊st♦ ♣r✉❡❜❛ ❧❛ s❡❣✉♥❞❛ ✐♠♣❧✐❝❛❝✐ó♥✳
❆❤♦r❛ ♣r♦❜❡♠♦s ❧❛ ♣r✐♠❡r❛ ✐♠♣❧✐❝❛❝✐ó♥✱ ❝♦♠♦ Supp(ψ) ❡s ❛❝♦t❛❞♦✱ t❡♥❡♠♦s q✉❡
❡①✐st❡ M > 0 t❛❧ q✉❡ |x| < M ♣❛r❛ t♦❞♦ x ∈ Supp(ψ),
♣♦r ❝♦♥s✐❣✉✐❡♥t❡ s❡ ❝✉♠♣❧❡∫
R
|xψ(x)|dx =
∫
Supp(ψ)
|x||ψ(x)|dx ≤M
∫
Supp(ψ)
|ψ(x)|dx = M‖ψ‖1 <∞.
❉❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ s❡ ♣✉❡❞❡ ✈❡r q✉❡ xψ ∈ L2(R)✳ ❆sí xψ ∈ L1(R) ∩ L2(R) ♣♦r ❡♥❞❡
−ixψ ∈ L1(R)∩L2(R)✱ ❛♥t❡s ❞❡ ✈❡r q✉❡ ❡st❛ ú❧t✐♠❛ ❢✉♥❝✐ó♥ ❡s ✉♥❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r
❞❡ ♣❛rt✐❝✉❧❛r ✐♥t❡rés ♣❛r❛ ♥♦s♦tr♦s✱ ♣r✐♠❡r♦ ❝♦♥s✐❞❡r❡♠♦s ❧❛ ❢✉♥❝✐ó♥ f(x,w) = e−ixwψ(x)
❡♥t♦♥❝❡s ✈❡♠♦s q✉❡
✷✹
✐✳ f(x, ·) ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❡♥ R ♣❛r❛ ❝❛s✐ t♦❞♦ x ∈ R✳
✐✐✳ f(·, w) ❡s ♠❡❞✐❜❧❡ s❡❣ú♥ ▲❡❜❡s❣✉❡ ❡♥ R ♣❛r❛ ❝❛s✐ t♦❞♦ w ∈ R ② ❛❞❡♠ás ❡s ✐♥t❡❣r❛❜❧❡
♣❛r❛ ❛❧ ♠❡♥♦s ✉♥ ❝✐❡rt♦ w0 ∈ R✳
❊st❛s ❝♦♥❞✐❝✐♦♥❡s ✐♠♣❧✐❝❛♥ q✉❡ ∂f∂w (x,w) ❡stá ❞❡✜♥✐❞❛ ❡♥ ❝❛s✐ t♦❞♦ (x,w) ∈ R×R✱ ❛❞❡♠ás
t❡♥❡♠♦s q✉❡∣∣∣∣ ∂f∂w (x,w)
∣∣∣∣ = ∣∣−ixe−ixwψ(x)∣∣ ≤ |xψ(x)| ♣❛r❛ t♦❞♦ (x,w) ∈ R× R,
❡♥t♦♥❝❡s ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ ❞❡r✐✈❛❝✐ó♥ ❜❛❥♦ ❧❛ ✐♥t❡❣r❛❧ s❡ ❝✉♠♣❧❡
d
dw
∫
R
f(x,w)dx =
∫
R
∂f
∂w
(x,w)dx ❝✳t✳♣✳ w ∈ R.
❆sí ✈❡♠♦s q✉❡
ψ̂(w) =
1√
2π
∫ ∞
−∞
e−ixwψ(x)dx,
❧✉❡❣♦
dψ̂
dw
(w) =
d
dw
[
1√
2π
∫ ∞
−∞
f(x,w)dx
]
=
1√
2π
∫ ∞
−∞
∂f
∂w
(x,w)dx
=
1√
2π
∫ ∞
−∞
e−ixw(−ix)ψ(x)dx
= F {−ixψ(x)} (w).
▲♦ ❝✉❛❧ ❡①✐st❡ ②❛ q✉❡ −ixψ ∈ L1(R) ∩ L2(R)✱ ❛sí ♣♦❞❡♠♦s ❞❡❝✐r q✉❡ d
dw
ψ̂ ❡s ❝♦♥t✐♥✉❛✱
❛❞❡♠ás ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ ❘✐❡♠♠❛♥✲▲❡❜❡s❣✉❡ t❡♥❡♠♦s
lim
|w|→∞
d
dw
ψ̂(w) = lim
|w|→∞
F {−ixψ(x)} (w) = 0,
❡s ❞❡❝✐r
d
dw
ψ̂ ❡s ❛❝♦t❛❞❛✱ ❡♥t♦♥❝❡s
d
dw
ψ̂ ∈ L∞(R)✳
❉❡♥♦t❡♠♦s ♣♦r
M =
∥∥∥∥ ddwψ̂
∥∥∥∥
∞
= SupEss
{∣∣∣∣ ddwψ̂(w)
∣∣∣∣ ; |w| ≤ 1} .
❆♣❧✐❝❛♥❞♦ ❡❧ ❚❡♦r❡♠❛ ❞❡❧ ❱❛❧♦r ▼❡❞✐♦ ♣❛r❛ ❞❡r✐✈❛❞❛s ❛
d
dw
ψ̂✱ ♦❜t❡♥❡♠♦s q✉❡ ❡①✐st❡ w0 ∈
[0, w] t❛❧ q✉❡
d
dw
ψ(w0) =
ψ̂(w)− ψ̂(0)
w − 0 ,
❛❧ s❡r ψ ✉♥ ♦♥❞í❝✉❧❛ s❡ ❝✉♠♣❧❡ ψ̂(0) = 0✱ ❛sí ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r q✉❡❞❛ ❝♦♠♦
w
d
dw
ψ̂(w0) = ψ̂(w).
✷✺
❆❤♦r❛ ❝♦♥ ❧❛ r❡❧❛❝✐ó♥ ❛♥t❡r✐♦r ❛❝♦t❛r❡♠♦s ψ̂✱ ❡♥ ❡❢❡❝t♦ s❡ t✐❡♥❡
|ψ̂(w)| =
∣∣∣∣w ddwψ̂(w0)
∣∣∣∣ = |w| ∣∣∣∣ ddwψ̂(w0)
∣∣∣∣ ≤ |w|M,
❧✉❡❣♦
|ψ̂(w)| ≤ |w|M ❝✳t✳♣✳ w ∈ R ✭✸✳✻✮
❆❤♦r❛ ✈❡❛♠♦s q✉❡ cψ ❡s ✜♥✐t♦✱ ❡♥ ❡❢❡❝t♦
cψ =
∫ ∞
−∞
|ψ̂(w)|2
|w| dw
=
∫
|w|≤1
|ψ̂(w)|2
|w| dw +
∫
|w|>1
|ψ̂(w)|2
|w| dw,
❝♦♠♦ |w| < 1 ❡♥t♦♥❝❡s |w|−1 < 1✱ ❛sí t❡♥❡♠♦s
cψ ≤
∫
|w|≤1
|ψ̂(w)|2
|w| dw +
∫
|w|>1
|ψ̂(w)|2dw,
r❡❡♠♣❧❛③❛♥❞♦ ✭✸✳✻✮✱ t❡♥❡♠♦s
cψ ≤
∫
|w|≤1
M2|w|2
|w| dw +
∫
|w|>1
|ψ̂(w)|2dw
=
∫
|w|≤1
M2|w|dw +
∫
|w|>1
|ψ̂(w)|2dw
≤ M2
∫
|w|≤1
|w|dw +
∫
R
|ψ̂(w)|2dw
= M2 +
∫
R
|ψ(w)|2dw
= M2 + ‖ψ‖2
2
<∞.
❆sí q✉❡❞❛ ♣r♦❜❛❞❛ ❧❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❞❡ (i) ② (ii) s✐❡♠♣r❡ ② ❝✉❛♥❞♦ ψ ∈ L2(R) ② t✐❡♥❡ s♦♣♦rt❡
❝♦♠♣❛❝t♦✳
❚❡♦r❡♠❛ ✸✳✶ ❙❡❛ ψ ✉♥❛ ♦♥❞í❝✉❧❛ ❝♦♥ s♦♣♦rt❡ ❝♦♠♣❛❝t♦ ② ϕ ✉♥❛ ❢✉♥❝✐ó♥ ✐♥t❡❣r❛❜❧❡ ②
❛❝♦t❛❞❛✱ ❡♥t♦♥❝❡s ❧❛ ❝♦♥✈♦❧✉❝✐ó♥ ψ ∗ ϕ ❡s ✉♥❛ ♦♥❞í❝✉❧❛✳
❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ ψ ❡s ✉♥❛ ♦♥❞í❝✉❧❛ ❝♦♥ s♦♣♦rt❡ ❝♦♠♣❛❝t♦✱ ♣♦r ❡❧ ❈♦r♦❧❛r✐♦ ✸✳✶ t❡♥✲
❡♠♦s ψ ∈ L2(R) ∩ L1(R) ② ❛❞❡♠ás s❡ ❝✉♠♣❧❡ cψ < ∞✱ ❝♦♠♦ ϕ ❡s ✐♥t❡❣r❛❜❧❡ ② ❛❝♦t❛❞❛
❡♥t♦♥❝❡s ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ✐♥t❡❣r❛❜❧❡ ❛sí t❡♥❡♠♦s ϕ ∈ L1(R)∩L∞(R)✳ P❛r❛ ❞❡♠♦str❛r q✉❡
❧❛ ❝♦♥✈♦❧✉❝✐ó♥ ψ ∗ ϕ ❡s ✉♥❛ ♦♥❞í❝✉❧❛ ✉t✐❧✐③❛♠♦s ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✶ ❡st♦ ❡s✱ ♠♦str❛r❡♠♦s
q✉❡ ψ ∗ ϕ ∈ L1(R) ∩ L2(R) ❝✉♠♣❧✐❡♥❞♦ cψ∗ϕ <∞✳
✷✻
❊♠♣❡③❛♠♦s ♣r♦❜❛♥❞♦ q✉❡ ψ∗ϕ ∈ L1(R)∩L2(R)✱ ♣❛r❛ ❧♦ ❝✉❛❧ ♣r✐♠❡r♦ ❞❡♥♦t❡♠♦s f(x, t) =
|ψ(x−t)||ϕ(t)|✱ ❛sí t❡♥❡♠♦s q✉❡ f ❡s ✐♥t❡❣r❛❜❧❡ ❛❧ s❡r ♣r♦❞✉❝t♦ ❞❡ ❞♦s ❢✉♥❝✐♦♥❡s ✐♥t❡❣r❛❜❧❡s✱
❛❞❡♠ás f ❡s ❛❝♦t❛❞❛ ②❛ q✉❡
|f(x, t)| = |ψ(x− t)||ϕ(t)| < ‖ψ‖1‖ϕ‖∞ ♣❛r❛ t♦❞♦ (x, t) ∈ R× R.
❆sí t❡♥❡♠♦s q✉❡ f ❡s ✐♥t❡❣r❛❜❧❡ ② ❛❝♦t❛❞❛ ♣♦r ❡♥❞❡ ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ✐♥t❡❣r❛❜❧❡✱ ❛❤♦r❛
❞❡♥♦t❛♠♦s ❝♦♠♦
fx(t) = f(x, t) ❝♦♥ x ✜❥♦ ② t ∈ R.
ft(x) = f(x, t) ❝♦♥ t ✜❥♦ ② x ∈ R.
❊♥t♦♥❝❡s ✈❡♠♦s q✉❡ fx ② fy s♦♥ ✐♥t❡❣r❛❜❧❡s✱ ②❛ q✉❡ f ❡s ✐♥t❡❣r❛❜❧❡✱ ❛sí ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡
❋✉❜✐♥✐ t❡♥❡♠♦s ∫ ∞
−∞
∫ ∞
−∞
f(x, t)dtdx =
∫ ∞
−∞
∫ ∞
−∞
f(x, t)dxdt.
❆❤♦r❛ ❝♦♥t✐♥✉❡♠♦s ❝♦♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ψ ∗ ϕ ∈ L1(R)✱ ♥♦t❡♠♦s∫ ∞
−∞
|(ψ ∗ ϕ)(x)|dx =
∫ ∞
−∞
∣∣∣∣∫ ∞−∞ ψ(x− t)ϕ(t)dt
∣∣∣∣ dx ≤ ∫ ∞−∞
∫ ∞
−∞
|ψ(x− t)ϕ(t)| dtdx,
❝♦♠♦ ②❛ ✈✐♠♦s ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ t❡♥❡♠♦s∫ ∞
−∞
|(ψ ∗ ϕ)(x)|dx ≤
∫ ∞
−∞
∫ ∞
−∞
|ψ(x− t)||ϕ(t)| dtdx =
∫ ∞
−∞
∫ ∞
−∞
|ψ(x− t)||ϕ(t)| dxdt,
❧✉❡❣♦ ∫ ∞
−∞
|(ψ ∗ ϕ)(x)|dx ≤
∫ ∞
−∞
|ϕ(t)|
∫ ∞
−∞
|ψ(x− t)|dxdt,
② ❝♦♠♦ ψ ∈ L1(R) ② ϕ ∈ L1(R)✱ t❡♥❡♠♦s∫ ∞
−∞
|(ψ ∗ ϕ)(x)|dx ≤ ‖ψ‖1
∫ ∞
−∞
|ϕ(t)|dt = ‖ψ‖1‖ϕ‖1 <∞.
❆❤♦r❛ ✈❡❛♠♦s q✉❡ ψ ∗ ϕ ∈ L2(R)✱ ♥♦t❡♠♦s∫ ∞
−∞
|(ψ ∗ ϕ)(x)|2dx =
∫ ∞
−∞
∣∣∣∣∫ ∞−∞ ψ(x− t)ϕ(t)dt
∣∣∣∣2 dx
≤
∫ ∞
−∞
(∫ ∞
−∞
|ψ(x− t)ϕ(t)|dt
)2
dx
=
∫ ∞
−∞
(∫ ∞
−∞
|ψ(x− t)||ϕ(t)|dt
)2
dx
=
∫ ∞
−∞
(∫ ∞
−∞
|ψ(x− t)||ϕ(t)| 12 |ϕ(t)| 12dt
)2
dx,
❛♣❧✐❝❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ♣❛r❛ ✐♥t❡❣r❛❧❡s✱ ♦❜t❡♥❡♠♦s∫ ∞
−∞
|(ψ ∗ ϕ)(x)|2dx ≤
∫ ∞
−∞
(∫ ∞
−∞
|ψ(x− t)|2|ϕ(t)|dt
∫ ∞
−∞
|ϕ(t)|dt
)
dx.
✷✼
❊s ❞❡❝✐r ∫ ∞
−∞
|(ψ ∗ ϕ)(x)|2dx ≤ ‖ϕ‖1
∫ ∞
−∞
(∫ ∞
−∞
|ψ(x− t)|2|ϕ(t)|dt
)
dx. ✭✸✳✼✮
❆❤♦r❛ ❞❡✜♥✐♠♦s g(x, t) = |ψ(x − t)|2|ϕ(t)|✱ ② ♣r♦❝❡❞❡♠♦s ❛♥á❧♦❣❛♠❡♥t❡ ❛❧ ❝❛s♦ ❝✉❛♥❞♦
f(x, t) = |ψ(x− t)||ϕ(t)| ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐✱ s❡ ❝✉♠♣❧❡∫ ∞
−∞
∫ ∞
−∞
g(x, t)dtdx =
∫ ∞
−∞
∫ ∞
−∞
g(x, t)dtdx. ✭✸✳✽✮
▲✉❡❣♦ ❞❡ ✭✸✳✼✮ ② ✭✸✳✽✮ t❡♥❡♠♦s∫ ∞
−∞
|(ψ ∗ ϕ)(x)|2dx ≤ ‖ϕ‖1
∫ ∞
−∞
∫ ∞
−∞
|ψ(x− t)|2|ϕ(t)|dxdt
= ‖ϕ‖1
∫ ∞
−∞
|ϕ(t)|
∫ ∞
−∞
|ψ(x− t)|2dxdt
= ‖ϕ‖1‖ψ‖22
∫ ∞
−∞
|ϕ(t)|dt
= ‖ϕ‖2
1
‖ψ‖2
2
<∞.
❊s ❞❡❝✐r ψ ∗ ϕ ∈ L1(R) ∩ L2(R)✳ ❆❤♦r❛ ❡st✐♠❡♠♦s cψ∗ϕ ✉s❛♥❞♦ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛
❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r
c
ψ∗ϕ
= 2π
∫ ∞
−∞
|̂(ψ ∗ ϕ)(w)|2
|w|
= 2π
∫ ∞
−∞
|√2πψ̂(w)ϕ̂(w)|2
|w| dw
= 4π2
∫ ∞
−∞
|ψ̂(w)|2|ϕ̂(w)|2
|w| dw.
▲✉❡❣♦ t❡♥❡♠♦s
c
ψ∗ϕ
= 4π2
∫ ∞
−∞
|ψ̂(w)|2
|w| |ϕ̂(w)|
2dw. ✭✸✳✾✮
❱❡❛♠♦s q✉❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ ϕ ❡s ❛❝♦t❛❞❛
|ϕ̂(w)| =
∣∣∣∣ 1√2π
∫ ∞
−∞
e−ixwϕ(x)dx
∣∣∣∣ ≤ 1√2π
∫ ∞
−∞
|e−ixw||ϕ(x)|dx
=
1√
2π
∫ ∞
−∞
|ϕ(x)|dx = ‖ϕ‖1√
2π
<∞.
❆sí t❡♥❡♠♦s
|ϕ̂(w)| ≤ ‖ϕ‖1√
2π
. ✭✸✳✶✵✮
❘❡❡♠♣❧❛③❛♥❞♦ ✭✸✳✶✵✮ ❡♥ ✭✸✳✾✮ ♦❜t❡♥❡♠♦s
c
ψ∗ϕ
≤ 4π2
∫ ∞
−∞
|ψ̂(w)|2
|w|
‖ϕ‖1√
2π
dw =
√
2π‖ϕ‖12π
∫ ∞
−∞
|ψ̂(w)|2
|w| dw.
✷✽
❊s ❞❡❝✐r
c
ψ∗ϕ
≤
√
2π‖ϕ‖1cψ <∞.
❊♥t♦♥❝❡s ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✶ r❡s✉❧t❛ q✉❡ ψ ∗ ϕ ❡s ✉♥❛ ♦♥❞í❝✉❧❛✳
❚❡♦r❡♠❛ ✸✳✷ ❙❡❛
A =
{
ψ ∈ L2(R) ; ψ 6≡ 0, ψ t✐❡♥❡ s♦♣♦rt❡ ❝♦♠♣❛❝t♦ ②
∫
R
ψ(t)dt = 0
}
.
❊♥t♦♥❝❡s A ❡s ✉♥ ❝♦♥❥✉♥t♦ ❞❡♥s♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ L
2
(R) ❝♦♥ s♦♣♦rt❡ ❝♦♠♣❛❝t♦✳
❉❡♠♦str❛❝✐ó♥✳ Pr♦❜❡♠♦s q✉❡ ♣❛r❛ ✉♥❛ ❢✉♥❝✐ó♥ h ∈ L2(R) ❝♦♥ s♦♣♦rt❡ ❝♦♠♣❛❝t♦ ❡①✐st❡
✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s {hε} ⊂ A t❛❧ q✉❡ ❝✉❛♥❞♦ ε→ 0✱ s❡ ❝✉♠♣❧❡ q✉❡
hε → h ❡♥ L2(R).
❙❡❛ h ∈ L2(R) ❝♦♥ s♦♣♦rt❡ ❝♦♠♣❛❝t♦✱ ❡♥t♦♥❝❡s ❣r❛❝✐❛s ❛❧ ❚❡♦r❡♠❛ ❞❡ P❧❛♥❝❤❡r❡❧ t❡♥❡♠♦s
‖ĥ‖2
2
= ‖h‖2
2
<∞ ✐✳❡✳ ĥ ∈ L2(R).
❆sí ♣❛r❛ ❝❛❞❛ ε ♣♦❞❡♠♦s ❞❡✜♥✐r hε ∈ L2(R)✱ ❝♦♥ s♦♣♦rt❡ ❝♦♠♣❛❝t♦✱ t❛❧ q✉❡
ĥε(w) =

ĥ(w) ❙✐ |w| ≥ ε
0 ❙✐ |w| < ε
❡♥t♦♥❝❡s ♣❛r❛ ❝✉❛❧q✉✐❡r ε > 0✱ t❡♥❡♠♦s
c
hε
= 2π
∫ ∞
−∞
|ĥε(w)|2
|w| dw
= 2π
∫
|w|≥ε
|ĥε(w)|2
|w| dw + 2π
∫
|w|<ε
|ĥε(w)|2
|w| dw
≤ 2π
∫
|w|≥ε
|ĥ(w)|2
ε
dw =
2π
ε
∫
|w|≥ε
|ĥ(w)|2dw
≤ 2π
ε
∫
R
|ĥ(w)|2dw
=
2π
ε
∫
R
|h(w)|2dw
=
2π
ε
‖h‖2
2
<∞.
❈♦♠♦ hε ∈ L2(R) t✐❡♥❡ s♦♣♦rt❡ ❝♦♠♣❛❝t♦ s❡ ❝✉♠♣❧❡ q✉❡ hε ∈ L1(R) ❡♥t♦♥❝❡s ♣♦r ❡❧ ❈♦r♦✲
❧❛r✐♦ ✸✳✶ t❡♥❡♠♦s q✉❡ hε ❡s ✉♥❛ ♦♥❞í❝✉❧❛✱ ❡st♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ hε ∈ A✳
❆❤♦r❛ ✈❡❛♠♦s q✉❡ hε → h ❝✉❛♥❞♦ ε→ 0✳
✷✾
❊♥ ❡❢❡❝t♦
‖hε − h‖22 = ‖ĥε − h‖22 = ‖ĥε − ĥ‖22
=
∫ ∞
−∞
|ĥε(w)− ĥ(w)|2dw,
❧✉❡❣♦
‖hε − h‖22 =
∫
|w|<ε
|ĥε(w)− ĥ(w)|2dw +
∫
|w|≥ε
|ĥε(w)− ĥ(w)|2dw
=
∫
|w|<ε
|0− ĥ(w)|2dw +
∫
|w|≥ε
|ĥ(w)− ĥ(w)|2dw
=
∫
|w|<ε
|ĥ(w)|2dw =
∫ ε
−ε
|ĥ(w)|2dw.
❆sí t❡♥❡♠♦s
lim
ε→0
‖hε − h‖22 = limε→0
∫ ε
−ε
|ĥ(w)|2dw = 0.
❊st♦ s✐❣♥✐✜❝❛ q✉❡ ❝❛❞❛ ❢✉♥❝✐ó♥ h ∈ L2(R) ❝♦♥ s♦♣♦rt❡ ❝♦♠♣❛❝t♦ ❡s ❡❧ ❧í♠✐t❡ ❞❡ ✉♥❛ s✉❝❡✲
s✐ó♥ ❞❡ ♦♥❞í❝✉❧❛s {hε} ⊂ A ✐✳❡✳ A ❡s ❞❡♥s♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s L2(R) ❝♦♥ s♦♣♦rt❡
❝♦♠♣❛❝t♦✳
❖❜s❡r✈❛❝✐ó♥ ✸✳✶ ❆ ♣❛rt✐r ❞❡ ❛❤♦r❛ ❝♦♥s✐❞❡r❛r❡♠♦s ❛ ❧❛s ♦♥❞í❝✉❧❛s ❝♦♠♦ ❢✉♥❝✐♦♥❡s ❡♥
L
2
(R) ❝♦♥ s♦♣♦rt❡ ❝♦♠♣❛❝t♦ ♣❛r❛ ♣♦❞❡r ✉t✐❧✐③❛r ❧❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❡♥tr❡ s❡r ♦♥❞í❝✉❧❛ ② s❛t✐s✲
❢❛❝❡r ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❛❞♠✐s✐❜✐❧✐❞❛❞ ❞❡ ♦♥❞í❝✉❧❛✳
✸✳✷ ❚r❛♥s❢♦r♠❛❞❛ ❈♦♥t✐♥✉❛ ❞❡ ❖♥❞í❝✉❧❛
❉❡✜♥✐❝✐ó♥ ✸✳✷ ✭❚❈❖✮ ▲❛ tr❛♥s❢♦r♠❛❞❛ ❝♦♥t✐♥✉❛ ❞❡ ♦♥❞í❝✉❧❛ Tψ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ f ∈
L
2
(R) ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ♦♥❞í❝✉❧❛ ψ ❡s ❞❡✜♥✐❞❛ ♣♦r
Tψf(a, b) =
1√|a|
∫
R
f(t)ψ
(
t− b
a
)
dt, ✭✸✳✶✶✮
❞♦♥❞❡ a ∈ R\{0}✱ b ∈ R ② ψ ❞❡♥♦t❛ ❡❧ ❝♦♥❥✉❣❛❞♦ ❝♦♠♣❧❡❥♦ ❞❡ ψ✳
❖❜s❡r✈❛❝✐ó♥ ✸✳✷ ❙✐ ❝♦♥s✐❞❡r❛♠♦s ψ
a,b
❝♦♠♦ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❢✉♥❝✐♦♥❡s ❞❛❞❛ ♣♦r
ψ
a,b
(x) =
1√|a|ψ
(
x− b
a
)
,
❝♦♥ a ∈ R\{0}✱ b ∈ R✱ ❞♦♥❞❡ ψ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ✜❥❛✱ ❧❧❛♠❛❞❛ ♦♥❞í❝✉❧❛ ♠❛❞r❡✱ ❡♥t♦♥❝❡s
♣♦❞❡♠♦s ❡s❝r✐❜✐r ✭✸✳✶✶✮ ❝♦♠♦ ✉♥ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ ❡♥ L
2
(R)
Tψf(a, b) =
〈
f, ψ
a,b
〉
2
.
✸✵
Pr♦♣♦s✐❝✐ó♥ ✸✳✷ ❙❡❛♥ ψ ② φ ❞♦s ♦♥❞í❝✉❧❛s ② f, g ∈ L2(R) ❡♥t♦♥❝❡s ❧❛ tr❛♥s❢♦r♠❛❞❛
❝♦♥t✐♥✉❛ ❞❡ ♦♥❞í❝✉❧❛ ❝✉♠♣❧❡ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✿
✐✳ ▲✐♥❡❛❧✐❞❛❞ ❞❡ ❧❛ ❚❈❖ r❡s♣❡❝t♦ ❛❧ ❛r❣✉♠❡♥t♦✳ P❛r❛ α, β ∈ R s❡ ❝✉♠♣❧❡
Tψ(αf + βg)(a, b) = αTψf(a, b) + βTψg(a, b).
✐✐✳ ❚r❛s❧❛❝✐ó♥ ❞❡❧ ❛r❣✉♠❡♥t♦ ❞❡ ❧❛ ❚❈❖✳ P❛r❛ ❡❧ ❖♣❡r❛❞♦r ❚r❛s❧❛❝✐ó♥ ✭✷✳✶✮✱ s❡ ❝✉♠♣❧❡
Tψ
(
❚hf
)
(a, b) = Tψf(a, b− h).
✐✐✐✳ ❉✐❧❛t❛❝✐ó♥ ❞❡❧ ❛r❣✉♠❡♥t♦ ❞❡ ❧❛ ❚❈❖✳ P❛r❛ ❡❧ ❖♣❡r❛❞♦r ❉✐❧❛t❛❝✐ó♥ ✭✷✳✷✮✱ ❝♦♥ j ∈ R+✱
s❡ ❝✉♠♣❧❡
Tψ
(
❉jf
)
(a, b) =
1√
j
Tψf
(
a
j
,
b
j
)
.
✐✈✳ P❡r♠✉t❛❝✐ó♥ ❞❡❧ ❛r❣✉♠❡♥t♦ ❝♦♥ ❧❛ ♦♥❞í❝✉❧❛✳ ❊st♦ só❧♦ ❡s ♣♦s✐❜❧❡ ❝✉❛♥❞♦ ❡❧ ❛r❣✉♠❡♥t♦
t❛♠❜✐é♥ ❡s ✉♥❛ ♦♥❞í❝✉❧❛✱ ❡♥t♦♥❝❡s ♣❛r❛ a ∈ R\{0} s❡ ❝✉♠♣❧❡
Tψφ(a, b) = Tφψ
(
1
a
,− b
a
)
.
✈✳ ▲✐♥❡❛❧✐❞❛❞ ❞❡ ❧❛ ❚❈❖ r❡s♣❡❝t♦ ❛ ❧❛ ♦♥❞í❝✉❧❛✳ P❛r❛ ❝✉❛❧q✉✐❡r α, β ∈ R s❡ ❝✉♠♣❧❡
Tαψ+βφf(a, b) = αTψf(a, b) + βTφf(a, b).
✈✐✳ P❛r❛ ❡❧ ♦♣❡r❛❞♦r A : L
2
(R)→ L2(R) ❞❡✜♥✐❞♦ ♣♦r A(f)(x) = f(−x) s❡ ❝✉♠♣❧❡
TAψAf(a, b) = Tψf(a,−b).
✈✐✐✳ ❚r❛s❧❛❝✐ó♥ ❞❡ ❧❛ ♦♥❞í❝✉❧❛ ❞❡ ❧❛ ❚❈❖✱ ♣❛r❛ ❡❧ ❖♣❡r❛❞♦r ❚r❛s❧❛❝✐ó♥ ✭✷✳✶✮✱ s❡ ❝✉♠♣❧❡
T
❚hψ
f(a, b) = Tψf(a, b+ ha).
✈✐✐✐✳ ❉✐❧❛t❛❝✐ó♥ ❞❡ ❧❛ ♦♥❞í❝✉❧❛ ❞❡ ❧❛ ❚❈❖✱ ♣❛r❛ ❡❧ ❖♣❡r❛❞♦r ❉✐❧❛t❛❝✐ó♥ ✭✷✳✷✮✱ s❡ ❝✉♠♣❧❡
T❉jψf(a, b) =
1√
j
Tψf(aj, b).
❉❡♠♦str❛❝✐ó♥✳ ❊st❛s ♣r♦♣✐❡❞❛❞❡s s❡ ♣r✉❡❜❛♥ ❛♣❧✐❝❛♥❞♦ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ♣r♦❞✉❝t♦
✐♥t❡r♥♦ ❡♥ L
2
(R)✱ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❚❈❖ ② ❤❛❝✐❡♥❞♦ ❝❛♠❜✐♦s ❞❡ ✈❛r✐❛❜❧❡✱ ✈❡❛♠♦s✿
✐✳ P❛r❛ α, β ∈ R t❡♥❡♠♦s
Tψ(αf + βg)(a, b) =
〈
αf + βg, ψ
a,b
〉
2
= α
〈
f, ψ
a,b
〉
2
+ β
〈
g, ψ
a,b
〉
2
.
= αTψf(a, b) + βTψg(a, b)
✸✶
✐✐✳ ❆♣❧✐❝❛♠♦s ❡❧ ❖♣❡r❛❞♦r ❚r❛s❧❛❝✐ó♥ ✭✷✳✶✮✱ ② ❧✉❡❣♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ s = t − h✱
♦❜t❡♥✐❡♥❞♦
Tψ(Thf)(a, b) =
1√|a|
∫
R
Thf(t)ψa,b(t)dt =
1√|a|
∫
R
f(t− h)ψ
(
t− b
a
)
dt
=
1√|a|
∫
R
f(s)ψ
(
s− b+ h
a
)
dt = Tψf(a, b− h).
✐✐✐✳ ❆♣❧✐❝❛♠♦s ❡❧ ❖♣❡r❛❞♦r ❉✐❧❛t❛❝✐ó♥ ✭✷✳✷✮✱ ② ❧✉❡❣♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ u =
t
j
✱ ♦❜t❡✲
♥✐❡♥❞♦
Tψ(Djf)(a, b) =
1√|a|
∫
R
Djf(t)ψa,b(t)dt =
1√|a|
∫
R
1
j
f
(
t
j
)
ψ
(
t− b
a
)
dt
=
1√|a|
∫
R
f(u)ψ
(
ju− b
a
)
du =
1√|a|
√
j√
j
∫
R
f(u)ψ
(
u− b/j
a/j
)
du
=
1√
j
1√∣∣∣aj ∣∣∣
∫
R
f(u)ψ
(
u− b/j
a/j
)
du =
1√
j
Tψf
(
a
j
,
b
j
)
.
✐✈✳ P❡r♠✉t❛❝✐ó♥ ❞❡❧ ❛r❣✉♠❡♥t♦ ❝♦♥ ❧❛ ♦♥❞í❝✉❧❛✱ t❡♥❡♠♦s q✉❡ φ✱ ψ s♦♥ ♦♥❞í❝✉❧❛s✱ ②
❤❛❝❡♠♦s ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ u =
t− b
a
✱ ♦❜t❡♥✐❡♥❞♦
Tψφ(a, b) =
1√|a|
∫
R
φ(t)ψ
(
t− b
a
)
dt =
a√|a|
∫
R
φ(au+ b)ψ(u)du
=
a√|a|
∫
R
φ
(
u+ b/a
1/a
)
ψ(u)du =
〈
φ 1
a
, 1
b
, ψ
〉
2
=
〈
ψ, φ 1
a
, 1
b
〉
2
= Tφψ
(
1
a
,− b
a
)
.
✈✳ P❛r❛ ❝✉❛❧q✉✐❡r α, β ∈ R s❡ ❝✉♠♣❧❡
Tαψ+βφf(a, b) =
1√|a|
∫
R
f(t)(αψ + βφ)
(
t− b
a
)
dt
= α
1√|a|
∫
R
f(t)ψ
(
t− b
a
)
dt+ β
1√|a|
∫
R
f(t)φ
(
t− b
a
)
dt
= αTψf(a, b) + βTφf(a, b).
✈✐✳ ❆♣❧✐❝❛♠♦s ❡❧ ♦♣❡r❛❞♦r A✱ ❞❛❞♦ ❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦✱ ② ❧✉❡❣♦ ❤❛❝❡♠♦s ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡
u = −t✱ ♦❜t❡♥✐❡♥❞♦
TAψAf(a, b) =
1√|a|
∫
R
Af(t)Aψ
a,b
(t)dt =
1√|a|
∫
R
f(−t)ψ
a,b
(−t)dt
✸✷
TAψAf(a, b) =
1√|a|
∫
R
f(−t)ψ
(−t+ b
a
)
dt = − 1√|a|
∫ −∞
∞
f(u)ψ
(
u+ b
a
)
du
=
1√|a|
∫ ∞
−∞
f(u)ψ
(
u+ b
a
)
du = Tψf(a,−b).
✈✐✐✳ P❛r❛ ❡❧ ❖♣❡r❛❞♦r ❚r❛s❧❛❝✐ó♥ ✭✷✳✶✮✱ t❡♥❡♠♦s
TThψf(a, b) =
1√|a|
∫
R
f(t)Thψa,b(t)dt =
1√|a|
∫
R
f(t)ψ
(
t− b
a
− h
)
dt
=
1√|a|
∫
R
f(t)ψ
(
t− b− ah
a
)
dt = Tψf(a, b+ ah).
✈✐✐✐✳ P❛r❛ ❡❧ ❖♣❡r❛❞♦r ❉✐❧❛t❛❝✐ó♥ ✭✷✳✷✮✱ t❡♥❡♠♦s
TDjψf(a, b) =
1√|a|
∫
R
f(t)Djψa,b(t)dt =
1√|a|
∫
R
f(t)
1
j
ψ
(
t− b
ja
)
dt
=
1√|ja| 1√j
∫
R
f(t)ψ
(
t− b
ja
)
dt =
1√
j
Tψf(a, b).
❆sí t❡r♠✐♥❛♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❛♥t❡r✐♦r❡s✳
❚❡♦r❡♠❛ ✸✳✸ ✭❘❡❧❛❝✐ó♥ ❞❡ P❛rs❡✈❛❧ ♣❛r❛ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❖♥❞í❝✉❧❛✮ ❙❡❛ ❧❛ ❢✉♥✲
❝✐ó♥ ψ ∈ L2(R) q✉❡ s❛t✐s❢❛❝❡ ✭✸✳✷✮ ✐✳❡✳ ψ ❡s ✉♥❛ ♦♥❞í❝✉❧❛✱ ❡♥t♦♥❝❡s ♣❛r❛ ❝✉❛❧q✉✐❡r
f, g ∈ L2(R)✱ ❧❛ ❢♦r♠✉❧❛ s✐❣✉✐❡♥t❡ ❡s ✈á❧✐❞❛
〈f, g〉
2
=
1
cψ
∫ ∞
−∞
∫ ∞
−∞
Tψf(a, b)Tψg(a, b)
dbda
a2
. ✭✸✳✶✷✮
❉❡♠♦str❛❝✐ó♥✳ ❆♥t❡s ❞❡ ❞❡♠♦str❛r ❧❛ ✐❣✉❛❧❞❛❞ ❝❛r❛❝t❡r✐③❛r❡♠♦s ❧♦s ♠✉❧t✐♣❧✐❝❛♥❞♦s ❞❡
❧❛ ✐♥t❡❣r❛❧✱ ♣❛r❛ ❡❧❧♦ ♣r✐♠❡r♦ ♥♦t❡♠♦s q✉❡
ψ̂
a,b
(w) =
1√
2π
∫
R
e−iwt
1√|a|ψ
(
t− b
a
)
dt,
❤❛❝✐❡♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ z =
t− b
a
❡♥t♦♥❝❡s dz =
dt
a
✱ ❛sí t❡♥❡♠♦s
ψ̂
a,b
(w) =
a√
2π
∫
R
e−iw(az+b)
1√|a|ψ(z)dz
=
a√|a| 1√2π
∫
R
e−iwaze−ixbψ(z)dz
=
a√|a|e−ixb 1√2π
∫
R
e−iwazψ(z)dz
=
a√|a|e−ixbψ̂(aw).
✸✸
❊s ❞❡❝✐r
ψ̂
a,b
(w) =
a√|a|e−ixbψ̂(aw). ✭✸✳✶✸✮
P♦r ♦tr❛ ♣❛rt❡✱ ❞❡❧ ❚❡♦r❡♠❛ ❞❡ P❧❛♥❝❤❡r❡❧ ✲ P❛rs❡✈❛❧ ♦❜t❡♥❡♠♦s
Tψf(a, b) =
〈
f, ψ
a,b
〉
2
=
〈
f̂ , ψ̂
a,b
〉
2
=
∫
R
f̂(x)ψ̂
a,b
(x)dx. ✭✸✳✶✹✮
❘❡❡♠♣❧❛③❛♥❞♦ ✭✸✳✶✸✮ ❡♥ ✭✸✳✶✹✮ t❡♥❡♠♦s
Tψf(a, b) =
∫
R
f̂(x)
a√|a|e−ixbψ̂(aw)dx
=
a√|a|
∫
R
f̂(x)eixbψ̂(ax)dx
=
a√|a|√2πF
{
f̂(x)ψ̂(ax)
}
(−b).
❊s ❞❡❝✐r
Tψf(a, b) =
a√|a|√2πF
{
f̂(x)ψ̂(ax)
}
(−b). ✭✸✳✶✺✮
❆♥á❧♦❣❛♠❡♥t❡ ♦❜t❡♥❡♠♦s
Tψg(a, b) =
a√|a|√2πF
{
ĝ(x)ψ̂(ax)
}
(−b),
❧✉❡❣♦
Tψg(a, b) =
a√|a|√2πF
{
ĝ(x)ψ̂(ax)
}
(−b). ✭✸✳✶✻✮
❈♦♥ ❡st❛s ❝♦♥s✐❞❡r❛❝✐♦♥❡s ❞❡♠♦str❛r❡♠♦s ❧❛ r❡❧❛❝✐ó♥ ✭✸✳✶✷✮✱ ♣❛r❛ ❧♦ ❝✉❛❧ ❞❡♥♦t❛♠♦s
I =
∫ ∞
−∞
∫ ∞
−∞
Tψf(a, b)Tψg(a, b)
dbda
a2
,
✉t✐❧✐③❛♥❞♦ ❧❛s r❡❧❛❝✐♦♥❡s ✭✸✳✶✺✮ ② ✭✸✳✶✻✮ ♦❜t❡♥❡♠♦s
I =
∫ ∞
−∞
∫ ∞
−∞
a2
|a|2πF
{
f̂(x)ψ̂(ax)
}
(−b)F
{
ĝ(x)ψ̂(ax)
}
(−b)dbda
a2
= 2π
∫ ∞
−∞
∫ ∞
−∞
1
|a|F
{
f̂(x)ψ̂(ax)
}
(−b)F
{
ĝ(x)ψ̂(ax)
}
(−b)dbda,
❞❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ψ̂(−w) = ψ̂(w)✱ t❡♥❡♠♦s
I = 2π
∫ ∞
−∞
∫ ∞
−∞
1
|a|F
{
f̂(x)ψ̂(ax)
}
(b)F
{
ĝ(x)ψ̂(ax)
}
(b)dbda,
✸✹
② ❞❡❧ ❚❡♦r❡♠❛ ❞❡ P❧❛♥❝❤❡r❡❧ ✲ P❛rs❡✈❛❧ t❡♥❡♠♦s
I = 2π
∫ ∞
−∞
∫ ∞
−∞
1
|a| f̂(x)ψ̂(ax) ĝ(x)ψ̂(ax)dxda
= 2π
∫ ∞
−∞
∫ ∞
−∞
1
|a| f̂(x)ψ̂(ax) ĝ(x)ψ̂(ax)dxda
= 2π
∫ ∞
−∞
∫ ∞
−∞
1
|a| f̂(x)ĝ(x)|ψ̂(ax)|
2dxda
= 2π
∫ ∞
−∞
∫ ∞
−∞
f̂(x)ĝ(x)|ψ̂(ax)|2dxda|a| ,
✉t✐❧✐③❛♥❞♦ ❡❧ ❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ ♦❜t❡♥❡♠♦s
I = 2π
∫ ∞
−∞
∫ ∞
−∞
1
|a| f̂(x)ĝ(x)|ψ̂(ax)|
2dadx
=
∫ ∞
−∞
f̂(x)ĝ(x)
(
2π
∫ ∞
−∞
|ψ̂(ax)|2
|a| da
)
dx,
❧✉❡❣♦ ❤❛❝❡♠♦s ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ u = ax✱ ♣❛r❛ ❧❛ ✐♥t❡❣r❛❧ ❡♥tr❡ ♣❛ré♥t❡s✐s✱ ♦❜t❡♥✐❡♥❞♦
I =
∫ ∞
−∞
f̂(x)ĝ(x)
(
2π
∫ ∞
−∞
|ψ̂(u)|2
|u| du
)
dx
= cψ
∫ ∞
−∞
f̂(x)ĝ(x)dx = cψ
〈
f̂ , ĝ
〉
2
,
❛♣❧✐❝❛♠♦s ♥✉❡✈❛♠❡♥t❡ ❡❧ ❚❡♦r❡♠❛ ❞❡ P❧❛♥❝❤❡r❡❧ ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡
〈f, g〉
2
=
〈
f̂ , ĝ
〉
2
=
1
c
ψ
I.
❊s ❞❡❝✐r
〈f, g〉
2
=
1
cψ
∫ ∞
−∞
∫ ∞
−∞
Tψf(a, b)Tψg(a, b)
dbda
a2
.
▲♦ ❝✉❛❧ t❡r♠✐♥❛ ❧❛ ❞❡♠♦str❛❝✐ó♥✳
❚❡♦r❡♠❛ ✸✳✹ ✭❈❛❧❞❡ró♥✱ ●r♦ss♠❛♥✱ ▼♦r❧❡t✮ ❙❡❛ ψ ∈ L2(R) s❛t✐s❢❛❝✐❡♥❞♦ ✭✸✳✷✮ ❡♥✲
t♦♥❝❡s ♣❛r❛ ❝✉❛❧q✉✐❡r f ∈ L2(R)✱ s❡ ❝✉♠♣❧❡♥ ❧❛s s✐❣✉✐❡♥t❡s r❡❧❛❝✐♦♥❡s✿
✐✳ ❋ór♠✉❧❛ ❞❡ ■♥✈❡rs✐ó♥
f(t) =
1
c
ψ
∫ ∞
−∞
∫ ∞
−∞
Tψf(a, b)ψa,b(t)
dbda
a2
✭✸✳✶✼✮
✐✐✳ ■s♦♠❡trí❛ ∫ ∞
−∞
|f(t)|2dt = 1
c
ψ
∫ ∞
−∞
∫ ∞
−∞
|Tψf(a, b)|2dbda
a2
✭✸✳✶✽✮
✸✺
❉❡♠♦str❛❝✐ó♥✳ P❛r❛ ❧❛ ♣r✉❡❜❛ ❞❡ ✭✸✳✶✽✮ ❜❛st❛ t♦♠❛r g = f ❡♥ ❧❛ ❘❡❧❛❝✐ó♥ ❞❡ P❛rs❡✈❛❧✱
❛sí t❡♥❡♠♦s ∫ ∞
−∞
|f(t)|2dt = 〈f, f〉
2
=
1
c
ψ
∫ ∞
−∞
∫ ∞
−∞
|Tψf(a, b)|2dbda
a2
.
P❛r❛ ♣r♦❜❛r ✭✸✳✶✼✮ ✉t✐❧✐③❛♠♦s ❧❛ Pr♦♣♦s✐❝✐ó♥ ✭✷✳✷✮✱ s❡❛♥ f, g ∈ L2(R) ② ψ ✉♥❛ ♦♥❞í❝✉❧❛✱ ❞❡
❧❛ ❘❡❧❛❝✐ó♥ ❞❡ P❛rs❡✈❛❧ ♣❛r❛ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❖♥❞í❝✉❧❛✱ t❡♥❡♠♦s
〈f, g〉
2
=
1
cψ
∫ ∞
−∞
∫ ∞
−∞
Tψf(a, b)Tψg(a, b)
dbda
a2
=
1
cψ
∫ ∞
−∞
∫ ∞
−∞
Tψf(a, b)
∫ ∞
−∞
g(t)ψ
a,b
(t)dt
dbda
a2
=
1
cψ
∫ ∞
−∞
∫ ∞
−∞
Tψf(a, b)
∫ ∞
−∞
g(t)ψ
a,b
(t)dt
dbda
a2
=
1
cψ
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
Tψf(a, b)g(t)ψa,b(t)dt
dbda
a2
,
✉t✐❧✐③❛♥❞♦ ❡❧ ❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ t❡♥❡♠♦s
〈f, g〉
2
=
1
cψ
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
Tψf(a, b)g(t)ψa,b(t)
dbda
a2
dt
=
1
cψ
∫ ∞
−∞
(∫ ∞
−∞
∫ ∞
−∞
Tψf(a, b)ψa,b(t)
dbda
a2
)
g(t)dt
=
1
cψ
〈∫ ∞
−∞
∫ ∞
−∞
Tψf(a, b)ψa,b(·)
dbda
a2
, g
〉
2
.
❆sí ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡
〈cψf, g〉
2
−
〈∫ ∞
−∞
∫ ∞
−∞
Tψf(a, b)ψa,b(·)
dbda
a2
, g
〉
2
= 0,
❡s ❞❡❝✐r✱ ♣❛r❛ t♦❞♦ g ∈ L2(R)✱ s❡ ❝✉♠♣❧❡〈
cψf −
∫ ∞
−∞
∫ ∞
−∞
Tψf(a, b)ψa,b(·)
dbda
a2
, g
〉
2
= 0,
❧✉❡❣♦ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✷✳✷ t❡♥❡♠♦s
cψf −
∫ ∞
−∞
∫ ∞
−∞
Tψf(a, b)ψa,b(·)
dbda
a2
= 0.
❊s ❞❡❝✐r
f(t) =
1
cψ
∫ ∞
−∞
∫ ∞
−∞
Tψf(a, b)ψa,b(t)
dbda
a2
.
❆sí t❡r♠✐♥❛♠♦s ❝♦♥ ❡st❛ ❞❡♠♦str❛❝✐ó♥✳
✸✻
✸✳✸ ❚r❛♥s❢♦r♠❛❞❛ ❉✐s❝r❡t❛ ❞❡ ❖♥❞í❝✉❧❛
❊st❛ s❡❝❝✐ó♥ tr❛t❛ s♦❜r❡ ❧❛ ❞✐s❝r❡t✐③❛❝✐ó♥ ❞❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❘á♣✐❞❛ ❞❡ ❖♥❞í❝✉❧❛✱ ②❛ q✉❡
❡st❛ ❡s ❧❛ q✉❡ s❡ ✉t✐❧✐③❛ ❡♥ ❝✉❡st✐♦♥❡s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s✱ ② s❡rá ✉t✐❧✐③❛❞❛ ❡♥ ❧♦s ú❧t✐♠♦s ❝❛♣í✲
t✉❧♦s✳
❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ ❝❛♣ít✉❧♦✱ ✈❡r❡♠♦s ❧❛ r❡❧❛❝✐ó♥ ✐♥trí♥s❡❝❛ ❡♥tr❡ ❧❛ ❚❘❖ ②
❧♦s ❢r❛♠❡s ② ❣r❛❝✐❛s ❡st❛ r❡❧❛❝✐ó♥ ❞❛r❡♠♦s ✉♥❛ ♥✉❡✈❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ♦♥❞í❝✉❧❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡
❜❛s❡s ❞❡ L2(R)✳
❊♥ ❛♣❧✐❝❛❝✐♦♥❡s ♣rá❝t✐❝❛s✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ❛q✉❡❧❧❛s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❛❧❣♦r✐t♠♦s rá♣✐❞♦s✱ ❧❛
❚r❛♥s❢♦r♠❛❞❛ ❈♦♥t✐♥✉❛s ❞❡ ❖♥❞í❝✉❧❛ só❧♦ ♣✉❡❞❡ s❡r ❝♦♠♣✉t❛❞❛ ❡♥ ✉♥❛ ♠❛❧❧❛ ❞✐s❝r❡t❛ ❞❡
♣✉♥t♦s (am, bn) ❝♦♥ m,n ∈ Z✳
P❛r❛ ✉♥❛ ♦♥❞í❝✉❧❛ ♠❛❞r❡ ψ✱ t❡♥❡♠♦s ❛s♦❝✐❛❞♦ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❢✉♥❝✐♦♥❡s
ψ
a,b
(t) =
1√|a|ψ
(
t− b
a
)
♣❛r❛ t♦❞♦ a ∈ R\{0}, b ∈ R.
P✉❡st♦ q✉❡ ❧❛s ♦♥❞í❝✉❧❛s s♦♥ ❢✉♥❝✐♦♥❡s ❞❡ ❢♦r♠❛ ❝♦♥st❛♥t❡ ② t❛♠❛ñ♦ ✈❛r✐❛❜❧❡✱ ❧❛ ❞✐s✲
❝r❡t✐③❛❝✐ó♥ ♥❛t✉r❛❧ ♣❛r❛ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❧♦❝❛❧✐③❛❝✐ó♥ ② ❞❡ ❡s❝❛❧❛ b✱a ❝♦♥s✐st❡ ❡♥ t♦♠❛r
s✉s ✈❛❧♦r❡s ❞❡ ❧❛ ❢♦r♠❛ a = a−j0 ② b = kb0a
−j
0 ❞♦♥❞❡ a0 > 0✱ b0 > 0 s♦♥ ♣❛rá♠❡tr♦s ✜❥♦s✱
♦❜t❡♥❡♠♦s
ψ
j,k
(t) =
1
a
−j/2
0
ψ
(
t− kb0a−j0
a−j0
)
♣❛r❛ t♦❞♦ j, k ∈ Z.
❊s ❞❡❝✐r
ψ
j,k
(t) = a
j/2
0 ψ
(
aj0t− kb0
)
♣❛r❛ t♦❞♦ j, k ∈ Z. ✭✸✳✶✾✮
❉❡✜♥✐❝✐ó♥ ✸✳✸ ✭❚❉❖✮ ❉❛❞♦s a0 ② b0 ♣♦s✐t✐✈♦s✱ ② ψj,k ❝♦♠♦ ❡♥ ✭✸✳✶✾✮✳ ❊♥t♦♥❝❡s ❧❛
tr❛♥s❢♦r♠❛❞❛ ❞✐s❝r❡t❛ ❞❡ ♦♥❞í❝✉❧❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ f ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ♦♥❞í❝✉❧❛ ψ✱ s❡ ❞❡✜♥❡
♣♦r ❡❧ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦
Tψ
j,k
(f) =
〈
f, ψ
j,k
〉
2
=
∫
R
f(t)ψj,k(t)dt ♣❛r❛ t♦❞♦ j, k ∈ Z.
❊❧✐❣✐❡♥❞♦ ❛❞❡❝✉❛❞❛♠❡♥t❡ ψ ② ❧♦s ♣❛rá♠❡tr♦s a0 ② b0 ❡s ♣♦s✐❜❧❡ ❧♦❣r❛r q✉❡ ❧❛s ❢✉♥❝✐♦♥❡s
ψ
j,k
❝♦♥st✐t✉②❛♥ ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ L
2
(R)✳ ❊♥ ♣❛rt✐❝✉❧❛r s✐ s❡ ❡❧✐❣❡ a0 = 2 ② b0 = 1✱
❡♥t♦♥❝❡s ❡①✐st❡ ψ✱ ❝♦♥ ❜✉❡♥❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧♦❝❛❧✐③❛❝✐ó♥✱ t❛❧ q✉❡ ψ
j,k
❝♦♥st✐t✉②❡ ✉♥❛ ❜❛s❡
♦rt♦♥♦r♠❛❧ ❞❡ L
2
(R)✳
✸✼
✸✳✹ ❊❥❡♠♣❧♦s
❊❥❡♠♣❧♦ ✸✳✶ ✭❖♥❞í❝✉❧❛ ❞❡ ❍❛❛r✮ ❙❡❛ ❧❛ ❢✉♥❝✐ó♥
ψ(x) =

1 s✐ x ∈ [0, 12〉
−1 s✐ x ∈ [12 , 1〉
0 ❞❡ ♦tr♦ ♠♦❞♦✳
❱❡♠♦s q✉❡ ψ ❝✉♠♣❧❡ ✭✸✳✶✮✳ ❊♥ ❡❢❡❝t♦∫
R
ψ(x)dx =
∫ 1/2
0
ψ(x)dx+
∫ 1
1/2
ψ(x)dx =
∫ 1/2
0
dx−
∫ 1
1/2
dx = 0
❙✉ ❣r❛✜❝♦ ❡s ♠♦str❛❞♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✸✳✶✳
❋✐❣✉r❛ ✸✳✶✿ ❖♥❞í❝✉❧❛ ❞❡ ❍❛❛r
❊❥❡♠♣❧♦ ✸✳✷ ❙❡❛
φ(x) =

x s✐ x ∈ [−1, 1]
0 ❞❡ ♦tr♦ ♠♦❞♦
❱❡♠♦s q✉❡ φ ❝✉♠♣❧❡ ✭✸✳✶✮✳ ❊♥ ❡❢❡❝t♦
∫
R
φ(x)dx =
∫ 1
−1
φ(x)dx =
∫ 1
−1
xdx =
x2
2
∣∣∣∣1
−1
= 0
❙✉ ❣r❛✜❝♦ ❡s ♠♦str❛❞♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✸✳✷✳
✸✽
❋✐❣✉r❛ ✸✳✷✿ ❖♥❞í❝✉❧❛ ❞❡✜♥✐❞❛ ❡♥ ❡❧ ❊❥❡♠♣❧♦ ✸✳✷
❊❥❡♠♣❧♦ ✸✳✸ ❙❡❛ n ∈ N ✉♥ ♥ú♠❡r♦ ✐♠♣❛r✱ α, a ∈ R+ ② ❝♦♥s✐❞❡r❡♠♦s
ϕ(x) =

αxn s✐ x ∈ [−a, a]
0 ❞❡ ♦tr♦ ♠♦❞♦
❱❡♠♦s q✉❡ ϕ ❝✉♠♣❧❡ ✭✸✳✶✮✳ ❊♥ ❡❢❡❝t♦∫ ∞
−∞
ϕ(x)dx =
∫ a
−a
ϕ(x)dx =
∫ a
−a
αxndx = α
xn+1
n+ 1
∣∣∣∣a
−a
= α
(
an+1
n+ 1
− (−a)
n+1
n+ 1
)
❝♦♠♦ n ❡s ✐♠♣❛r t❡♥❡♠♦s q✉❡ n+ 1 ❡s ♣❛r✱ ♣♦r ❡♥❞❡∫ ∞
−∞
ϕ(x)dx = α
(
an+1
n+ 1
− a
n+1
n+ 1
)
= 0
❊♥ ❧❛ ❋✐❣✉r❛ ✸✳✸ ✈❡♠♦s ❧♦s ❣rá✜❝♦s ❞❡ ϕ ❝♦♥ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❧❛ ❚❛❜❧❛ ✸✳✶✳
rojo verde azul
a 3 3 3
α 1 0.5 0.2
n 1 2 3
❚❛❜❧❛ ✸✳✶✿ P❛rá♠❡tr♦s ♣❛r❛ ❧❛ ♦♥❞í❝✉❧❛ ϕ
❊❥❡♠♣❧♦ ✸✳✹ ✭❖♥❞í❝✉❧❛ ❙♦♠❜r❡r♦ ▼❡①✐❝❛♥♦✮ ▲❛ ❢✉♥❝✐ó♥ ❞❡✜♥✐❞❛ ❝♦♠♦
ψ(x) =
(
1− x2) e−x22
✸✾
❋✐❣✉r❛ ✸✳✸✿ ❖♥❞í❝✉❧❛ ❞❡✜♥✐❞❛ ❡♥ ❡❧ ❊❥❡♠♣❧♦ ✸✳✸
❊s ✉♥❛ ♦♥❞í❝✉❧❛✳ ❊♥ ❡❢❡❝t♦✱ ②❛ q✉❡
ψ(x) =
(
1− x2) e−x22 = − d2
dx2
e
−x2
2
❨ ❝♦♠♦ ❧❛s ❢✉♥❝✐♦♥❡s −e−x
2
2 ✱
(
1− x2) e−x22 ∈ L2(R)✱ ❡♥t♦♥❝❡s ♣♦r ❡❧ ▲❡♠❛ ✸✳✶ t❡♥❡♠♦s
q✉❡ ψ ❡s ✉♥❛ ♦♥❞í❝✉❧❛✳ s✉ ❣r❛✜❝♦ s❡ ♣✉❡❞❡ ✈❡r ❡♥ ❧❛ ❋✐❣✉r❛ ✸✳✹✳
❋✐❣✉r❛ ✸✳✹✿ ❖♥❞í❝✉❧❛ ❙♦♠❜r❡r♦ ▼❡①✐❝❛♥♦
✹✵
❈❛♣ít✉❧♦ ✹
❋r❛♠❡s
❘❡❝♦r❞❛♥❞♦ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❚❉❖✱ ♣♦❞❡♠♦s ❤❛❝❡r ❞♦s ♣r❡❣✉♥t❛s ❞❡ ✈✐t❛❧ ✐♠♣♦rt❛♥❝✐❛ ♣❛r❛
❧❛ ❢❛♠✐❧✐❛ ❞❡ ❢✉♥❝✐♦♥❡s
{
ψ
j,k
}
j,k∈Z ♦❜t❡♥✐❞❛s ❝♦♥ ❧❛ ❞✐s❝r❡t✐③❛❝✐ó♥ a = a
−j
0 ② b = kb0a
−j
0 ✳
✐✳ ➽❧❛ s✉❝❡s✐ó♥
{〈
f, ψ
j,k
〉}
j,k∈Z ❝❛r❛❝t❡r✐③❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛ f❄
✐✐✳ ➽❊s ♣♦s✐❜❧❡ r❡❝♦♥str✉✐r f ❞❡ ♠❛♥❡r❛ ♥✉♠ér✐❝❛♠❡♥t❡ ❡st❛❜❧❡ ❞❡ ❧❛ s✉❝❡s✐ó♥ ❛♥t❡r✐♦r❄
❊st❛s ♣r❡❣✉♥t❛s ❡stá♥ ❡str❡❝❤❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛s ❛❧ ❝♦♥❝❡♣t♦ ❞❡ ❢r❛♠❡s✱ ❡❧ ❝✉❛❧ ❡♠♣❡③❛r❡✲
♠♦s ❛ ❞✐s❝✉t✐r✳
✹✳✶ ❋r❛♠❡
❉❡✜♥✐❝✐ó♥ ✹✳✶ ❯♥❛ s✉❝❡s✐ó♥ {ϕn} ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rtH ❡s ❧❧❛♠❛❞❛ frame s✐ ❡①✐st❡♥
❝♦♥st❛♥t❡s A✱ B ❝♦♥ 0 < A ≤ B t❛❧ q✉❡
A‖f‖2
H
≤
∞∑
n=1
∣∣∣〈f, ϕn〉H ∣∣∣2 ≤ B‖f‖2H ♣❛r❛ t♦❞♦ f ∈ H, ✭✹✳✶✮
❧❛s ❝♦♥st❛♥t❡s A ② B s♦♥ ❧❧❛♠❛❞❛s ❢r♦♥t❡r❛s ❞❡❧ ❢r❛♠❡✳
❖❜s❡r✈❛❝✐ó♥ ✹✳✶ ❙✐ A = B✱ ❡♥t♦♥❝❡s s❡ t✐❡♥❡ ❧❛ r❡❧❛❝✐ó♥
∞∑
n=1
∣∣∣〈f, ϕn〉H ∣∣∣2 = A‖f‖2H ♣❛r❛ t♦❞♦ f ∈ H,
② ❡♥ ❡st❡ ❝❛s♦ ❡❧ ❢r❛♠❡ ❡s ❧❧❛♠❛❞♦ frame estrecho✱ ❛❞❡♠ás s✐ A = B = 1✱ ❡♥t♦♥❝❡s ❡❧
❢r❛♠❡ ❡s ♦rt♦♥♦r♠❛❧✳
✹✳✷ ❖♣❡r❛❞♦r ❋r❛♠❡
❉❡✜♥✐❝✐ó♥ ✹✳✷ ❙❡❛ {ϕn} ✉♥ ❢r❛♠❡ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt H✱ ❡♥t♦♥❝❡s ❡❧ ♦♣❡r❛❞♦r
F : H → ℓ2 ❞❡✜♥✐❞♦ ♣♦r
F (f) =
{
〈f, ϕn〉H
}
n∈Z
❡s ❧❧❛♠❛❞♦ ♦♣❡r❛❞♦r s✉❜✲❢r❛♠❡✳
✹✶
❊❧ ♦♣❡r❛❞♦r s✉❜✲❢r❛♠❡ ❡stá ❜✐❡♥ ❞❡✜♥✐❞♦ ②❛ q✉❡
‖Ff‖2
ℓ
2
=
∥∥∥{〈f, ϕn〉H}∥∥∥2
ℓ
2
=
∞∑
n=1
∣∣∣〈f, ϕn〉H ∣∣∣2 ≤ B‖f‖2H <∞.
Pr♦♣♦s✐❝✐ó♥ ✹✳✶ ❊❧ ♦♣❡r❛❞♦r s✉❜✲❢r❛♠❡ ❡s ❧✐♥❡❛❧✱ ❛❝♦t❛❞♦ ❡ ✐♥✈❡rt✐❜❧❡✳
❉❡♠♦str❛❝✐ó♥✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧ ❢r❛♠❡ {ϕn}✱ ❛❧ ❝✉❛❧ t❡♥❡♠♦s ❛s♦❝✐❛❞♦ ❡❧ ♦♣❡r❛❞♦r s✉❜✲
❢r❛♠❡ F ✱ ❡♥t♦♥❝❡s F ❡s ❧✐♥❡❛❧✳ ❊♥ ❡❢❡❝t♦✱ s❡❛♥ α, β ∈ K ② f, g ∈ H ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡
F (αf + βg) =
{
〈αf + βg, ϕn〉H
}
n∈Z
=
{
〈αf, ϕn〉H + 〈βg, ϕn〉H
}
n∈Z
= α
{
〈f, ϕn〉H
}
n∈Z
+ β
{
〈g, ϕn〉H
}
n∈Z
= αFf + βFg.
F ❡s ❛❝♦t❛❞♦✳ ❊♥ ❡❢❡❝t♦✱ ♥♦t❡♠♦s q✉❡
‖Ff‖2
ℓ
2
= 〈Ff, Ff〉
ℓ
2
=
∞∑
n=1
∣∣∣〈f, ϕn〉H ∣∣∣2 ,
② ✉t✐❧✐③❛♥❞♦ ✭✹✳✶✮ ♦❜t❡♥❡♠♦s
‖Ff‖2
ℓ
2
=
∞∑
n=1
∣∣∣〈f, ϕn〉H ∣∣∣2 ≤ B‖f‖2H ♣❛r❛ t♦❞♦ f ∈ H.
▲✉❡❣♦
‖Ff‖2
ℓ
2
≤
√
B‖f‖H ♣❛r❛ t♦❞♦ f ∈ H.
F ❡s ✐♥✈❡rt✐❜❧❡✳ ❊♥ ❡❢❡❝t♦ s❡❛ f ∈ H✱ t❛❧ q✉❡ Ff = 0✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡
Ff =
{
〈f, ϕn〉H
}
n∈Z
= {0}n∈Z,
❡s ❞❡❝✐r
〈f, ϕn〉H = 0 ♣❛r❛ t♦❞♦ n ∈ Z.
❨ ❝♦♠♦ {ϕn} ❡s ✉♥ ❢r❛♠❡✱ ❡♥t♦♥❝❡s ♥❡❝❡s❛r✐❛♠❡♥t❡ f = 0✱ ❛sí ♣♦r ❡❧ ❚❡♦r❡♠❛ ✷✳✸ t❡♥❡♠♦s
q✉❡ F ❡s ✐♥✈❡rt✐❜❧❡ ② ❛❞❡♠ás F−1 ❡s ❧✐♥❡❛❧✳
❉❡✜♥✐❝✐ó♥ ✹✳✸ ❙❡❛ F ∗ ❡❧ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ ❞❡❧ ♦♣❡r❛❞♦r s✉❜✲❢r❛♠❡ F ❛s♦❝✐❛❞♦ ❛❧ ❢r❛♠❡
{ϕn}✱ ❡st♦ ❡s F ∗ : ℓ2 → H✱ ❡♥t♦♥❝❡s ♣❛r❛ ✉♥❛ s✉❝❡s✐ó♥ ❛r❜✐tr❛r✐❛ {αn} ∈ ℓ2 t❡♥❡♠♦s
〈F ∗ ({αn}) , f〉H = 〈{αn}, Ff〉
ℓ
2
=
〈
{αn},
{
〈f, ϕn〉H
}〉
ℓ
2
=
∞∑
n=1
αn〈f, ϕn〉H .
✹✷
❊s ❞❡❝✐r
〈F ∗ ({αn}) , f〉H =
〈 ∞∑
n=1
αnϕn, f
〉
H
.
❆sí ❝♦♥❝❧✉✐♠♦s q✉❡ ❡❧ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ F ∗ t✐❡♥❡ ❧❛ ❢♦r♠❛
F ∗ ({αn}) =
∞∑
n=1
αnϕn. ✭✹✳✷✮
▲❛ s❡r✐❡ ❛♥t❡r✐♦r ❡s ❝♦♥✈❡r❣❡♥t❡ ❡♥ H ② ♣♦r ❧♦ t❛♥t♦ F ∗ ❡stá ❜✐❡♥ ❞❡✜♥✐❞♦✳
❉❡✜♥✐❝✐ó♥ ✹✳✹ ❙❡❛ ❡❧ ❢r❛♠❡ {ϕn} ✱ ♣❛r❛ ❡❧ ❝✉❛❧ t❡♥❡♠♦s ❛s♦❝✐❛❞♦ ❡❧ ♦♣❡r❛❞♦r s✉❜✲❢r❛♠❡
F ② F ∗ s✉ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦✱ ❞❡✜♥✐♠♦s ❡❧ ♦♣❡r❛❞♦r ❢r❛♠❡ S : H → H ❛ ♣❛rt✐r ❞❡❧ ♦♣❡r❛❞♦r
s✉❜✲❢r❛♠❡ F ✱ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛
Sf = (F ∗F )f.
Pr♦♣♦s✐❝✐ó♥ ✹✳✷ ❊❧ ♦♣❡r❛❞♦r ❢r❛♠❡ ❡s ❧✐♥❡❛❧✱ ❛❝♦t❛❞♦✱ ♣♦s✐t✐✈♦ ❡ ✐♥✈❡rt✐❜❧❡✳
❉❡♠♦str❛❝✐ó♥✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧ ❢r❛♠❡ {ϕn}✱ ❛❧ ❝✉❛❧ t❡♥❡♠♦s ❛s♦❝✐❛❞♦ ❡❧ ♦♣❡r❛❞♦r s✉❜✲
❢r❛♠❡ F ② F ∗ s✉ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦✱ ❡♥t♦♥❝❡s S = (F ∗F ) ❡s ❧✐♥❡❛❧✱ ②❛ q✉❡ ♣❛r❛ f, g ∈ H
t❡♥❡♠♦s
S(αf + βg) = F ∗F (αf + βg)
= F ∗
{
α 〈f, ϕn〉H + β 〈g, ϕn〉H
}
=
∞∑
n=1
(
α 〈f, ϕn〉H + β 〈g, ϕn〉H
)
ϕn
=
∞∑
n=1
α 〈f, ϕn〉H ϕn +
∞∑
n=1
β 〈g, ϕn〉H ϕn
= αF ∗Ff + βF ∗Fg
= αSf + βSg.
S ❡s ❛❝♦t❛❞♦ ② ♣♦s✐t✐✈♦ ②❛ q✉❡✱ ♣❛r❛ ❝✉❛❧q✉✐❡r f ∈ H✱ t❡♥❡♠♦s
∞∑
n=1
∣∣∣〈f, ϕn〉H ∣∣∣2 = ‖Ff‖2ℓ2 = 〈Ff, Ff〉ℓ2 = 〈F ∗Ff, f〉H = 〈Sf, f〉H .
P♦r ❡♥❞❡ ♣♦❞❡♠♦s ❡s❝r✐❜✐r ✭✹✳✶✮✱ ♣❛r❛ 0 < A ≤ B✱ ❝♦♠♦
〈AIf, f〉
H
≤ 〈Sf, f〉
H
≤ 〈BIf, f〉
H
,
❧♦ q✉❡ ✐♠♣❧✐❝❛
AI ≤ S ≤ BI. ✭✹✳✸✮
✹✸
❆sí t❡♥❡♠♦s q✉❡ S ❡s ❛❝♦t❛❞♦ ② ❛❞❡♠ás ❡s ♣♦s✐t✐✈♦ ②❛ q✉❡ A > 0✳
S ❡s ✐♥✈❡rt✐❜❧❡✳ ❊♥ ❡❢❡❝t♦ ❞❡ ✭✹✳✸✮ t❡♥❡♠♦s
I ≤ 1
A
S ≤ B
A
I,
❧✉❡❣♦
I − B
A
I ≤ 1
A
S − B
A
I ≤ 0,
❡♥t♦♥❝❡s t❡♥❡♠♦s ∥∥∥∥ 1AS − BAI
∥∥∥∥ ≤ ∥∥∥∥I − BAI
∥∥∥∥ ,
❢❛❝t♦r✐③❛♥❞♦
B
A
♦❜t❡♥❡♠♦s
B
A
∥∥∥∥ 1BS − I
∥∥∥∥ ≤ BA
∥∥∥∥ABI − I
∥∥∥∥ ,
❡s ❞❡❝✐r ∥∥∥∥ 1BS − I
∥∥∥∥ ≤ ∥∥∥∥ABI − I
∥∥∥∥ . ✭✹✳✹✮
◆♦t❡♠♦s q✉❡ ∥∥∥∥ABI − I
∥∥∥∥ = ∥∥∥∥(AB − 1
)
I
∥∥∥∥
=
∣∣∣∣AB − 1
∣∣∣∣ ‖I‖ ,
② ❝♦♠♦ 0 < A ≤ B ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡ −1 < AB − 1 ≤ 0✱ ❧✉❡❣♦ ❡♥ ❧❛ ✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r
t❡♥❡♠♦s ∥∥∥∥ABI − I
∥∥∥∥
H
< 1 · ‖I‖ = 1. ✭✹✳✺✮
▲✉❡❣♦ r❡❡♠♣❧❛③❛♥❞♦ ✭✹✳✺✮ ❡♥ ✭✹✳✹✮ t❡♥❡♠♦s∥∥∥∥ 1BS − I
∥∥∥∥ < 1.
❊♥t♦♥❝❡s ♣♦r ❡❧ ❚❡♦r❡♠❛ ✷✳✹ ❡①✐st❡
(
1
AS
)−1
② ❡st♦ ✐♠♣❧✐❝❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ S−1✳
❚❡♦r❡♠❛ ✹✳✶ ❙❡❛ {ϕn} ✉♥ ❢r❛♠❡✱ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt ❍✱ ❝♦♥ ❢r♦♥t❡r❛s A ② B✱ ② s❡❛
S s✉ ♦♣❡r❛❞♦r ❢r❛♠❡ ❛s♦❝✐❛❞♦✳ ❉❡✜♥✐♠♦s ❝♦♠♦ ϕ˜n = S
−1ϕn✱ ❡♥t♦♥❝❡s {ϕ˜n} ❡s ✉♥ ❢r❛♠❡✱
❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt ❍✱ ❝♦♥ ❢r♦♥t❡r❛s 1/A ② 1/B✳
▲❛ s✉❝❡s✐ó♥ {ϕ˜n} ❡s ❧❧❛♠❛❞❛ frame dual ❞❡ {ϕn}✳
✹✹
❉❡♠♦str❛❝✐ó♥✳ ◆♦t❡♠♦s q✉❡ S−1 ❡s ❛✉t♦❛❞❥✉♥t♦ ♣✉❡s
(
S−1
)∗
=
(
(F ∗F )−1
)∗
= ((F ∗F )∗)−1 = (F ∗F ∗∗)−1 = (F ∗F )−1 = S−1.
❊♥t♦♥❝❡s t❡♥❡♠♦s
〈f, ϕ˜n〉H =
〈
f, S−1ϕn
〉
H
=
〈
S−1f, ϕn
〉
H
=
〈
(F ∗F )−1f, ϕn
〉
H
,
❛❞❡♠ás t❡♥❡♠♦s
∞∑
n=1
∣∣∣〈f, ϕ˜n〉H ∣∣∣2 = ∞∑
n=1
∣∣∣〈S−1f, ϕn〉
H
∣∣∣2
=
∥∥F (S−1f)∥∥2
ℓ
2
=
〈
F (S−1f), F (S−1f)
〉
ℓ
2
=
〈
S−1f, F ∗F (S−1f)
〉
H
=
〈
S−1f, f
〉
H
.
❆sí t❡♥❡♠♦s
∞∑
n=1
∣∣∣〈f, ϕ˜n〉H ∣∣∣2 = 〈S−1f, f〉H . ✭✹✳✻✮
❉❡ ❧❛ r❡❧❛❝✐ó♥ ✭✹✳✸✮ t❡♥❡♠♦s
AIS−1 ≤ SS−1 ≤ BIS−1,
❡s ❞❡❝✐r
AIS−1 ≤ I ≤ BIS−1.
❚♦♠❛♥❞♦ ♣♦r s❡♣❛r❛❞♦ ❝❛❞❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱ t❡♥❡♠♦s
AIS−1 ≤ I ♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡ S−1 ≤ 1
A
I,
❛sí ♠✐s♠♦ t❡♥❡♠♦s
I ≤ BIS−1 ♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡ 1
B
I ≤ S−1,
❞❡ ❧❛s ❞♦s r❡❧❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s t❡♥❡♠♦s
1
B
I ≤ S−1 ≤ 1
A
I.
❊s ❞❡❝✐r s❡ ❝✉♠♣❧❡ 〈
1
B
If, f
〉
H
≤ 〈S−1f, f〉
H
≤
〈
1
A
If, f
〉
H
,
✹✺
❧✉❡❣♦
1
B
〈f, f〉
H
≤ 〈S−1f, f〉
H
≤ 1
A
〈f, f〉
H
,
r❡❡♠♣❧❛③❛♥❞♦ ✭✹✳✻✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r t❡♥❡♠♦s
1
B
‖f‖2
H
≤
∞∑
n=1
∣∣∣〈f, ϕ˜n〉H ∣∣∣2 ≤ 1A‖f‖2H ♣❛r❛ t♦❞♦ f ∈ H.
▲♦ ❝✉❛❧ ♣r✉❡❜❛ q✉❡ {ϕ˜n} ❡s ✉♥ ❢r❛♠❡ ❝♦♥ ❢r♦♥t❡r❛s 1
A
②
1
B
✳
❖❜s❡r✈❛❝✐ó♥ ✹✳✷ P❛r❛ ❡❧ ❢r❛♠❡ {ϕ˜n} ❞❡♥♦t❛♠♦s s✉ ♦♣❡r❛❞♦r s✉❜✲❢r❛♠❡ ❛s♦❝✐❛❞♦ ❝♦♠♦
F˜ : H → ℓ2 ❞❡✜♥✐❞♦ ♣♦r
F˜ (f) = {〈f, ϕ˜n〉} .
▲❡♠❛ ✹✳✶ ❙❡❛ F ❡❧ ♦♣❡r❛❞♦r s✉❜✲❢r❛♠❡ ❛s♦❝✐❛❞♦ ❛❧ ❢r❛♠❡ {ϕn} ② F˜ ❡❧ ♦♣❡r❛❞♦r s✉❜✲❢r❛♠❡
❛s♦❝✐❛❞♦ ❛ s✉ ❢r❛♠❡ ❞✉❛❧ {ϕ˜n}✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡
F˜ ∗F = I = F ∗F˜ . ✭✹✳✼✮
❉❡♠♦str❛❝✐ó♥✳ Pr✐♠❡r♦ ✈❡❛♠♦s ❧❛ ❢♦r♠❛ ❞❡ F˜
F˜ f =
{
〈f, ϕ˜n〉H
}
=
{〈
f, S−1ϕn
〉
H
}
=
{〈
S−1f, ϕn
〉
H
}
= FS−1f
= F (F ∗F )−1f.
❊s ❞❡❝✐r F˜ = F (F ∗F )−1✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡
F˜ ∗F =
(
F (F ∗F )−1
)∗
F =
([
(F ∗F )−1
]∗
F ∗
)
F = (F ∗F )−1F ∗F = I.
❨ t❛♠❜✐é♥ t❡♥❡♠♦s q✉❡
F ∗F˜ = F ∗
(
F (F ∗F )−1
)
= F ∗F (F ∗F )−1 = I.
▲♦ ❝✉❛❧ ♣r✉❡❜❛ ✭✹✳✼✮✳
❚❡♦r❡♠❛ ✹✳✷ ❙❡❛ {ϕn} ✉♥ ❢r❛♠❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt H ② {ϕ˜n} s✉ ❢r❛♠❡ ❞✉❛❧✱ ❡♥✲
t♦♥❝❡s ♣❛r❛ ❝✉❛❧q✉✐❡r f ∈ H s❡ ❝✉♠♣❧❡
∞∑
n=1
〈f, ϕn〉H ϕ˜n = f =
∞∑
n=1
〈f, ϕ˜n〉H ϕn. ✭✹✳✽✮
❊❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✹✳✽✮ ❡s ❧❛ ❢ór♠✉❧❛ ❞❡ r❡❝♦♥str✉❝❝✐ó♥ ❞❡ f ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s
❞❡❧ ❢r❛♠❡✱ ♠✐❡♥tr❛s q✉❡ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✹✳✽✮ ♣❡r♠✐t❡ ❡①♣r❡s❛r f ❝♦♠♦ ❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥✲
❡❛❧ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡❧ ❢r❛♠❡✳
❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ F ❡❧ ♦♣❡r❛❞♦r ❢r❛♠❡ ❛s♦❝✐❛❞♦ ❛ {ϕn} ② F˜ ❡❧ ♦♣❡r❛❞♦r ❢r❛♠❡ ❛s♦❝✐❛❞♦
❛ s✉ ❢r❛♠❡ ❞✉❛❧ {ϕ˜n}✱ ❡♥t♦♥❝❡s ♣♦r ❡❧ ▲❡♠❛ ✹✳✶ t❡♥❡♠♦s q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r f ∈ H s❡
❝✉♠♣❧❡
f = (F˜ ∗F )f = F˜ ∗(F (f))
= F˜ ∗
({
〈f, ϕn〉H
})
,
② ❞❡ ✭✹✳✷✮✱ ❞❡✜♥✐❝✐ó♥ ❞❡ F ∗✱ t❡♥❡♠♦s
f =
∞∑
n=1
〈f, ϕn〉H ϕ˜n.
❆♥á❧♦❣❛♠❡♥t❡ ❞❡❧ ▲❡♠❛ ✹✳✶ ② ❞❡ ✭✹✳✷✮✱ t❡♥❡♠♦s
f = (F ∗F˜ )f = F ∗
({
〈f, ϕ˜n〉H
})
=
∞∑
n=1
〈f, ϕ˜n〉H ϕn.
▲♦ ❝✉❛❧ ♣r✉❡❜❛ ❧❛ r❡❧❛❝✐ó♥ ✭✹✳✽✮✳
❖❜s❡r✈❛❝✐ó♥ ✹✳✸ ❙✐ ❡❧ ❢r❛♠❡ {ϕn} ❡s ❡str❡❝❤♦✱ t❡♥❡♠♦s q✉❡ A = B✱ ❛sí ♣❛r❛ ❝❛❞❛ f ∈ H✱
s❡ ❝✉♠♣❧❡
∞∑
n=1
∣∣∣〈f, ϕn〉H ∣∣∣2 = B‖f‖2H ,
❞❡❧ ❚❡♦r❡♠❛ ✹✳✶ s❡ t✐❡♥❡ ♣❛r❛ ❝❛❞❛ f ∈ H
∞∑
n=1
∣∣∣〈f, ϕ˜n〉H ∣∣∣2 = 1A‖f‖2H ,
❞♦♥❞❡
ϕ˜n = S
−1ϕn ② S−1 =
1
A
I.
❊st♦ ❡s
ϕ˜n =
1
A
ϕn,
♣♦r ❝♦♥s✐❣✉✐❡♥t❡ ❧❛ r❡❧❛❝✐ó♥ ✭✹✳✽✮ t♦♠❛ ❧❛ ❢♦r♠❛
f =
∞∑
n=1
〈f, ϕ˜n〉H ϕn =
∞∑
n=1
〈
f,
1
A
ϕn
〉
H
ϕn =
1
A
∞∑
n=1
〈f, ϕn〉H ϕn.
✹✼
❆❞❡♠ás s✐ ❡❧ ❢r❛♠❡ ❡s ♦rt♦♥♦r♠❛❧ ✭A = B = 1✮✱ ❡♥t♦♥❝❡s t❡♥❡♠♦s
f =
∞∑
n=1
〈f, ϕn〉H ϕn.
❆sí ♣♦❞❡♠♦s r❡s♣♦♥❞❡r ❞❡ ♠❛♥❡r❛ ❛✜r♠❛t✐✈❛ ❧❛s ♣r❡❣✉♥t❛s q✉❡ ❤✐❝✐♠♦s ❛❧ ✐♥✐❝✐♦ ❞❡❧ ❝❛♣í✲
t✉❧♦✳ ❨❛ q✉❡ s✐
{
ψ
j,k
}
j,k∈Z ❡s ✉♥ ❢r❛♠❡✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ✭✹✳✽✮ ♣❛r❛ ♦❜t❡♥❡r ❧❛ ❝❛r❛❝t❡r✐✲
③❛❝✐ó♥ ② r❡❝♦♥str✉❝❝✐ó♥ ❞❡ f ✳
✹✳✸ ❋r❛♠❡ ❝♦♠♦ ❜❛s❡ ❞❡ ❘✐❡s③
❉❡✜♥✐❝✐ó♥ ✹✳✺ ❯♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❡❝t♦r❡s {ϕn} ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt H ❡s ❧❧❛♠❛❞❛ ❜❛s❡
❞❡ ❘✐❡s③ s✐ s❛t✐s❢❛❝❡ ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s
✐✳ ❊①✐st❡♥ ❝♦♥st❛♥t❡s 0 < A ≤ B✱ t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ α ∈ ℓ2 s❡ ❝✉♠♣❧❡
A‖α‖
ℓ
2 ≤
∥∥∥∥∥∑
n∈N
αnϕn
∥∥∥∥∥
H
≤ B‖α‖
ℓ
2 .
✐✐✳ H ❡s ❧❛ ❡①♣❛♥s✐ó♥ ❞❡ {ϕn}✱ ❡st♦ ❡s H = Gen {ϕn}n∈Z .
❯♥❛ s✉❝❡s✐ó♥ {ϕn} ❡♥H s❛t✐s❢❛❝✐❡♥❞♦ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✐✮ ❛♥t❡r✐♦r ❡s ❧❧❛♠❛❞❛ s✉❝❡s✐ó♥ ❞❡ ❘✐❡s③✳
Pr♦♣♦s✐❝✐ó♥ ✹✳✸ ❙✐ {ϕn} ❡s ✉♥❛ ❜❛s❡ ❞❡ ❘✐❡s③ ❞❡ H ❡♥t♦♥❝❡s ❡s ✉♥ ❢r❛♠❡ ❡♥ H✳
❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ E = {e1, e2, · · · , ek, · · · } ✉♥❛ ❜❛s❡ ❞❡ ❘✐❡s③ ❞❡ ❍✱ ❡♥t♦♥❝❡s ❡①✐st❡♥
❝♦♥st❛♥t❡s A ② B✱ ❝♦♥ 0 < A ≤ B✱ ♣❛r❛ ❧❛s ❝✉❛❧❡s s❡ ❝✉♠♣❧❡
A2
∑
n∈N
|αn|2 ≤
∥∥∥∥∥∑
n∈N
αnen
∥∥∥∥∥
2
H
≤ B2
∑
n∈N
|αn|2 ♣❛r❛ t♦❞♦ α = {αn} ∈ ℓ2 ,
♣❛r❛ t♦❞❛ s✉❝❡s✐ó♥ α ♥♦ ♥✉❧❛✱ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ✐♠♣❧✐❝❛ q✉❡ ❡❧ ♦♣❡r❛❞♦r T : ℓ
2 → H ❞❡✜♥✐❞♦
♣♦r
T (α) =
∞∑
k=1
αkek ✭✹✳✾✮
❡stá ❜✐❡♥ ❞❡✜♥✐❞♦ ♣❛r❛ ❝❛❞❛ α ∈ ℓ2 ✱ t✐❡♥❡ ♥♦r♠❛ ‖T‖ < B✱ ❡s ✐♥✈❡rt✐❜❧❡ ② ♣♦r ❧❛ ❖❜s❡r✲
✈❛❝✐ó♥ ✷✳✸ s❡ ❝✉♠♣❧❡ ‖T−1‖ ≤ 1
A
✳
❙❡❛ T ∗ : H → ℓ2 ❡❧ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ ❞❡ T ✱ ❞❡✜♥✐❞♦ ♣❛r❛ ❝❛❞❛ f ∈ H ♣♦r
〈α, T ∗f〉
ℓ
2
= 〈Tα, f〉 . ✭✹✳✶✵✮
✹✽
▲✉❡❣♦ r❡❡♠♣❧❛③❛♥❞♦ ✭✹✳✾✮ ❡♥ ✭✹✳✶✵✮ ♦❜t❡♥❡♠♦s
〈α, T ∗f〉
ℓ
2
=
〈 ∞∑
k=1
αkek, f
〉
H
〈α, T ∗f〉
ℓ
2
=
∞∑
k=1
αk 〈ek, f〉H
=
∞∑
k=1
αk〈f, ek〉H
=
〈
α,
{
〈f, ek〉H
}〉
ℓ
2
.
❊st♦ ♠✉❡str❛ q✉❡ ❡❧ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ T ∗ ❞❡❧ ♦♣❡r❛❞♦r ✭✹✳✾✮ ❡stá ❞❡✜♥✐❞♦ ♣♦r
T ∗(f) =
{
〈f, ek〉H
}
.
❊♥ ✈✐st❛ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✷✳✹ ② ❡❧ ❚❡♦r❡♠❛ ✷✳✾✱ t❡♥❡♠♦s
‖T ∗‖ = ‖T‖ ≤ B
②
‖(T ∗)−1‖ = ‖(T−1)∗‖ = ‖T−1‖ ≤ 1
A
,
❞❡ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✸ t❡♥❡♠♦s✿ 1 ≤ ‖T‖‖T−1‖✱ ❡♥t♦♥❝❡s A ≤ ‖T‖ = ‖T ∗‖✱ ❛sí ♦❜t❡♥❡♠♦s
A ≤ ‖T ∗‖ ≤ B.
▲♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡
A‖f‖2 ≤
∞∑
k=1
∣∣∣〈f, ek〉H ∣∣∣2 ≤ B‖f‖2.
❊s ❞❡❝✐r E ❡s ✉♥ ❢r❛♠❡✳
❖❜s❡r✈❛❝✐ó♥ ✹✳✹ ❉❛❞♦ q✉❡ ✉♥❛ ❜❛s❡ ❞❡ ❘✐❡s③ ❡s ✉♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ❢r❛♠❡ ❝❛❜❡ r❡❝❛❧❝❛r
❧♦ s✐❣✉✐❡♥t❡✿
✐✳ ❙✐ {ϕn} ❡s ✉♥ ❢r❛♠❡ ❡♥ H ♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ s❡rá ✉♥❛ ❜❛s❡ ❞❡ ❘✐❡s③ ❡♥ H✳
✐✐✳ ◆♦t❡♠♦s q✉❡ s✐ {ϕn} ❡s ✉♥ ❢r❛♠❡ ❡♥ H ② ❛❞❡♠ás ❡s ✉♥❛ ❜❛s❡ ❞❡ H✱ ❡♥t♦♥❝❡s {ϕn}
❡s ✉♥❛ ❜❛s❡ ❞❡ ❘✐❡s③✳
✹✳✹ ❋r❛♠❡ ❞❡ ❖♥❞í❝✉❧❛s
❊♥ ❧❛s s❡❝❝✐♦♥❡s ❛♥t❡r✐♦r❡s ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❝♦♥s✐❞❡r❛♠♦s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt ❣❡♥❡r❛❧ ❛❧
❝✉❛❧ ❧❧❛♠❛♠♦s H✱ ♣❛r❛ ❡st❛ s❡❝❝✐ó♥ ❝♦♥s✐❞❡r❛r❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ ❝❛s♦ ♣❛rt✐❝✉❧❛r H = L
2
(R)✳
❘❡❝♦r❞❡♠♦s q✉❡ ❛❧ ❞✐s❝r❡t✐③❛r ❧❛ ❚❈❖✱ ♠❡❞✐❛♥t❡ a = a−j0 ② b = kb0a
−j
0 ✱ ♦❜t✉✈✐♠♦s
✹✾
ψ
j,k
(x) = aj/2
0
ψ
(
aj
0
x− kb0
)
❝♦♥ j, k ∈ Z,
P❛r❛ ❧❛ ❝✉❛❧ ♣❧❛♥t❡❛♠♦s ❞♦s ✐♥t❡rr♦❣❛♥t❡s ❛❧ ✐♥✐❝✐♦ ❞❡❧ ❝❛♣ít✉❧♦✱ ❧❛s ❝✉❛❧❡s s❡ r❡s♣♦♥❞✐❡r♦♥
❞❡ ❢♦r♠❛ ❛✜r♠❛t✐✈❛ ❛❧ ✜♥❛❧ ❞❡ ❧❛ ❙❡❝❝✐ó♥ ✹✳✷ ❡st♦ ❢✉❡ s✐❡♠♣r❡ ② ❝✉❛♥❞♦ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❢✉♥✲
❝✐♦♥❡s
{
ψ
j,k
}
j,k∈Z ❝♦♥st✐t✉②❛ ✉♥ ❢r❛♠❡✳
❊♥t♦♥❝❡s s✉r❣❡ ✉♥❛ ♥✉❡✈❛ ✐♥t❡rr♦❣❛♥t❡
➽❝✉á♥❞♦ s❡ ❝✉♠♣❧❡ q✉❡ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❢✉♥❝✐♦♥❡s
{
ψ
j,k
}
j,k∈Z ❡s ✉♥ ❢r❛♠❡❄
P❛r❛ ❡st♦ t❡♥❡♠♦s ✉♥❛ ❝♦♥❞✐❝✐ó♥ s✉✜❝✐❡♥t❡ s♦❜r❡ ψ✱ ❧❛ ❝✉❛❧ ❡♥✉♥❝✐❛r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥✳
❚❡♦r❡♠❛ ✹✳✸ ❙✐ ψ ② a0 s♦♥ t❛❧❡s q✉❡
Z
ψ
= InfEss
∑
j∈Z
∣∣∣ψ̂ (aj
0
w
)∣∣∣2 , 1 ≤ |w| ≤ a0
 > 0
Z
ψ
= SupEss
∑
j∈Z
∣∣∣ψ̂ (aj
0
w
)∣∣∣2 , 1 ≤ |w| ≤ a0
 <∞,
② s✐
β(s) = SuppEss

∞∑
j=0
ψ̂
(
a
j
0
w
)
ψ̂
(
aj
0
w + s
)
, w ∈ R
 ,
❞❡❝❛❡ ♣♦r ❧♦ ♠❡♥♦s t❛♥ rá♣✐❞♦ ❝♦♠♦
1
(1 + |s|)1+ε ❝♦♥ ε > 0.
❊♥t♦♥❝❡s ❡①✐st❡ b0 > 0 t❛❧ q✉❡ ❧❛ ❢❛♠✐❧✐❛
{
ψ
j,k
}
j,k∈Z ❡s ✉♥ ❢r❛♠❡ ♣❛r❛ ❝✉❛❧q✉✐❡r ❡❧❡❝❝✐ó♥
b0 < b0 ✳
P❛r❛ b0 < b0✱ ❧❛s s✐❣✉✐❡♥t❡s ❡①♣r❡s✐♦♥❡s s♦♥ ❧❛s ❢r♦♥t❡r❛s ❞❡❧ ❢r❛♠❡
{
ψ
j,k
}
j,k∈Z
A =
2π
b0
Z
ψ
−
∑
k∈Z−{0}
[
β
(
2π
b0
k
)
β
(
−2π
b0
k
)] 1
2
 ,
B =
2π
b0
Z
ψ
−
∑
k∈Z−{0}
[
β
(
2π
b0
k
)
β
(
−2π
b0
k
)] 1
2
 .
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❉❛✉❜❡❝❤✐❡s ❬✽❪ ② ❙❤✐ ✫ ❈❤❡♥ ❬✺❪✳
▲❛s ❝♦♥❞✐❝✐♦♥❡s ❡♥ β✱ Z
ψ
② Z
ψ
s♦♥ s❛t✐s❢❡❝❤❛s s✐✱ ♣♦r ❡❥❡♠♣❧♦
∣∣∣ψ̂(w)∣∣∣ ≤ C |w|α
(1 + |w|)γ ,
✺✵
❝♦♥ α > 0✱ γ > α+ 1 ② C ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳
❚❡♦r❡♠❛ ✹✳✹ ✭❉❛✉❜❡❝❤✐❡s✮ ❙✐ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❢✉♥❝✐♦♥❡s
ψ
j,k
(x) = aj/2
0
ψ
(
aj
0
x− kb0
)
❝♦♥ j, k ∈ Z
❝♦♥st✐t✉②❡ ✉♥ ❢r❛♠❡ ❡♥ L
2
(R) ❝♦♥ ❢r♦♥t❡r❛s A ② B✳ ❊♥t♦♥❝❡s s❡ ❝✉♠♣❧❡♥ ❧❛s s✐❣✉✐❡♥t❡s
r❡❧❛❝✐♦♥❡s✿
✐✳
b0 ln a0
2π
A ≤
∫ ∞
0
|ψ̂(w)|2
|w| dw ≤
b0 ln a0
2π
B.
✐✐✳
b0 ln a0
2π
A ≤
∫ 0
−∞
|ψ̂(w)|2
|w| dw ≤
b0 ln a0
2π
B.
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❉❛✉❜❡❝❤✐❡s ❬✽❪✳
❊st❡ t❡♦r❡♠❛ ❞❛ ✉♥❛ r❡str✐❝❝✐ó♥ ❛♣r✐♦r✐ s♦❜r❡ ψ✱ ②❛ q✉❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ■ ② ■■ ❡stá♥ ❞✐r❡❝✲
t❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛s ❝♦♥ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❛❞♠✐s✐❜✐❧✐❞❛❞ ✭✸✳✶✮✳
❈♦r♦❧❛r✐♦ ✹✳✶ ❯♥❛ ❢✉♥❝✐ó♥ ψ ∈ L2(R) ❡s ✉♥❛ ♦♥❞í❝✉❧❛ s✐ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❢✉♥❝✐♦♥❡s {ψ
j,k
}
j,k∈Z
❞❡✜♥✐❞❛ ♣♦r
ψ
j,k
(t) = 2j/2ψ
(
2jt− k) ,
❝♦♥ j, k ∈ Z ❛r❜✐tr❛r✐♦s✱ ❡s ✉♥❛ ❜❛s❡ ❞❡ ❘✐❡s③ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt L2(R)✳
❉❡♠♦str❛❝✐ó♥✳ ◆♦t❡♠♦s q✉❡ ψ
j,k
❡s ✉♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❢✉♥❝✐♦♥❡s ✭✸✳✶✾✮
❝✉❛♥❞♦ a0 = 2 ② b0 = 1✱ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✹✳✸ t❡♥❡♠♦s q✉❡ t♦❞❛ ❜❛s❡ ❘✐❡s③ ❡s ✉♥ ❝❛s♦
♣❛rt✐❝✉❧❛r ❞❡ ❢r❛♠❡✱ ❡♥t♦♥❝❡s ♣♦❞❡♠♦s ✉t✐❧✐③❛r ❡❧ ❚❡♦r❡♠❛ ✹✳✹✱ ❡♥t♦♥❝❡s r❡❡♠♣❧❛③❛♥❞♦ ❧♦s
✈❛❧♦r❡s ❞❡ a0 ② b0 t❡♥❡♠♦s ❧❛s r❡❧❛❝✐♦♥❡s
ln 2
2π
A ≤
∫ ∞
0
|ψ̂(w)|2
|w| dw ≤
ln 2
2π
B ②
ln 2
2π
A ≤
∫ 0
−∞
|ψ̂(w)|2
|w| dw ≤
ln 2
2π
B,
❧♦ q✉❡ ✐♠♣❧✐❝❛
ln 2
π
A ≤
∫ 0
−∞
|ψ̂(w)|2
|w| dw +
∫ ∞
0
|ψ̂(w)|2
|w| dw ≤
ln 2
π
B,
❧✉❡❣♦
2Aln 2 ≤ 2π
∫ ∞
−∞
|ψ̂(w)|2
|w| dw︸ ︷︷ ︸
c
ψ
≤ 2Bln 2.
❊♥ ✈✐st❛ ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✶ ② ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✶ s❡ ❞❡❜❡ ❝✉♠♣❧✐r
q✉❡ |ψ̂(0)| = 0 ❡st♦ ❡s ψ̂(0) = 0✱ ② ❡st♦ ✐♠♣❧✐❝❛ q✉❡∫
R
ψ(x)dx = 0.
❊s ❞❡❝✐r ψ ❡s ✉♥❛ ♦♥❞í❝✉❧❛✳
✺✶
❈❛♣ít✉❧♦ ✺
❆♥á❧✐s✐s ▼✉❧t✐r❡s♦❧✉❝✐ó♥
✺✳✶ ❆♥á❧✐s✐s ▼✉❧t✐r❡s♦❧✉❝✐ó♥ ✭❆▼❘✮
❊❧ ❝♦♥❝❡♣t♦ ❞❡ ❛♥á❧✐s✐s ♠✉❧t✐r❡s♦❧✉❝✐ó♥ ❡s ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❡❧ ❝♦r❛③ó♥ ❞❡ ❧❛ t❡♦rí❛ ❞❡ ♦♥❞í❝✉✲
❧❛s✱ ②❛ q✉❡ t✐❡♥❡ ✉♥❛ r❡❧❛❝✐ó♥ ❜❛st❛♥t❡ ❡str❡❝❤❛ ❝♦♥ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ❢r❛♠❡ ❞❡ ♦♥❞í❝✉❧❛s✳
❉❡✜♥✐❝✐ó♥ ✺✳✶ ❯♥ ❛♥á❧✐s✐s ♠✉❧t✐r❡s♦❧✉❝✐ó♥ ❡s ✉♥❛ s✉❝❡s✐ó♥ {Vj}j∈Z ❞❡ s✉❜❡s♣❛❝✐♦s ❞❡
L
2
(R) t❛❧ q✉❡
✐✳ Vj ⊂ Vj+1 ♣❛r❛ t♦❞♦ j ∈ Z✳
✐✐✳
⋃
j∈Z
Vj = L
2
(R)✳
✐✐✐✳
⋂
j∈Z
Vj = {0}✳
✐✈✳ f ∈ Vj s✐ ② só❧♦ s✐ ❧❛ ❢✉♥❝✐ó♥ x 7−→ f(2−jx) ♣❡rt❡♥❡❝❡ ❛ V0✳
✈✳ f ∈ V0 s✐ ② só❧♦ s✐ ❧❛ ❢✉♥❝✐ó♥ x 7−→ f(x−m) ♣❡rt❡♥❡❝❡ ❛ V0 ♣❛r❛ t♦❞♦ m ∈ Z✳
✈✐✳ ❊①✐st❡ ✉♥❛ ❢✉♥❝✐ó♥ φ ∈ V0✱ ❧❛ ❝✉❛❧ ❡s ❧❧❛♠❛❞❛ ❢✉♥❝✐ó♥ ❡s❝❛❧❛✱ t❛❧ q✉❡ ❡❧ s✐st❡♠❛
{φ(t−m)}
m∈Z
❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V0✳
❖❜s❡r✈❛❝✐ó♥ ✺✳✶ ▲❛s ❝♦♥❞✐❝✐♦♥❡s ✭✐✮✱ ✭✐✐✮ ② ✭✐✐✐✮ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✺✳✶ s✐❣♥✐✜❝❛♥ q✉❡ ❝❛❞❛
❢✉♥❝✐ó♥ ❡♥ L
2
(R) ♣✉❡❞❡ s❡r ❛♣r♦①✐♠❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ ❧♦s s✉❜❡s♣❛❝✐♦s Vj ② ❝✉❛♥❞♦
j →∞✱ ❧❛ ♣r❡❝✐s✐ó♥ ❞❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❛✉♠❡♥t❛✳
❖❜s❡r✈❛❝✐ó♥ ✺✳✷ ▲❛s ❝♦♥❞✐❝✐♦♥❡s ✭✐✈✮ ② ✭✈✮ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✺✳✶ ❡①♣r❡s❛♥ ❧❛ ✐♥✈❛r✐❛♥③❛
❞❡❧ s✐st❡♠❛ ❞❡ s✉❜❡s♣❛❝✐♦s Vj ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❖♣❡r❛❞♦r ❚r❛s❧❛❝✐ó♥ ✭✷✳✶✮ ② ❛❧ ❖♣❡r❛❞♦r
❉✐❧❛t❛❝✐ó♥ ✭✷✳✸✮✱ ❡st❛s ❝♦♥❞✐❝✐♦♥❡s ♣✉❡❞❡♥ s❡r ❡①♣r❡s❛❞❛s ❡♥ tér♠✐♥♦s ❞❡ ❞✐❝❤♦s ♦♣❡r❛❞♦r❡s
❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛
✐✈✬✳ D−j (Vj) = V0 ♣❛r❛ t♦❞♦ j ∈ Z✳
✈✬✳ V0 = ❚m(V0) ♣❛r❛ t♦❞♦ m ∈ Z✳
❈♦♠♦ 2
j/2
Dj ② ❚m s♦♥ ✐s♦♠❡trí❛s r❡❡s❝r✐❜✐♠♦s ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✈✐✮✱ ❝♦♠♦
✺✷
✈✐✬✳ ❊①✐st❡ ✉♥❛ ❢✉♥❝✐ó♥ φ ∈ V0 ❧❧❛♠❛❞❛ ❢✉♥❝✐ó♥ ❡s❝❛❧❛ t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ j ∈ Z ❡❧ s✐st❡♠❛
{φj,m}m∈Z =
{
2
j/2
φ(2jx−m)
}
m∈Z
❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❡♥ Vj ✳
❊st♦ ú❧t✐♠♦ ❡s ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✷✳✺✱ ②❛ q✉❡ ❛♣❧✐❝❛♠♦s Dj ❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✈✐✬✮
❛♥t❡r✐♦r ♣❛r❛ ♦❜t❡♥❡r
Vj = Dj (V0), ✭✺✳✶✮
② ❝♦♠♦ {φ0,m}m∈Z = {φ(x−m)}m∈Z ❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❡♥ V0✱ ❡♥t♦♥❝❡s ❛♣❧✐❝❛♠♦s ❧❛
❞✐❧❛t❛❝✐ó♥ ✐s♦♠étr✐❝❛ 2j/2Dj ❛ {φ0,m}m∈Z ♣❛r❛ ♦❜t❡♥❡r ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ Vj ✳
✺✳✷ ❈♦♥str✉❝❝✐ó♥ ❞❡ ✉♥ ❆▼❘ ❛ P❛rt✐r ❞❡ ✉♥❛ ❋✉♥❝✐ó♥ ❊s❝❛❧❛
❉❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✺✳✶ ✱ ② ❡♥ ✈✐st❛ ❞❡ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✺✳✷ ♥♦t❛♠♦s q✉❡ ❧❛ ❢✉♥❝✐ó♥ ❡s❝❛❧❛ ❞❡t❡r✲
♠✐♥❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❡❧ ❛♥á❧✐s✐s ♠✉❧t✐r❡s♦❧✉❝✐ó♥✱ ②❛ q✉❡ {φj,m}m∈Z ❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧
❞❡ Vj ✱ ❡♥t♦♥❝❡s t❡♥❡♠♦s
Vj = Gen
{
2
j/2
φ(2jx−m)
}
m∈Z
,
❡s ❞❡❝✐r✱ ❧♦s ❡s♣❛❝✐♦s Vj s♦♥ ❝♦♥str✉✐❞♦s ❛ ♣❛rt✐r ❞❡ tr❛s❧❛❝✐♦♥❡s ② ❞✐❧❛t❛❝✐♦♥❡s ❞❡ ❧❛ ❢✉♥❝✐ó♥
❡s❝❛❧❛ φ✳ ❆♥t❡s ❞❡ ❡♠♣❡③❛r ❛ ❝♦♥str✉✐r ✉♥ ❆▼❘ ❛ ♣❛rt✐r ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❡s❝❛❧❛ φ ♣r✐♠❡r♦
✈❡❛♠♦s ❛❧❣✉♥♦s ❝♦♥❝❡♣t♦s ❞❡ ❧❛ ❣❡♦♠❡trí❛ ❞❡ ❡s♣❛❝✐♦s ❞❡ ❍✐❧❜❡rt✳
Pr♦♣♦s✐❝✐ó♥ ✺✳✶ ❙❡❛ ✉♥❛ ❢✉♥❝✐ó♥ φ ∈ L2(R) ② ❞♦s ❝♦♥st❛♥t❡s 0 < A ≤ B✱ ❡♥t♦♥❝❡s ❧❛s
s✐❣✉✐❡♥t❡s ❛✜r♠❛❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s
✐✳ P❛r❛ ❝❛❞❛ s✉❝❡s✐ó♥ {αn}n∈Z ∈ ℓ2 t❡♥❡♠♦s
A
(∑
n∈Z
|αn|2
)1/2
≤
∫ ∞
−∞
∣∣∣∣∣∑
l∈Z
αnφ(x− n)
∣∣∣∣∣
2
dx
1/2 ≤ B(∑
n∈Z
|αn|2
)1/2
.
✐✐✳ P❛r❛ ❝❛s✐ t♦❞♦ w ∈ R s❡ t✐❡♥❡
A2 ≤
∑
l∈Z
|φ̂(w + 2lπ)|2 ≤ B2.
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❲♦❥t❛s③❝③②❦ ❬✾❪✳
❈♦r♦❧❛r✐♦ ✺✳✶ ❊❧ s✐st❡♠❛ {φ(t−m)}m∈Z ❡s ✉♥ s✐st❡♠❛ ♦rt♦♥♦r♠❛❧ s✐ ② só❧♦ s✐∑
|φ̂(w + 2lπ)|2 = 1 ❝✳t✳♣✳ w ∈ R.
✺✸
❉❡♠♦str❛❝✐ó♥✳ ❆❧ s❡r ✉♥ s✐st❡♠❛ ♦rt♦♥♦r♠❛❧✱ ❧❛s ❝♦♥st❛♥t❡s A ② B ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥
✺✳✶✱ s♦♥ A = B = 1✱ ❡♥t♦♥❝❡s ♣♦r ❧❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❡♥ ❞✐❝❤❛ ♣r♦♣♦s✐❝✐ó♥✱ t❡♥❡♠♦s∫ ∞
−∞
∣∣∣∣∣∑
l∈Z
αnφ(x− n)
∣∣∣∣∣
2
dx
1/2 = (∑
n∈Z
|αn|2
)1/2
♣❛r❛ t♦❞❛s ❧❛s s✉❝❡s✐♦♥❡s {αn}n∈Z ∈ ℓ2 ✳ ❊st♦ ❡s ❡❧ s✐st❡♠❛ {φ(t−m)}m∈Z ❡s ♦rt♦♥♦r♠❛❧✱
❧❛ r❡❝✐♣r♦❝❛ ❡s ❡❧ ♣r♦❝❡s♦ ✐♥✈❡rs♦✳
Pr♦♣♦s✐❝✐ó♥ ✺✳✷ ❙✐ {φ(t−m)}m∈Z ❡s ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❘✐❡s③ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt H✱
❡s ❞❡❝✐r ❡①✐st❡♥ A,B ∈ R+ t❛❧❡s q✉❡
P❛r❛ ❝❛❞❛ s✉❝❡s✐ó♥ ❞❡ ❡s❝❛❧❛r❡s {αn}n∈Z ∈ ℓ2 s❡ t✐❡♥❡
A
(∑
n∈Z
|αn|2
)1/2
≤
∫ ∞
−∞
∣∣∣∣∣∑
n∈Z
αnφ(x− n)
∣∣∣∣∣
2
dx
1/2 ≤ B(∑
n∈Z
|αn|2
)1/2
,
❡♥t♦♥❝❡s
✐✳ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ g ∈ Gen{φ(t−m)}m∈Z ♣✉❡❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦
g(t) =
∑
m∈Z
αmφ(t−m),
② ❡st❛ s❡r✐❡ ❝♦♥✈❡r❣❡ ❡♥ L
2
(R)✳
✐✐✳ g ∈ Gen{φ(t−m)}m∈Z s✐ ② só❧♦ s✐
ĝ(w) = ϕ(w)φ̂(w),
♣❛r❛ ❛❧❣✉♥❛ ❢✉♥❝✐ó♥ ϕ 2π✲♣❡r✐ó❞✐❝❛ ❝♦♥
∫ 2π
0
|ϕ(w)|2dw <∞✳
✐✐✐✳ s✐ g(t) =
∑
m∈Z
αmφ(t−m) ② ϕ ❡s ❞❛❞♦ ❝♦♠♦ ❡♥ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✐✐✮✱ ❡♥t♦♥❝❡s
ϕ(w) =
∑
m∈Z
αme
−imw.
✐✈✳ ❧❛s ♥♦r♠❛s ❞❡ g ② ϕ s❡ r❡❧❛❝✐♦♥❛♥ ❝♦♠♦ s✐❣✉❡
1
B
‖g‖H ≤
(
1
2π
∫ 2π
0
|ϕ(w)|dw
)1/2
≤ 1
A
‖g‖H ,
❞♦♥❞❡ A ② B s♦♥ ❧❛s ❝♦♥st❛♥t❡s ❞❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✺✳✷✳
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❲♦❥t❛s③❝③②❦❬✾❪✳
✺✹
Pr♦♣♦s✐❝✐ó♥ ✺✳✸ ❙❡❛ φ ∈ L2(R) ✉♥❛ ❢✉♥❝✐ó♥ t❛❧ q✉❡ {φ(t −m)}m∈Z ❡s ✉♥❛ s✉❝❡s✐ó♥ ❞❡
❘✐❡s③✳ ❊♥t♦♥❝❡s ❡①✐st❡ ✉♥❛ ❢✉♥❝✐ó♥
φ1 ∈ Gen{φ(t−m)}m∈Z
t❛❧ q✉❡ {φ1(t−m)}m∈Z ❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡❧ ❡s♣❛❝✐♦ Gen{φ(t−m)}m∈Z✳
❉❡♠♦str❛❝✐ó♥✳ P❛r❛ ♣r♦❜❛r ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ φ1 ✉t✐❧✐③❛♠♦s ❧❛ Pr♦♣♦s✐❝✐ó♥ ✺✳✷✱
♣❛r❛ ❡❧❧♦ ❞❡✜♥❛♠♦s ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ φ1 ❝♦♠♦
φ̂1(w) = h(w)φ̂(w), ✭✺✳✷✮
❝♦♥ h ✉♥❛ ❢✉♥❝✐ó♥ 2π✲♣❡r✐ó❞✐❝❛ t❛❧ q✉❡
|h(w)| =
(∑
l∈Z
|φ̂(w + 2lπ)|2
)−1/2
. ✭✺✳✸✮
❊♥ ✈✐st❛ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✺✳✶ t❡♥❡♠♦s ♣❛r❛ 0 < A ≤ B
1
B
≤ |h(w)| ≤ 1
A
, ✭✺✳✹✮
✐♥t❡❣r❛♥❞♦ ❧❛ r❡❧❛❝✐ó♥ ✭✺✳✹✮ t❡♥❡♠♦s∫ 2π
0
|h(w)|2dw ≤
∫ 2π
0
1
A2
dw =
2π
A2
<∞.
❆sí ❝♦♥❝❧✉✐♠♦s ❝♦♥ ❧♦s r❡q✉❡r✐♠✐❡♥t♦s ♥❡❝❡s❛r✐♦s ♣❛r❛ ✉t✐❧✐③❛r Pr♦♣♦s✐❝✐ó♥ ✺✳✷✐✐✱ ❧❛ ❝✉❛❧ ♥♦s
❞✐❝❡
φ1 ∈ Gen{φ(t−m)}m∈Z.
❆❤♦r❛ ✈❡❛♠♦s ❧❛ ♦rt♦♥♦r♠❛❧✐❞❛❞ ❞❡❧ s✐st❡♠❛ {φ1(t−m)}m∈Z✱ ♣❛r❛ ❡❧❧♦ ✉t✐❧✐③❛♠♦s ❡❧ ❈♦r♦✲
❧❛r✐♦ ✺✳✶ ② ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✷✮✱ ❛sí t❡♥❡♠♦s∑
l∈Z
|φ̂1(w + 2lπ)|2 =
∑
l∈Z
|h(w + 2lπ)|2|φ̂(w + 2lπ)|2,
❝♦♠♦ h ❡s 2π✲♣❡r✐ó❞✐❝❛ t❡♥❡♠♦s∑
l∈Z
|φ̂1(w + 2lπ)|2 =
∑
l∈Z
|h(w)|2|φ̂(w + 2lπ)|2 = |h(w)|2
∑
l∈Z
|φ̂(w + 2lπ)|2.
❊s ❞❡❝✐r ∑
l∈Z
|φ̂1(w + 2lπ)|2 = |h(w)|2
∑
l∈Z
|φ̂(w + 2lπ)|2. ✭✺✳✺✮
❘❡❡♠♣❧❛③❛♥❞♦ ✭✺✳✸✮ ❡♥ ✭✺✳✺✮ t❡♥❡♠♦s
∑
l∈Z
|φ̂1(w + 2lπ)|2 =
(∑
l∈Z
|φ̂(w + 2lπ)|2
)−1(∑
l∈Z
|φ̂(w + 2lπ)|2
)
= 1,
✺✺
❆sí ♣♦r ❡❧ ❈♦r♦❧❛r✐♦ ✺✳✶ ❝♦♥❝❧✉✐♠♦s q✉❡ ❡❧ s✐st❡♠❛ {φ1(t−m)}m∈Z ❡s ♦rt♦♥♦r♠❛❧✳
❆❤♦r❛ ❞❡✜♥❛♠♦s ❧♦s ❝♦♥❥✉♥t♦s A ② B✱ ❝♦♠♦
A =
{
g ∈ L2(R) ; ĝ = f(w)φ̂(w) ❝♦♥ f ✷✲π ♣❡r✐ó❞✐❝❛ t❛❧ q✉❡
∫ 2π
0
|f(w)|2dw <∞
}
.
B =
{
g ∈ L2(R) ; ĝ = f(w)φ̂1(w) ❝♦♥ f ✷✲π ♣❡r✐ó❞✐❝❛ t❛❧ q✉❡
∫ 2π
0
|f(w)|2dw <∞
}
.
◆♦t❡♠♦s q✉❡ A = B✳ ❊♥ ❡❢❡❝t♦✱ s❡❛ g ∈ B✱ ❡♥t♦♥❝❡s t❡♥❡♠♦s
ĝ = f(w)φ̂1(w) ②
∫ 2π
0
|f(w)|2dw <∞, ✭✺✳✻✮
r❡❡♠♣❧❛③❛♥❞♦ ✭✺✳✷✮ ❡♥ ❧❛ ✐❣✉❛❧❞❛❞ ❞❡ ✭✺✳✻✮ t❡♥❡♠♦s
ĝ = f(w)h(w)φ̂(w),
❝♦♠♦ ❧❛ ❢✉♥❝✐ó♥ x 7−→ f(x)h(x) ❡s ❧❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❞❡ ❞♦s ❢✉♥❝✐♦♥❡s 2π✲♣❡r✐ó❞✐❝❛s✱ ❡♥✲
t♦♥❝❡s t❛♠❜✐é♥ ❡s 2π✲♣❡r✐ó❞✐❝❛ ② ❛❞❡♠ás s❛t✐s❢❛❝❡∫ 2π
0
|f(x)h(x)|2dx <∞.
❊♥ ❡❢❡❝t♦ ∫ 2π
0
|f(w)h(w)|2dw =
∫ 2π
0
|f(w)|2|h(w)|2dw,
r❡❡♠♣❧❛③❛♥❞♦ ✭✺✳✹✮ ❡♥ ❧❛ ✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱ ② ♣♦r ✭✺✳✻✮ t❡♥❡♠♦s∫ 2π
0
|f(w)h(w)|2dw ≤
∫ 2π
0
|f(w)|2 1
A2
dw =
1
A2
∫ 2π
0
|f(w)|2dw <∞.
❊s ❞❡❝✐r g ∈ A ② ❡st♦ ♣r✉❡❜❛ B ⊂ A✱ ❧❛ ✐♥❝❧✉s✐ó♥ A ⊂ B ❡s ❡❧ ♣r♦❝❡s♦ ✐♥✈❡rs♦ ❛❧ ❛♥t❡r✐♦r✱
♣♦r ❧♦ t❛♥t♦ ❝♦♥❝❧✉✐♠♦s q✉❡ A = B✳ ❊♥t♦♥❝❡s ❝♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✺✳✷✐✐
t❡♥❡♠♦s
Gen{φ1(t−m)}m∈Z = Gen{φ(t−m)}m∈Z .
❆sí ♣♦❞❡♠♦s ❞❡❝✐r q✉❡ {φ1(t−m)}m∈Z ❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡❧ ❡s♣❛❝✐♦
Gen{φ(t−m)}m∈Z.
▲♦ ❝✉❛❧ t❡r♠✐♥❛ ♥✉❡str❛ ❞❡♠♦str❛❝✐ó♥✳
Pr♦♣♦s✐❝✐ó♥ ✺✳✹ ❙❡❛ φ ∈ L2(R) ✉♥❛ ❢✉♥❝✐ó♥ t❛❧ q✉❡ {φ(t −m)}m∈Z ❡s ✉♥❛ s✉❝❡s✐ó♥ ❞❡
❘✐❡s③ ❡♥ L
2
(R)✳ ❙❡❛♥ ❧♦s ❡s♣❛❝✐♦s
Vj = Gen
{
2
j/2
φ
(
2jx−m)}
m∈R
✺✻
② Pj ❧❛ ♣r♦②❡❝❝✐ó♥ ♦rt♦♥♦r♠❛❧ ❞❡ L
2
(R) s♦❜r❡ Vj✱ ❡♥t♦♥❝❡s ♣❛r❛ ❝❛❞❛ f ∈ L2(R) t❡♥❡♠♦s
lim
j→−∞
Pjf = 0
② ❡♥ ♣❛rt✐❝✉❧❛r ⋂
j∈Z
Vj = {0}.
❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s ❝♦♥ s♦♣♦rt❡ ❝♦♠♣❛❝t♦✱ C0(R)✱
❡s ❞❡♥s♦ ❡♥ L
2
(R) ❡s s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ g ∈ C0(R)✱ ❝♦♥
Supp(g) ⊆ [−R,R]✱ ♣❛r❛ ❛❧❣ú♥ R > 0 s❡ ❝✉♠♣❧❡
lim
j→−∞
∥∥Pjg∥∥2 = 0. ✭✺✳✼✮
❊♥ ❡❢❡❝t♦✱ ②❛ q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r f ∈ L2(R) ❡①✐st❡ ✉♥❛ s✉❝❡s✐ó♥ {fn} ⊂ C0(R) ♣❛r❛ ❧❛ ❝✉❛❧
❞❛❞♦ ε > 0 ❡①✐st❡ n0 ∈ N t❛❧ q✉❡
‖fn − f‖2 < ε ♣❛r❛ t♦❞♦ n ≥ n0 ,
♣❛r❛ ❡❧ ♠✐s♠♦ ε > 0✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✷✳✶✵ s❡ ❝✉♠♣❧❡
∥∥Pjfn − Pjf∥∥2 ≤ ∥∥Pj∥∥ ‖fn − f‖2 ≤ ‖fn − f‖2 < ε ♣❛r❛ t♦❞♦ n ≥ n0 .
❊s ❞❡❝✐r ∣∣∣∥∥Pjfn∥∥2 − ∥∥Pjf∥∥2∣∣∣ ≤ ∥∥Pjfn − Pjf∥∥2 < ε ♣❛r❛ t♦❞♦ n ≥ n0 ,
t♦♠❛♥❞♦ ❡❧ ❧í♠✐t❡ ❝✉❛♥❞♦ j → −∞ t❡♥❡♠♦s
lim
j→−∞
∣∣∣∥∥Pjfn∥∥2 − ∥∥Pjf∥∥2∣∣∣ < ε ♣❛r❛ t♦❞♦ n ≥ n0 ,
❡♥t♦♥❝❡s ♣♦r ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡❧ ✈❛❧♦r ❛❜s♦❧✉t♦ t❡♥❡♠♦s∣∣∣∣ limj→−∞ ∥∥Pjfn∥∥2 − limj→−∞ ∥∥Pjf∥∥2
∣∣∣∣ < ε ♣❛r❛ t♦❞♦ n ≥ n0 ,
✉t✐❧✐③❛♥❞♦ ❧❛ r❡❧❛❝✐ó♥ ✭✺✳✼✮✱ t❡♥❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ ε > 0 s❡ ❝✉♠♣❧❡
lim
j→−∞
∥∥Pjf∥∥2 < ε.
❊s ❞❡❝✐r
lim
j→−∞
∥∥Pjf∥∥2 = 0.
❨ ❡st♦ ❡s ❧♦ q✉❡ s❡ q✉❡rí❛ ♣r♦❜❛r✱ ❡♠♣❡❝❡♠♦s ❝♦♥ ❧❛ ❞❡♠♦str❛❝✐ó♥✱ ♣❛r❛ ❡❧❧♦✱ s❡❛ g ∈ C0(R)✱
❝♦♥ Supp(g) ⊆ [−R,R]✱ ❞❡ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✺✳✷ t❡♥❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ j ∈ Z ❡❧ s✐st❡♠❛
{
φ
j,k
}
k∈Z =
{
2
j/2
φ
(
2jx− k)}
k∈R
,
✺✼
❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡
Vj = Gen
{
2
j/2
φ
(
2jx− k)}
k∈R
,
♣♦r ❧♦ t❛♥t♦ ❡s ✉♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ❜❛s❡ ❞❡ ❘✐❡s③ ② ❧✉❡❣♦ ❞❡ ❢r❛♠❡ ❡♥ Vj ✱ ❡♥t♦♥❝❡s ❡①✐st❡♥
0 < A ≤ B t❛❧❡s q✉❡
A‖f‖2
2
≤
∑
k∈Z
∣∣∣〈f, φj,k〉2∣∣∣22 ≤ B‖f‖22 ♣❛r❛ ❝❛❞❛ f ∈ Vj .
❆❤♦r❛ ❛❝♦t❛r❡♠♦s ‖Pjg‖22 ✱ ♣❛r❛ ❡❧❧♦ r❡❡♠♣❧❛③❛♠♦s f = Pjg ❡♥ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ❧❛
❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱ ❡♥t♦♥❝❡s
‖Pjg‖22 ≤
1
A
∑
k∈Z
∣∣∣〈Pjg, φj,k〉2∣∣∣2
=
1
A
∑
k∈Z
∣∣∣∣∣∣
〈∑
s∈Z
〈
g, φj,s
〉
2
φj,s , φj,k
〉
2
∣∣∣∣∣∣
2
≤ 1
A
∑
k∈Z
∑
s∈Z
∣∣∣〈g, φj,s〉2∣∣∣2 ∣∣∣〈φj,s , φj,k〉2∣∣∣2 ,
❝♦♠♦
{
φ
j,k
}
k∈Z ❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ Vj ✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡〈
φ
j,k
, φj,s
〉
2
= δ
s,k
❧✉❡❣♦
‖Pjg‖22 ≤
1
A
∑
k∈Z
∑
s∈Z
∣∣∣〈g, φj,k〉2∣∣∣2 ∣∣δs,k ∣∣2
=
1
A
∑
k∈Z
∣∣∣〈g, φj,k〉2∣∣∣2
=
1
A
∑
k∈Z
∣∣∣∣∫ R−R g(s)φj,k(s)ds
∣∣∣∣2 ,
P♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✱ t❡♥❡♠♦s
‖Pjg‖22 ≤
1
A
∑
k∈Z
∫ R
−R
|g(s)|2ds
∫ R
−R
|φ
j,k
(s)|2ds
=
‖g‖2
2
A
∑
k∈Z
∫ R
−R
|φ
j,k
(s)|2ds
=
‖g‖2
2
A
∑
k∈Z
∫ R
−R
∣∣∣2j/2φ (2js− k)∣∣∣2 ds,
✺✽
❧✉❡❣♦ ❤❛❝❡♠♦s ✉♥ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡✱ u = 2
j
s− k✱ ❡♥t♦♥❝❡s
‖Pjg‖22 ≤
‖g‖2
2
A
∑
k∈Z
∫ 2jR−k
−2jR−k
|φ(u)|du.
❉❛❞♦ q✉❡ ❡①✐st❡ j0 ∈ Z t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ j < j0 s❡ t✐❡♥❡ 2jR < 1
2
✱ ♣❛r❛ ❡st♦s j ❧❛s
✐♥t❡❣r❛❧❡s ❛♥t❡r✐♦r❡s s♦♥ t♦♠❛❞❛s s♦❜r❡ ❧♦s ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s✱ ❡♥t♦♥❝❡s
‖Pjg‖22 ≤
‖g‖2
2
A
∫
Uj
|φ(u)|2du
❞♦♥❞❡
Uj =
⋃
k∈Z
[−2jR− k, 2jR− k] ,
❝♦♠♦ ∫ ∞
−∞
|φ(u)|2du <∞
❡♥t♦♥❝❡s ❞❡❧ ❚❡♦r❡♠❛ ❞❡ ❧❛ ❈♦♥✈❡r❣❡♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ♣♦❞❡♠♦s ❞❡❝✐r∫
Uj
|φ(u)|2du→ 0 ❝✉á♥❞♦ j → −∞.
❊st♦ s✐❣♥✐✜❝❛ q✉❡
‖Pjg‖2 → 0 ❝✉á♥❞♦ j → −∞.
❊♥ ♣❛rt✐❝✉❧❛r s✐ g ∈ ⋂
j∈Z
Vj t❡♥❡♠♦s Pjg = g ♣❛r❛ t♦❞♦ j ∈ Z✱ ❡♥t♦♥❝❡s g = 0✳
Pr♦♣♦s✐❝✐ó♥ ✺✳✺ ❙❡❛ φ ∈ L2(R) ✉♥❛ ❢✉♥❝✐ó♥ t❛❧ q✉❡
✐✳ {φ(t−m)}m∈R ❡s ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❘✐❡s③ ❡♥ L2(R)✳
✐✐✳ φ̂(w) ❡s ❝♦♥t✐♥✉❛ ❡♥ ✵ ② φ̂(0) 6= 0✳
❊♥t♦♥❝❡s
⋃
j∈Z
Vj ❡s ❞❡♥s♦ ❡♥ L
2
(R) ❞♦♥❞❡ Vj = Gen
{
2j/2φ(2jx− k)}
k∈Z ❝♦♥ j ∈ Z✳
❉❡♠♦str❛❝✐ó♥✳ ❚♦♠❡♠♦s ❧❛ ❢✉♥❝✐ó♥ f ∈ L2(R) t❛❧ q✉❡ f⊥ ⋃
j∈Z
Vj ✱ ② s❡❛ g ∈ L2(R) ❝♦♥
Supp(g) ⊆ [−R,R] ♣❛r❛ ❛❧❣ú♥ ❘❃✵ s❛t✐s❢❛❝✐❡♥❞♦
‖f − g‖2 < ε.
❊♥t♦♥❝❡s ♣♦❞❡♠♦s ❞❡✜♥✐r ĝ ❝♦♠♦
ĝ = f̂ · χ[−R,R],
❡st♦ ❡s ♣♦s✐❜❧❡ ❣r❛❝✐❛s ❛❧ ❚❡♦r❡♠❛ ❞❡ P❧❛♥❝❤❡r❡❧✳ ❊♥ ❡❢❡❝t♦
‖f̂ · χ[−R,R] − ĝ‖2 = ‖f̂ − g‖
L
2
([−R,R])
= ‖f − g‖
L
2
([−R,R])
≤ ‖f − g‖2 < ε.
✺✾
❈♦♠♦ ❡♥ ❧❛ ♣r✉❡❜❛ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r Pj ❞❡♥♦t❛ ❧❛ ♣r♦②❡❝❝✐ó♥ ♦rt♦❣♦♥❛❧ ❞❡ L
2
(R)
❡♥ Vj ✱ ② ❝♦♠♦ f ❡s ♦rt♦❣♦♥❛❧ ❛ t♦❞♦s ❧♦s ❡s♣❛❝✐♦s Vj ❝❧❛r❛♠❡♥t❡ ♣♦❞❡♠♦s ❞❡❝✐r q✉❡ Pjf = 0
♣❛r❛ t♦❞♦ j ∈ Z✱ ❡♥t♦♥❝❡s ❡①✐st❡ ε > 0 t❛❧ q✉❡
∣∣Pjg∣∣2 < ε ♣❛r❛ t♦❞♦ j ∈ Z. ✭✺✳✽✮
❘❡❝♦r❞❡♠♦s q✉❡✱ s✐
{
φ
j,k
}
❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ Vj ❡♥t♦♥❝❡s ❡s ✉♥ ❢r❛♠❡ ❡♥ Vj ✱
❡♥t♦♥❝❡s ❡①✐st❡♥ 0 < A ≤ B t❛❧❡s q✉❡
A‖f‖2
2
≤
∑
k∈Z
∣∣∣〈f, φj,k〉2∣∣∣2 ≤ B‖f‖22 ♣❛r❛ ❝❛❞❛ f ∈ Vj .
❚♦♠❛♥❞♦ f = Pjg ❡♥ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱ t❡♥❡♠♦s
‖Pjg‖22 ≥
1
B
∑
k∈Z
∣∣∣〈Pjg, φj,k〉2∣∣∣2
=
1
B
∑
k∈Z
∣∣∣∣∣∣
〈∑
s∈Z
〈
g, φj,s
〉
2
φj,s , φj,k
〉
2
∣∣∣∣∣∣
2
=
1
B
∑
k∈Z
∣∣∣∣∣∑
s∈Z
〈
g, φj,s
〉
2
〈
φj,s , φj,k
〉
2
∣∣∣∣∣
2
,
❝♦♠♦
{
φ
j,k
}
❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❡♥t♦♥❝❡s
〈
φj,s , φj,k
〉
2
= δ
s,k
✱ ❛sí t❡♥❡♠♦s
‖Pjg‖22 ≥
1
B
∑
k∈Z
∣∣∣〈g, φj,k〉2∣∣∣2
=
1
B
∑
k∈Z
∣∣∣∣∫ ∞−∞ ĝ(w)φ̂j,k(w)dw
∣∣∣∣2
=
1
B
∑
k∈Z
∣∣∣∣∫ ∞−∞ ĝ(w)2−j/2eik2jwφ̂(2−jw)dw
∣∣∣∣2 .
❊s ❞❡❝✐r
‖Pjg‖22 ≥
1
B
∑
k∈Z
∣∣∣∣∫ ∞−∞ ĝ(w)2−j/2eik2jwφ̂(2−jw)dw
∣∣∣∣2 . ✭✺✳✾✮
❆s✉♠❛♠♦s q✉❡ j ❡s t❛❧ q✉❡ 2jπ > R✱ ❡♥t♦♥❝❡s ❧❛s ✐♥t❡❣r❛❧❡s ❛♥t❡r✐♦r❡s ♣✉❡❞❡♥ s❡r ❡s❝r✐t❛s
❝♦♠♦ ∫ ∞
−∞
ĝ(w)2
−j/2
eik2
j
wφ̂(2−jw)dw =
∫ 2jπ
−2jπ
ĝ(w)2
−j/2
eik2
j
wφ̂(2−jw)dw.
▲❛ ✐♥t❡❣r❛❧ ❞❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r s❡ ♣✉❡❞❡ ✐♥t❡r♣r❡t❛r ❝♦♠♦ ❡❧ (−k)✲és✐♠♦
❝♦❡✜❝✐❡♥t❡ ❞❡ ❋♦✉r✐❡r ❞❡ ❧❛ ❢✉♥❝✐ó♥ w 7−→ √2πĝ(w)φ̂(2−jw) ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [−2jπ, 2jπ] ❝♦♥
r❡s♣❡❝t♦ ❛❧ s✐st❡♠❛ {
1√
2π
2−j/2eik2
−jw
}
k∈Z
,
✻✵
❡❧ ❝✉❛❧ ❡s ✉♥ s✐st❡♠❛ ♦rt♦♥♦r♠❛❧ ❝♦♠♣❧❡t♦ ❡♥ L
2
([−2jπ, 2jπ])✱ ❡♥t♦♥❝❡s ❡♥ ✈✐st❛ ❞❡❧ ❚❡♦r❡♠❛
✷✳✶✻✐✐✐ t❡♥❡♠♦s
∥∥∥√2πĝ(·)φ̂(2−j ·)∥∥∥2
2
=
∑
k∈Z
∣∣∣∣∣
〈√
2πĝ(·)φ̂(2−j ·), 1√
2π
2
−j/2
eik2
−j ·
〉
2
∣∣∣∣∣
2
=
∑
k∈Z
∣∣∣∣∫ ∞−∞ ĝ(w)φ̂(2−jw)2−j/2eik2jwdw
∣∣∣∣2 .
❊s ❞❡❝✐r
∫ 2jπ
−2jπ
∣∣∣√2πĝ(w)φ̂(2−jw)∣∣∣2 dw =∑
k∈Z
∣∣∣∣∫ ∞−∞ ĝ(w)2−j/2eik2jwφ̂(2−jw)dw
∣∣∣∣2 .
❘❡❡♠♣❧❛③❛♥❞♦ ❧❛ ✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ❡♥ ✭✺✳✾✮ t❡♥❡♠♦s
∥∥Pjg∥∥22 ≥ 2πB
∫ 2jπ
−2jπ
∣∣∣ĝ(w)φ̂(2−jw)∣∣∣2 dw = 2π
B
∫ R
−R
∣∣∣ĝ(w)φ̂(2−jw)∣∣∣2 dw.
▲✉❡❣♦
∥∥Pjg∥∥22 ≥ 2πB
∫ R
−R
∣∣∣ĝ(w)φ̂(2−jw)∣∣∣2 dw. ✭✺✳✶✵✮
❈♦♠♦ φ ❡s ❝♦♥t✐♥✉❛ ❡♥ ❝❡r♦✱ ✈❡♠♦s q✉❡ φ̂(2
−j
w) t✐❡♥❞❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ [−R,R] ❛ φ̂(0)
❝✉❛♥❞♦ j →∞✱ ❡♥t♦♥❝❡s ❞❡ ✭✺✳✽✮ ② ✭✺✳✶✵✮ t❡♥❡♠♦s q✉❡
2π
B
|φ̂(0)|2‖g‖2
2
< ε2,
❝♦♠♦ ε ❡s ❛r❜✐tr❛r✐♦ ② φ̂(0) 6= 0 t❡♥❡♠♦s q✉❡ ‖g‖2 = 0 ❧♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ f = 0✱ ❡♥t♦♥❝❡s
❝♦♥❝❧✉✐♠♦s q✉❡
⋃
j∈Z
Vj ❡s ❞❡♥s♦ ❡♥ L
2
(R).
❆❤♦r❛ ♠♦str❛r❡♠♦s ❝ó♠♦ ❝♦♥str✉✐r ✉♥ ❆▼❘ ❛ ♣❛rt✐r ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❡s❝❛❧❛ φ✱ ♣❛r❛ ❧♦ ❝✉❛❧
✉t✐❧✐③❛r❡♠♦s ❧❛s ♣r♦♣♦s✐❝✐♦♥❡s ❛♥t❡r✐♦r❡s✳
❚❡♦r❡♠❛ ✺✳✶ ❙❡❛ φ ❡♥ L
2
(R) t❛❧ q✉❡
❛✳ {φ(t−m)}m∈Z ❡s ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❘✐❡s③ ❡♥ L2(R)✳
❜✳ P❛r❛ {α
k
} ∈ ℓ2 s❡ ❝✉♠♣❧❡ q✉❡
φ
(x
2
)
=
∑
k∈Z
αkφ(x− k)
❡s ❝♦♥✈❡r❣❡♥t❡ ❡♥ L
2
(R)✳
❝✳ φ̂(w) ❡s ❝♦♥t✐♥✉❛ ❡♥ ✵ ② φ̂(0) 6= 0✳
❊♥t♦♥❝❡s ❧❛ s✉❝❡s✐ó♥ ❞❡ ❡s♣❛❝✐♦s Vj = Gen
{
2
j/2
φ(2
j
x− k)
}
k∈Z
❝♦♥ j ∈ Z ❡s ✉♥ ❆▼❘✳
✻✶
❉❡♠♦str❛❝✐ó♥✳ Pr♦❜❡♠♦s q✉❡ ❧❛ s✉❝❡s✐ó♥ ❞❡ ❡s♣❛❝✐♦s {Vj}j∈Z ❝✉♠♣❧❡ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s
❝♦♥❞✐❝✐♦♥❡s q✉❡ ❞❡❜❡ s❛t✐s❢❛❝❡r ✉♥ ❆▼❘✱ t❛❧ ❝♦♠♦ ✐♥❞✐❝❛ ❧❛ ❉❡✜♥✐❝✐ó♥ ✺✳✶✳ ❊♠♣❡③❛r❡♠♦s
♣r♦❜❛♥❞♦ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✐✈✮ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✺✳✶✱ ♣❛r❛ ❧♦ ❝✉❛❧ t❡♥❡♠♦s
Vj = Gen
{
2
j/2
φ(2
j
x− k)
}
k∈Z
.
P❛r❛ j = 0 s❡ t✐❡♥❡ V0 = Gen{φ(x− k)}k∈Z ❡♥t♦♥❝❡s s✐ f ∈ V0 s❡ ❝✉♠♣❧❡ q✉❡
f(x) =
∑
k∈Z
αkφ(x− k),
♣♦r ❧♦ t❛♥t♦
f(2
j
x) =
∑
k∈Z
αkφ(2
j
x− k) ∈ Vj
❆♥á❧♦❣❛♠❡♥t❡ s✐ f ∈ Vj t❡♥❡♠♦s q✉❡ f(x) =
∑
k∈Z
αk2
j/2
φ(2
j
x− k)✱ ❡♥t♦♥❝❡s
f(2
−j
x) =
∑
k∈Z
αk2
j/2
φ(2
j
2
−j
x− k) =
∑
k∈Z
αk2
j/2
φ(x− k) ∈ V0.
❆❤♦r❛ ♣r♦❜❡♠♦s ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✐✮ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✺✳✶✳ ❙✐ f ∈ V0 ❡♥t♦♥❝❡s ❧❛ ❢✉♥❝✐ó♥
x 7−→ f(2jx) ♣❡rt❡♥❡❝❡ ❛ Vj ✱ ❡♥t♦♥❝❡s
f(2
j
x) =
∑
k∈Z
αkφ(2
j
x− k), ✭✺✳✶✶✮
♣♦r ❧❛ ❝♦♥❞✐❝✐ó♥ ✭❜✮ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✶ t❡♥❡♠♦s q✉❡
φ(x) =
∑
s∈Z
βsφ(2x− s)
❡s ❝♦♥✈❡r❣❡♥t❡ ❡♥ L
2
(R)✱ ❡♥t♦♥❝❡s r❡❡♠♣❧❛③❛♥❞♦ ❧❛ ✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ❡♥ ✭✺✳✶✶✮ t❡♥❡♠♦s
f(2
j
x) =
∑
k∈Z
αk
∑
s∈Z
βsφ
(
2(2
j
x− k)− s
)
=
∑
k∈Z
∑
s∈Z
αkβsφ
(
2
j+1
x− (2k + s)
)
,
♣♦r ❡♥❞❡ t❡♥❡♠♦s q✉❡ ❧❛ ❢✉♥❝✐ó♥ x 7−→ f(2jx) ♣❡rt❡♥❡❝❡ ❛ Vj+1✱ ❛sí t❡♥❡♠♦s q✉❡ Vj ⊂ Vj+1
❝♦♥ j ∈ Z✳
▲❛ ❝♦♥❞✐❝✐ó♥ ✭✐✐✐✮ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✺✳✶ ❡s ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✺✳✹✳
❨ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✺✳✺ t❡♥❡♠♦s
L
2
(R) =
⋃
j∈Z
Vj
❝♦♥ ❧♦ ❝✉❛❧ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✐✐✮ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✺✳✶ ❡s s❛t✐s❢❡❝❤❛✳
✻✷
P❛r❛ ♣r♦❜❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✈✐✮ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✺✳✶ ♣♦❞❡♠♦s ✉s❛r Pr♦♣♦s✐❝✐ó♥ ✺✳✸✱ ♦ t❛♠❜✐é♥
s❡ ❝♦♠♣r✉❡❜❛ ♣♦r s✐♠♣❧❡ ✐♥s♣❡❝❝✐ó♥ ②❛ q✉❡
V0 = Gen {φ(t− k)}k∈Z .
❊♥t♦♥❝❡s✱ t❡♥❡♠♦s q✉❡ {φ(t− k)}k∈Z ❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V0 ♣♦r ❧♦ t❛♥t♦ φ ✈❡♥❞rí❛
❛ s❡r ❧❛ ❢✉♥❝✐ó♥ ❡s❝❛❧❛ ❛s♦❝✐❛❞❛ ❛❧ ❆▼❘ q✉❡ ❡st❛♠♦s ❝♦♥str✉②❡♥❞♦✳
P♦r ú❧t✐♠♦ ♣r♦❜❡♠♦s ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✈✮ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✺✳✶✳ P❛r❛ ❧♦ ❝✉❛❧✱ s❡❛ f ∈ V0 ❡♥t♦♥❝❡s
f(x−m) =
∑
s∈Z
αsφ(x−m− s) =
∑
s∈Z
αsφ(x− (m+ s)),
❧✉❡❣♦ ❤❛❝✐❡♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ k = m+ s✱ t❡♥❡♠♦s
f(x−m) =
∑
k∈Z
αk−mφ(x− k) ∈ V0.
❆♥á❧♦❣❛♠❡♥t❡ t❡♥❡♠♦s q✉❡ s✐ ❧❛ ❢✉♥❝✐ó♥ x 7−→ f(x −m) ♣❡rt❡♥❡❝❡ ❛ V0 ♣❛r❛ t♦❞♦ m ❡♥✲
t♦♥❝❡s t♦♠❛♥❞♦ m = 0 t❡♥❡♠♦s f ∈ V0✳ ❊st♦ ♣r✉❡❜❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✈✮ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✺✳✶✳
❊st♦ ❡s ❤❡♠♦s ❝♦♥str✉✐❞♦ ✉♥ ❆▼❘ {Vj}j∈Z ♣❛r❛ ❡❧ ❝✉❛❧ φ ❡s s✉ ❢✉♥❝✐ó♥ ❡s❝❛❧❛ ❛s♦❝✐❛❞❛✳
✺✳✸ ❈♦♥str✉❝❝✐ó♥ ❞❡ ❖♥❞í❝✉❧❛s ❛ P❛rt✐r ❞❡ ✉♥ ❆▼❘
❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r ❢✉❡ ❝♦♥str✉✐r ✉♥ ❆▼❘ ❛ ♣❛rt✐r ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❡s❝❛❧❛✱
❛❤♦r❛ ♣❛s❛r❡♠♦s ❛ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ♦♥❞í❝✉❧❛s ❛ ♣❛rt✐r ❞❡ ✉♥ ❆▼❘ {Vj}j∈Z ❞❛❞♦✳
❉❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡❧ ❆▼❘ t❡♥❡♠♦s q✉❡ V0 ⊂ V1✱ ❡♥t♦♥❝❡s s❡❛ W0 ❡❧ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧
❞❡ V0 ❡♥ V1✱ ❡st♦ ❡s
V1 = V0
⊕
W0.
❉❡ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✺✳✷✱ t❡♥❡♠♦s q✉❡ Dj(V1) = Vj+1✱ ❡♥t♦♥❝❡s
Vj+1 = Dj(V0
⊕
W0),
❝♦♠♦ Vj ⊂ Vj+1✱ s❡❛ Wj ❡❧ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞❡ Vj ❡♥ Vj+1 ❡♥t♦♥❝❡s
Vj+1 = Vj
⊕
Wj
= Dj(V0)
⊕
Wj .
❆sí ❝♦♥❝❧✉✐♠♦s q✉❡ Dj(W0) ❡s ❡❧ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞❡ Vj ❡♥ Vj+1✳ ❊st♦ ❡s
Wj = Dj(W0). ✭✺✳✶✷✮
✻✸
◆♦t❡❝❡ q✉❡
Vj+1 = Vj
⊕
Wj , ❝♦♥ Wj = Dj(W0) ♣❛r❛ t♦❞♦ j ∈ Z,
❝♦♠♦ Vj → {0} ❝✉❛♥❞♦ j → −∞ ❡♥t♦♥❝❡s ❞❡s❝♦♠♣♦♥✐❡♥❞♦ ❝❛❞❛ Vj t❡♥❡♠♦s
Vj+1 = Vj
⊕
Wj = · · ·
⊕
Wj−2
⊕
Wj−1
⊕
Wj =
j⊕
l=−∞
Wl ♣❛r❛ t♦❞♦ j ∈ Z,
❝♦♠♦ Vj → L2(R) ❝✉❛♥❞♦ j →∞ ❡♥t♦♥❝❡s t❡♥❡♠♦s
L
2
(R) =
∞⊕
l=−∞
Wl.
❊s ❞❡❝✐r
L
2
(R) =
⊕
j∈Z
Wj .
P❛r❛ ❡♥❝♦♥tr❛r ✉♥❛ ♦♥❞í❝✉❧❛ ♦rt♦♥♦r♠❛❧✱ t♦❞♦ ❧♦ q✉❡ t❡♥❡♠♦s q✉❡ ❤❛❝❡r ❡s ❡♥❝♦♥tr❛r ✉♥❛
❢✉♥❝✐ó♥ ψ ∈W0 t❛❧ q✉❡ {ψ(x− k)} ❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ W0✱ ②❛ q✉❡ s✐ ❡st❡ ❡s ❡❧ ❝❛s♦
❡♥t♦♥❝❡s ❝♦♠♦ 2
j/2
Dj ❡s ✉♥❛ ✐s♦♠❡trí❛ ② ❞❡ ✭✺✳✶✷✮ t❡♥❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ j ∈ Z{
2
j/2
ψ
(
2
j
x− k
)}
k∈Z
❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ♣❛r❛ Wj ✱ ❡♥t♦♥❝❡s
{ψj,k}j,k∈Z =
{
2
j/2
ψ
(
2
j
x− k
)}
k∈Z
❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ L
2
(R) ❧✉❡❣♦ ♣♦r ❡❧ ❈♦r♦❧❛r✐♦ ✹✳✶ t❡♥❡♠♦s q✉❡ ψ ❡s ✉♥❛ ♦♥❞í❝✉❧❛✳
❆♥t❡s ❞❡ ❝♦♥t✐♥✉❛r ❝♦♥ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ❧❛ ♦♥❞í❝✉❧❛ ♦rt♦♥♦r♠❛❧ ♣r✐♠❡r♦ ❝❛r❛❝t❡r✐③❛r❡♠♦s
❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❡s❝❛❧❛✳ ❙❡❛ φ ∈ V0 ❧❛ ❢✉♥❝✐ó♥ ❡s❝❛❧❛ ❛s♦❝✐❛❞❛ ❛❧
❆▼❘ {Vj}j∈Z ❡♥t♦♥❝❡s t❡♥❡♠♦s
φ ∈ V0 ⊂ V1.
▲✉❡❣♦
φ(x) =
∑
k∈Z
h
k
φ
1,k
(x) =
∑
k∈Z
h
k
√
2φ(2x− k),
t♦♠❛♥❞♦ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❛ ❧❛ ✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ♦❜t❡♥❡♠♦s
φ̂(w) = F
{∑
k∈Z
h
k
√
2φ(2x− k)
}
(w)
=
√
2
∑
k∈Z
h
k
F {φ(2x− k)} (w)
=
√
2
∑
k∈Z
h
k
1√
2π
∫ ∞
−∞
e
−ixw
φ (2x− k) dx,
✻✹
❤❛❝✐❡♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ u = 2x− k✱ t❡♥❡♠♦s
φ̂(w) =
√
2
∑
k∈Z
h
k
1√
2π
∫ ∞
−∞
e
−i(u+k2 )w
φ (u)
du
2
=
√
2
∑
k∈Z
h
k
e
−i(w2 )k
2
1√
2π
∫ ∞
−∞
e
−i(w2 )uφ (u) du
=
1√
2
∑
k∈Z
h
k
e−i
w
2
kφ̂
(w
2
)
.
❊s ❞❡❝✐r
φ̂(w) =
1√
2
∑
k∈Z
h
k
e−i
w
2
kφ̂
(w
2
)
. ✭✺✳✶✸✮
❊♥t♦♥❝❡s ❞❡✜♥✐♠♦s ❡❧ ✜❧tr♦ ❧♦✇✲♣❛ss ❛s♦❝✐❛❞♦ ❛ ❧❛ ❢✉♥❝✐ó♥ ❡s❝❛❧❛ φ ❝♦♠♦
mφ(x) =
1√
2
∑
k∈Z
h
k
e−ixk. ✭✺✳✶✹✮
◆♦t❡♠♦s q✉❡ ❧❛ ❢✉♥❝✐ó♥ mφ ❡s 2π✲♣❡r✐ó❞✐❝❛ ② ❛❞❡♠ás(
1
2π
∫ 2π
0
|mφ(w)|2dw
)1/2
= 1.
❊♥ ❡❢❡❝t♦✱ ❞❡ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✺✳✷ t❡♥❡♠♦s q✉❡
{
2
−1/2
φ
(
2
−1
x− k
)}
k∈Z
❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r✲
♠❛❧ ❞❡ V1✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡∥∥∥∥ 1√2φ
(x
2
− k
)∥∥∥∥
2
= 1 ♣❛r❛ t♦❞♦ k ∈ Z.
❚♦♠❛♥❞♦ k = 0✱ t❡♥❡♠♦s ∥∥∥φ(x
2
)∥∥∥2
2
= 2, ✭✺✳✶✺✮
❝♦♠♦ φ ∈ V1 ❡♥t♦♥❝❡s ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✺✳✶✐✈ ❧❛ ❢✉♥❝✐ó♥ x 7−→ φ
(
x
2
)
♣❡rt❡♥❡❝❡ ❛ V0✱ ❧✉❡❣♦
♣♦❞❡♠♦s ❡s❝r✐❜✐r ❞✐❝❤❛ ❢✉♥❝✐ó♥ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛
φ
(x
2
)
=
∑
k∈Z
h
k
φ(x− k),
❚♦♠❛♥❞♦ ‖·‖
2
✱ ❛ ❧❛ ❢✉♥❝✐ó♥ ❛♥t❡r✐♦r✱ t❡♥❡♠♦s
∥∥∥φ(x
2
)∥∥∥2
2
=
〈∑
k∈Z
h
k
φ(x− k),
∑
n∈Z
hnφ(x− n)
〉
2
=
∑
k∈Z
h
k
∑
n∈Z
hn 〈φ(x− k), φ(x− n)〉2 ,
✻✺
❝♦♠♦ {φ(x− k)}k∈Z ❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V0✱ t❡♥❡♠♦s∥∥∥φ(x
2
)∥∥∥2
2
=
∑
k∈Z
h
k
∑
n∈Z
hnδk,n
=
∑
k∈Z
|h
k
|2.
❊s ❞❡❝✐r ∥∥∥φ(x
2
)∥∥∥2
2
=
∑
k∈Z
|h
k
|2. ✭✺✳✶✻✮
▲✉❡❣♦
(
1
2π
∫ 2π
0
|mφ(w)|2dw
)1/2
=
 1
2π
∫ 2π
0
∣∣∣∣∣ 1√2∑
k∈Z
h
k
e
−iwk
∣∣∣∣∣
2
dw
1/2
=
 1
2π
∫ 2π
0
1
2
∣∣∣∣∣∑
k∈Z
h
k
e
−iwk
∣∣∣∣∣
2
dw
1/2 ,
♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s
(
1
2π
∫ 2π
0
|mφ(w)|2dw
)1/2
=
(
1
2π
∫ 2π
0
1
2
∑
k∈Z
|h
k
|2 dw
)1/2
,
❧✉❡❣♦ ❞❡ ✭✺✳✶✻✮ ② ✭✺✳✶✺✮
(
1
2π
∫ 2π
0
|mφ(w)|2dw
)1/2
=
(
1
2π
∫ 2π
0
2
2
dw
)1/2
= 1.
❱♦❧✈✐❡♥❞♦ ❛ ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ φ✱ r❡❡♠♣❧❛③❛♥❞♦ ✭✺✳✶✹✮
❡♥ ✭✺✳✶✸✮ ♦❜t❡♥❡♠♦s
φ̂(w) = mφ
(w
2
)
φ̂
(w
2
)
.
❖ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡
φ̂(2w) = mφ (w) φ̂ (w) . ✭✺✳✶✼✮
❈♦♥t✐♥✉❛♥❞♦ ❝♦♥ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ♦♥❞í❝✉❧❛s ♦rt♦♥♦r♠❛❧❡s ❛s♦❝✐❛❞❛s ❛ ❧❛ ❢✉♥❝✐ó♥ ❡s❝❛❧❛
φ✱ ❝♦♥s✐❞❡r❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣✐❡❞❛❞ ❞❡❧ ✜❧tr♦ ❧♦✇✲♣❛ss✳
▲❡♠❛ ✺✳✶ ❙❡❛ m
φ
❡❧ ✜❧tr♦ ❧♦✇✲♣❛ss ❛s♦❝✐❛❞♦ ❛ ❧❛ ❢✉♥❝✐ó♥ ❡s❝❛❧❛ φ✱ ❞❡✜♥✐❞♦ ❡♥ ✭✺✳✶✹✮✱
❡♥t♦♥❝❡s
|mφ(w)|2 + |mφ(w + π)|2 = 1 ❝✳t✳♣✳ w ∈ R.
❉❡♠♦str❛❝✐ó♥✳ ♣♦r ❡❧ ❈♦r♦❧❛r✐♦ ✺✳✶ t❡♥❡♠♦s∑
k∈Z
|φ̂(2w + 2lπ)|2 = 1 ❝✳t✳♣✳ w ∈ R,
✻✻
❛♣❧✐❝❛♥❞♦ ✭✺✳✶✼✮ ❡♥ ❧❛ ✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ♦❜t❡♥❡♠♦s∑
k∈Z
|φ̂(2w + 2lπ)|2 =
∑
k∈Z
|φ̂(w + kπ)|2|mφ(w + kπ)|2 = 1 ❝✳t✳♣✳ w ∈ R,
❞❡s❝♦♠♣♦♥✐❡♥❞♦ ❡♥ s✉♠❛s ♣❛r❡s ❡ ✐♠♣❛r❡s∑
l∈Z
|φ̂(w + 2lπ)|2|mφ(w + 2lπ)|2 +
∑
l∈Z
|φ(w + π + 2lπ)|2|mφ(w + π + 2lπ)|2 = 1,
❝♦♠♦ mφ ❡s ✉♥❛ ❢✉♥❝✐ó♥ 2π✲♣❡r✐ó❞✐❝❛✱ t❡♥❡♠♦s∑
l∈Z
|φ̂(w + 2lπ)|2|mφ(w)|2 +
∑
l∈Z
|φ(w + π + 2lπ)|2|mφ(w + π)|2 = 1,
❧✉❡❣♦
|mφ(w)|2
∑
l∈Z
|φ̂(w + 2lπ)|2 + |mφ(w + π)|2
∑
l∈Z
|φ(w + π + 2lπ)|2 = 1,
❛❤♦r❛ ✉s❛♠♦s ♥✉❡✈❛♠❡♥t❡ ❡❧ ❈♦r♦❧❛r✐♦ ✺✳✶✱ ♦❜t❡♥✐❡♥❞♦
|mφ(w)|2 · 1 + |mφ(w + π)|2 · 1 = 1 ❝✳t✳♣✳ w ∈ R.
❊st♦ ❡s ❧♦ q✉❡ q✉❡rí❛♠♦s ❞❡♠♦str❛r✳
◆✉❡str❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ❧❛ ♦♥❞í❝✉❧❛ ψ s❡rá ❞❛❞❛ ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r✱
❡♠♣❡③❛r❡♠♦s ❝♦♥ ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ❧♦s ❡s♣❛❝✐♦s V0 ② V1 ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛
❞❡ ❋♦✉r✐❡r✳
❙❡❛ g ∈ V0✱ ❝♦♠♦ {φ(x− k)}k∈Z ❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V0✱ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✺✳✷
t❡♥❡♠♦s q✉❡
g(x) =
∑
k∈Z
αkφ(x− k),
t❛♠❜✐é♥ t❡♥❡♠♦s q✉❡
g ∈ V0 s✐ ② só❧♦ s✐ ĝ(w) = ϕ(w)φ̂(w),
♣❛r❛ ❛❧❣✉♥❛ ❢✉♥❝✐ó♥ ϕ 2π✲♣❡r✐ó❞✐❝❛ t❛❧ q✉❡
∫ 2π
0
|ϕ(w)|2 dw <∞✱ ② ❛❞❡♠ás
‖g‖2 =
(
1
2π
∫ 2π
0
|ϕ(w)|2dw
)1/2
, ✭✺✳✶✽✮
❞♦♥❞❡
ϕ(w) =
∑
k∈Z
αke
−ikw.
❆sí t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ V0
V0 =
{
g ∈ L2(R) ; ĝ(w) = ϕ(w)φ̂(w), ♣❛r❛ ❛❧❣✉♥❛ ❢✉♥❝✐ó♥ 2π✲♣❡r✐ó❞✐❝❛
ϕ q✉❡ s❛t✐s❢❛❝❡ ✭✺✳✶✽✮
}
✭✺✳✶✾✮
✻✼
❉❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✺✳✶✐✈
f ∈ V1 s✐ ② só❧♦ s✐ ❧❛ ❢✉♥❝✐ó♥ x 7−→ f(2−1x) ♣❡rt❡♥❡❝❡ ❛ V0,
❝♦♠♦ {φ(x− k)}k∈Z ❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V0✱ ❡♥t♦♥❝❡s ♣♦❞❡♠♦s ❡s❝r✐❜✐r ❧❛ ❢✉♥❝✐ó♥
❛♥t❡r✐♦r ❝♦♠♦
f(2−1x) =
∑
k∈Z
αkφ(x− k), ✭✺✳✷✵✮
t♦♠❛♥❞♦ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r✱ t❡♥❡♠♦s
F {f(2−1x)} (w) = F {∑
k∈Z
αkφ(x− k)
}
(w)
=
∑
k∈Z
αkF {φ(x− k)} (w)
=
∑
k∈Z
αke
−ikwφ̂(w),
❞❛❞♦ q✉❡ F {f(2−1x)} (w) = 2f̂(2w)✱ ❧❛ ✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r q✉❡❞❛ ❝♦♠♦
2f̂(2w) =
∑
k∈Z
αke
−ikwφ̂(w).
▲✉❡❣♦
f̂(2w) =
1
2
∑
k∈Z
αke
−ikwφ̂(w) ✭✺✳✷✶✮
❊♥t♦♥❝❡s ❞❡✜♥✐♠♦s ❝♦♠♦
mf (w) =
1
2
∑
k∈Z
αke
−ikw. ✭✺✳✷✷✮
◆♦t❡♠♦s q✉❡ mf ❡s 2π✲♣❡r✐ó❞✐❝❛✱ ❛❞❡♠ás
∫ 2π
0
|mf (w)|2dw <∞✳ ❊♥ ❡❢❡❝t♦
∫ 2π
0
|mf (w)|2dw ≤ 1
4
∫ 2π
0
∑
k∈Z
|αk|2dw
❨❛ q✉❡ s❡ ❝✉♠♣❧❡ ✭✺✳✷✵✮ ♣♦❞❡♠♦s ✉s❛r ❧❛s r❡❧❛❝✐♦♥❡s ✭✺✳✶✸✮✱ ✭✺✳✶✺✮ ②✭✺✳✶✻✮✱ ❡♥t♦♥❝❡s∫ 2π
0
|mf (w)|2dw ≤ 1
4
∫ 2π
0
2dw = π <∞.
❈♦♠♦ ❧❛ ❢✉♥❝✐ó♥ x 7−→ f(2−1·) ♣❡rt❡♥❡❝❡ ❛ V0 ❡♥t♦♥❝❡s ❞❡ ✭✺✳✶✾✮✱ s❡ ❝✉♠♣❧❡
F {f(2−1x)} (w) = ϕ(w)φ̂(w),
✻✽
❞♦♥❞❡ ϕ =
∑
k∈Z
α
k
e
−ikw
✱ ❝♦♥
∥∥f(2−1x)∥∥
2
=
(
1
2π
∫ 2π
0
|ϕ(w)|2dw
)1/2
.
❨ ❡st♦ ✐♠♣❧✐❝❛ q✉❡
∥∥f(2−1x)∥∥
2
=
(
1
2π
∫ 2π
0
∣∣∣∣22ϕ(w)
∣∣∣∣2 dw
)1/2
= 2
(
1
2π
∫ 2π
0
∣∣∣∣12ϕ(w)
∣∣∣∣2 dw
)1/2
,
r❡❡♠♣❧❛③❛♥❞♦ ✭✺✳✷✷✮ ❡♥ ❧❛ ✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱ t❡♥❡♠♦s
∥∥f(2−1x)∥∥
2
= 2
(
1
2π
∫ 2π
0
|mf (w)|2 dw
)1/2
,
❧✉❡❣♦
(
1
2π
∫ 2π
0
|mf (w)|2 dw
)1/2
=
1
2
∥∥f(2−1x)∥∥
2
=
1√
2
∥∥∥2−1/2f(2−1·)∥∥∥
2
,
② ❝♦♠♦ 2−1/2D−1 ❡s ✉♥❛ ✐s♦♠❡trí❛✱ t❡♥❡♠♦s(
1
2π
∫ 2π
0
|mf (w)|2 dw
)1/2
=
1√
2
‖f‖2 . ✭✺✳✷✸✮
❘❡❡♠♣❧❛③❛♥❞♦ ✭✺✳✷✷✮ ❡♥ ✭✺✳✷✶✮
f̂(2w) = mf (w) φ̂ (w) ,
♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡
f̂(w) = mf
(w
2
)
φ̂
(w
2
)
.
❆sí t❡♥❡♠♦s ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ V1✳
V1 =
{
f ∈ L2(R) ; f̂(w) = mf
(w
2
)
φ̂
(w
2
)
,
♣❛r❛ ❛❧❣✉♥❛ ❢✉♥❝✐ó♥ 2π✲♣❡r✐ó✲
❞✐❝❛ mf q✉❡ s❛t✐s❢❛❝❡ ✭✺✳✷✸✮
}
✭✺✳✷✹✮
❆❤♦r❛ t❛♠❜✐é♥ ❞❡s❝r✐❜✐r❡♠♦s ❛❧ s✉❜❡s♣❛❝✐♦ W0 ✭V1 = V0
⊕
W0✮✱ ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ❚r❛♥s✲
❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r✳
Pr♦♣♦s✐❝✐ó♥ ✺✳✻ ❯♥❛ ❢✉♥❝✐ó♥ f ♣❡rt❡♥❡❝❡ ❛ W0 s✐ ② só❧♦ s✐
f̂(w) = eiw/2v(w)mφ
(w
2
+ π
)
φ̂
(w
2
)
,
✻✾
❞♦♥❞❡ mφ ❡s ❞❡✜♥✐❞❛ ❝♦♠♦ ❡♥ ✭✺✳✶✹✮ ② v ❡s ✉♥❛ ❢✉♥❝✐ó♥ ✷π✲♣❡r✐ó❞✐❝❛ t❛❧ q✉❡∫ 2π
0
|v(w)|2 dw <∞,
② ❛❞❡♠ás
‖f‖2 =
(
1
2π
∫ 2π
0
|v(w)|2dw
)1/2
.
❉❡♠♦str❛❝✐ó♥✳ ❊s ❝❧❛r♦ q✉❡ f ∈ W0 s✐ ② só❧♦ s✐ f ∈ V1 ② f⊥V0✱ ❝♦♠♦ {φ(x − k)}k∈Z ❡s
✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V0 t❡♥❡♠♦s
f⊥V0 s✐ ② só❧♦ s✐ 〈f, φ(x− k)〉2 = 0 ♣❛r❛ t♦❞♦ k ∈ Z. ✭✺✳✷✺✮
◆♦t❡♠♦s q✉❡ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ P❧❛♥❝❤❡r❡❧ s❡ ❝✉♠♣❧❡
〈f, φ(x− k)〉
2
=
〈
f̂ ,F {φ(x− k)}
〉
2
=
∫ ∞
−∞
f̂(w)F {φ(x− k)} (w)dw,
❞❡s❛rr♦❧❧❛♥❞♦ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❛♥t❡r✐♦r✱ t❡♥❡♠♦s
〈f, φ(x− k)〉 =
∫ ∞
−∞
f̂(w)e−ikwφ̂(w)dw
=
∫ ∞
−∞
f̂(w)eikwφ̂(w)dw.
❈♦♥s✐❞❡r❛♠♦s ❧❛ s✐❣✉✐❡♥t❡ ♣❛rt✐❝✐ó♥ R =
⋃
l∈Z
[2lπ, 2(l + 1)π] ❡♥t♦♥❝❡s ❧❛ ✐♥t❡❣r❛❧ ❛♥t❡r✐♦r
♣✉❡❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦
〈f, φ(x− k)〉
2
=
∑
l∈Z
∫ 2(l+1)π
2lπ
eikuf̂(u)φ̂(u)du,
❤❛❝❡♠♦s ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ u = w + 2lπ✱ ❡♥t♦♥❝❡s
〈f, φ(x− k)〉
2
=
∑
l∈Z
∫ 2π
0
eik(w+2lπ)f̂(w + 2lπ)φ̂(w + 2lπ)dw,
▲✉❡❣♦✱ ❝♦♠♦ ❧❛ ❢✉♥❝✐ó♥ x 7−→ eikx ❡s 2π✲♣❡r✐ó❞✐❝❛✱ t❡♥❡♠♦s
〈f, φ(x− k)〉
2
=
∫ 2π
0
eikw
∑
l∈Z
f̂(w + 2lπ)φ̂(w + 2lπ)dw. ✭✺✳✷✻✮
◆♦t❡♠♦s q✉❡
∑
l∈Z
∫ 2π
0
f̂(w + 2lπ)φ̂(w + 2lπ) ≤
∑
l∈Z
∫ 2π
0
∣∣∣f̂(w + 2lπ)∣∣∣ ∣∣∣φ̂(w + 2lπ)∣∣∣ ,
✼✵
❧✉❡❣♦
∑
l∈Z
∫ 2π
0
f̂(w + 2lπ)φ̂(w + 2lπ) ≤
∫ ∞
−∞
|f̂(w)||φ̂(w)|dw ≤ ‖f‖2‖φ‖2 .
❊♥t♦♥❝❡s ❧❛ s❡r✐❡
∑
l∈Z
f̂(w + 2lπ)φ̂(w + 2lπ) r❡♣r❡s❡♥t❛ ✉♥❛ ❢✉♥❝✐ó♥ ▲❡❜❡s❣✉❡✲✐♥t❡❣r❛❜❧❡ ❡♥
[0, 2π]✱ ❛ ❧❛ ❝✉❛❧ ❧❧❛♠❛r❡♠♦s F ✳ ❊s ❞❡❝✐r
F (x) =
∑
l∈Z
f̂(x+ 2lπ)φ̂(x+ 2lπ). ✭✺✳✷✼✮
❊♥t♦♥❝❡s ♣♦❞❡♠♦s ❡s❝r✐❜✐r ✭✺✳✷✻✮ ❝♦♠♦ ✉♥ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ ❡♥ L
2
([0, 2π])
〈f, φ(x− k)〉
2
=
∫ 2π
0
eikwF (w)dw
=
〈
F (w), e
−ikw
〉
L
2
([0,2π])
.
▲✉❡❣♦ r❡❡s❝r✐❜✐♠♦s ✭✺✳✷✺✮✱ ❝♦♠♦
f ∈W0 s✐ ② só❧♦ s✐ f ∈ V1 ②
〈
F (w), e
−ikw
〉
L
2
([0,2π])
= 0 ❝✳t✳♣✳ w ∈ R. ✭✺✳✷✽✮
❚♦♠❛♥❞♦ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❛ ✭✺✳✷✼✮ ❡♥ [0, 2π]✱ t❡♥❡♠♦s
F̂ (w) =
1√
2π
∫ 2π
0
e
−ixw
F (x)dx
=
1√
2π
∫ 2π
0
e
−ixw
∑
l∈Z
f̂(x+ 2lπ)φ̂(x+ 2lπ)dx,
❧✉❡❣♦
√
2πF̂ (w) =
∫ 2π
0
e
−ixw
∑
l∈Z
f̂(x+ 2lπ)φ̂(x+ 2lπ)dx.
❊✈❛❧✉❛♥❞♦
√
2πF̂ ❡♥ w = −k ② ❞❡ ✭✺✳✷✽✮✱ t❡♥❡♠♦s
√
2πF̂ (−k) =
∫ 2π
0
eikx
∑
l∈Z
f̂(x+ 2lπ)φ̂(x+ 2lπ)dx
=
〈
F (w), e
−ikw
〉
L
2
([0,2π])
= 0.
❈♦♠♦
{
e
−ikw
}
k∈Z
❡s ✉♥❛ ❜❛s❡ ❞❡ ❘✐❡s③ ♣❛r❛ L
2
([0, 2π])✱ ❡♥t♦♥❝❡s
F (x) =
∑
l∈Z
f̂(x+ 2lπ)φ̂(x+ 2lπ) = 0 ❝✳t✳♣✳ x ∈ R. ✭✺✳✷✾✮
✼✶
❈♦♠♦ f ∈ V1 ❞❡ ✭✺✳✷✹✮ t❡♥❡♠♦s
f̂(w) = mf
(w
2
)
φ̂
(w
2
)
,
② ❛❞❡♠ás ❞❡ ✭✺✳✶✼✮ t❡♥❡♠♦s
φ̂(w) = mφ
(w
2
)
φ̂
(w
2
)
,
❡♥t♦♥❝❡s ❞❡ ✭✺✳✷✾✮ t❡♥❡♠♦s q✉❡ ♣❛r❛ ❝❛s✐ t♦❞♦ w ∈ R s❡ ❝✉♠♣❧❡
0 =
∑
l∈Z
f̂(w + 2lπ)φ̂(w + 2lπ) =
∑
l∈Z
mf
(w
2
+ lπ
)
φ̂
(w
2
+ lπ
)
mφ
(w
2
+ lπ
)
φ̂
(w
2
+ lπ
)
,
♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ♣❛r❛ ❝❛s✐ t♦❞♦ w ∈ R s❡ ❝✉♠♣❧❡∑
l∈Z
mf (w + lπ) φ̂ (w + lπ)mφ (w + lπ) φ̂ (w + lπ) = 0.
❖r❞❡♥❛♥❞♦ ❧♦s tér♠✐♥♦s ❞❡ ❧❛ s✉♠❛t♦r✐❛ ❛♥t❡r✐♦r t❡♥❡♠♦s∑
l∈Z
mf (w + lπ)mφ (w + lπ)
∣∣∣φ̂ (w + lπ)∣∣∣2 = 0,
❞❡s❝♦♠♣♦♥✐❡♥❞♦ ❡♥ s✉♠❛s ♣❛r❡s ❡ ✐♠♣❛r❡s ♦❜t❡♥❡♠♦s
∑
k∈Z
mf (w + 2kπ)mφ (w + 2kπ)
∣∣∣φ̂ (w + 2kπ)∣∣∣2+
∑
k∈Z
mf (w + π + 2kπ)mφ (w + π + 2kπ)
∣∣∣φ̂ (w + π + 2kπ)∣∣∣2 = 0,
❝♦♠♦ mf ② mφ s♦♥ ❢✉♥❝✐♦♥❡s 2π✲♣❡r✐ó❞✐❝❛s✱ ❡♥t♦♥❝❡s ❧❛ ✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r q✉❡❞❛ ❝♦♠♦∑
k∈Z
mf (w)mφ (w)
∣∣∣φ̂ (w + 2kπ)∣∣∣2 +∑
k∈Z
mf (w + π)mφ (w + π)
∣∣∣φ̂ (w + π + 2kπ)∣∣∣2 = 0,
❧✉❡❣♦
mf (w)mφ (w)
∑
k∈Z
∣∣∣φ̂ (w + 2kπ)∣∣∣2 +mf (w + π)mφ (w + π)∑
k∈Z
∣∣∣φ̂ (w + π + 2kπ)∣∣∣2 = 0,
❝♦♠♦ {φ(x − k)}
k∈Z
❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V0✱ ♣♦❞❡♠♦s ✉s❛r ❡❧ ❈♦r♦❧❛r✐♦ ✺✳✶ ❡♥ ❧❛
✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱ ♦❜t❡♥✐❡♥❞♦
mf (w)mφ (w) · 1 +mf (w + π)mφ (w + π) · 1 = 0.
❆sí t❛♠❜✐é♥ r❡❡s❝r✐❜✐♠♦s ✭✺✳✷✽✮ ❝♦♠♦ f ∈W0 s✐ ② só❧♦ s✐
f ∈ V1 ② mf (w)mφ (w) +mf (w + π)mφ (w + π) = 0 ❝✳t✳♣✳ w ∈ R. ✭✺✳✸✵✮
✼✷
❙✐ ❝♦♥s✐❞❡r❛♠♦s ❧♦s ✈❡❝t♦r❡s u, v ∈ L2(R)× L2(R)✱ ❞❡✜♥✐❞♦s ❝♦♠♦
u = (mf (w),mf (w + π)) ② v = (mφ(w),mφ(w + π)),
❞❡ ✭✺✳✸✵✮ ✈❡♠♦s q✉❡ u · v = 0✱ ❡s ❞❡❝✐r u ② v s♦♥ ♦rt♦❣♦♥❛❧❡s ♣❛r❛ ❝❛s✐ t♦❞♦ w ∈ R✱ ❛❞❡♠ás
♣♦r ❡❧ ▲❡♠❛ ✺✳✶ t❡♥❡♠♦s q✉❡ (mφ(w),mφ(w + π)) ♥♦ ❡s ❝❡r♦✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡
(mf (w),mf (w + π)) = α(w)(mφ(w + π),−mφ(w)). ✭✺✳✸✶✮
❈♦♠♦ mf ② mφ s♦♥ ❢✉♥❝✐♦♥❡s 2π✲♣❡r✐ó❞✐❝❛s ❡♥t♦♥❝❡s α t❛♠❜✐é♥ t✐❡♥❡ q✉❡ s❡r ✉♥❛ ❢✉♥❝✐ó♥
2π✲♣❡r✐ó❞✐❝❛✳ ❚♦♠❛♥❞♦ w = η + π ❡♥ ✭✺✳✸✶✮ t❡♥❡♠♦s
(mf (η + π),mf (η + 2π)) = α(η + π)(mφ(η + 2π),−mφ(η + π)),
❧✉❡❣♦
(mf (η + π),mf (η)) = α(η + π)(mφ(η),−mφ(η + π)). ✭✺✳✸✷✮
❉❡ ❧❛s r❡❧❛❝✐♦♥❡s ✭✺✳✸✶✮ ② ✭✺✳✸✷✮ t❡♥❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ✐❣✉❛❧❞❛❞❡s
mf (η) = α(η)mφ(η + π).
mf (η) = −α(η + π)mφ(w + π).
▲✉❡❣♦ ❝♦♥❝❧✉✐♠♦s q✉❡ α(η) = −α(η + π)✱ ❛sí r❡❡s❝r✐❜✐♠♦s ✭✺✳✸✵✮ ♦❜t❡♥✐❡♥❞♦ ❧❛ s✐❣✉✐❡♥t❡
❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ W0
W0 =
{
f ∈ L2(R) ; f̂(w) = α
(w
2
)
mφ
(w
2
+ π
)
φ̂
(w
2
)}
, ✭✺✳✸✸✮
❞♦♥❞❡ α ❡s ✉♥❛ ❢✉♥❝✐ó♥ 2π✲♣❡r✐ó❞✐❝❛ t❛❧ q✉❡ α(w) = −α(w + π)✱ ❧♦ q✉❡ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛
❞❡❝✐r α(w) = h(w)eiw✱ ❝♦♥ h π✲♣❡r✐ó❞✐❝❛✳
❙✐ ❞❡✜♥✐♠♦s ❧❛ ❢✉♥❝✐ó♥ v ❝♦♠♦ v(w) = h
(
w
2
)
✱ t❡♥❡♠♦s q✉❡ v ❡s 2π✲♣❡r✐ó❞✐❝❛✳ ▲✉❡❣♦ ❞❡
✭✺✳✸✵✮ t❡♥❡♠♦s
f̂(w) = α
(w
2
)
mφ
(w
2
+ π
)
φ̂
(w
2
)
= eiw/2h
(w
2
)
mφ
(w
2
+ π
)
φ̂
(w
2
)
= e−iw/2v(w)mφ
(w
2
+ π
)
φ̂
(w
2
)
.
❊st♦ ❡s
f̂(w) = e−iw/2v(w)mφ
(w
2
+ π
)
φ̂
(w
2
)
. ✭✺✳✸✹✮
❈♦♠♦ f ∈ V1✱ s❡ ❝✉♠♣❧❡
1√
2
‖f‖2 =
(
1
2π
∫ 2π
0
|v(2w)mφ(w + π)|2dw
)1/2
,
✼✸
❞❡s❝♦♠♣♦♥✐❡♥❞♦ ❧❛ ✐♥t❡❣r❛❧ t❡♥❡♠♦s
1√
2
‖f‖2 =
(
1
2π
∫ π
0
|v(2w)mφ(w + π)|2dw + 1
2π
∫ 2π
π
|v(2w)mφ(w + π)|2dw
)1/2
,
❧✉❡❣♦ ❤❛❝❡♠♦s ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ u = w − π✱ ♣❛r❛ ❧❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧ ♦❜t❡♥✐❡♥❞♦
1√
2
‖f‖2 =
(
1
2π
∫ π
0
|v(2w)mφ(w + π)|2dw + 1
2π
∫ π
0
|v(2u+ 2π)mφ(u+ 2π)|2du
)1/2
,
❝♦♠♦ v ② mφ s♦♥ ❢✉♥❝✐♦♥❡s 2π✲♣❡r✐ó❞✐❝❛s t❡♥❡♠♦s
1√
2
‖f‖2 =
(
1
2π
∫ π
0
|v(2w)mφ(w + π)|2dw + 1
2π
∫ π
0
|v(2u)mφ(u)|2du
)1/2
.
❊♥t♦♥❝❡s
1√
2
‖f‖2 =
(
1
2π
∫ π
0
|v(2w)|
(
|mφ(w + π)|2 + |mφ(w)|2
)
dw
)1/2
,
✉s❛♥❞♦ ❡❧ ▲❡♠❛ ✺✳✶ t❡♥❡♠♦s
‖f‖2 =
√
2
(
1
2π
∫ π
0
|v(2w)| · 1dw
)1/2
,
❧✉❡❣♦ ❞❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ u = 2w ❝♦♥❝❧✉✐♠♦s q✉❡
‖f‖2 =
(
1
2π
∫ 2π
0
|v(u)|du
)1/2
. ✭✺✳✸✺✮
❆sí ♣♦❞❡♠♦s r❡❡s❝r✐❜✐r ✭✺✳✸✸✮ ✉t✐❧✐③❛♥❞♦ ✭✺✳✸✹✮✱ ❡st♦ ❡s
W0 =
{
f ∈ L2(R) ; f̂(w) = e−iw/2v(w)mφ
(w
2
+ π
)
φ̂
(w
2
)
, ♣❛r❛ ❛❧❣✉♥❛ ❢✉♥❝✐ó♥ 2π✲♣❡r✐ó✲
❞✐❝❛ v q✉❡ s❛t✐s❢❛❝❡ ✭✺✳✸✺✮
}
✭✺✳✸✻✮
▲♦ ❝✉❛❧ t❡r♠✐♥❛ ❡st❛ ❞❡♠♦str❛❝✐ó♥✳
❆sí t❡♥❡♠♦s ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ W0✱ ♣❡r♦ ♥❡❝❡s✐t❛♠♦s ✐❞❡♥t✐✜❝❛r ❛q✉❡❧❧❛s ❢✉♥❝✐♦♥❡s ψ ∈
W0 t❛❧ q✉❡ {ψ(t−k)}k∈Z ❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ W0 ❧♦ ❝✉❛❧ r❡❛❧✐③❛r❡♠♦s ❝♦♥ ❛②✉❞❛ ❞❡❧
❈♦r♦❧❛r✐♦ ✺✳✶✳
▲❡♠❛ ✺✳✷ ❙❡❛ f ∈ W0 ② f̂ ✱ ❡♥t♦♥❝❡s ❡❧ s✐st❡♠❛ {f(t− k)}k∈Z ❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡
W0 s✐ ② só❧♦ s✐ |v| = 1 ❡♥ ❝❛s✐ t♦❞♦ w ∈ R✳
❉❡♠♦str❛❝✐ó♥✳ P❛r❛ ❞❡♠♦str❛r q✉❡ ❡❧ s✐st❡♠❛ {f(t− k)}k∈Z ❡s ♦rt♦♥♦r♠❛❧ ✉t✐❧✐③❛♠♦s ❡❧
❈♦r♦❧❛r✐♦ ✺✳✶✳ ❈♦♠♦ f ∈W0 ❞❡ ✺✳✷✹ t❡♥❡♠♦s
f̂(w) = e−iw/2v(w)mφ
(w
2
+ π
)
φ̂
(w
2
)
,
✼✹
❧✉❡❣♦
f̂(w + 2kπ) = ei(w+2kπ)/2v(w + 2kπ)mφ
(
w + 2kπ
2
+ π
)
φ̂
(
w + 2kπ
2
)
.
❉❡ ❧❛ ✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ❝♦♥❝❧✉✐♠♦s q✉❡
∑
k∈Z
∣∣∣f̂(w + 2kπ)∣∣∣2 = ∑
k∈Z
|v(w + 2kπ)|2
∣∣∣mφ (w
2
+ π + kπ
)∣∣∣2 ∣∣∣φ̂(w
2
+ kπ
)∣∣∣2 ,
② ❝♦♠♦ v ❡s 2π✲♣❡r✐ó❞✐❝❛✱ t❡♥❡♠♦s
∑
k∈Z
∣∣∣f̂(w + 2kπ)∣∣∣2 = ∑
k∈Z
|v(w)|2
∣∣∣mφ (w
2
+ π + kπ
)∣∣∣2 ∣∣∣φ̂(w
2
+ kπ
)∣∣∣2
= |v(w)|2
∑
k∈Z
∣∣∣mφ (w
2
+ π + kπ
)∣∣∣2 ∣∣∣φ̂(w
2
+ kπ
)∣∣∣2 ,
❛❤♦r❛ ❞✐✈✐❞✐♠♦s ❧❛ s✉♠❛t♦r✐❛ ❛♥t❡r✐♦r ❡♥ s✉♠❛s ♣❛r❡s ❡ ✐♠♣❛r❡s
∑
k∈Z
∣∣∣f̂(w + 2kπ)∣∣∣2 = |v(w)|2 [∑
l∈Z
∣∣∣mφ (w
2
+ π + 2lπ
)∣∣∣2 ∣∣∣φ̂(w
2
+ 2lπ
)∣∣∣2
+
∑
l∈Z
∣∣∣mφ (w
2
+ π + 2lπ + π
)∣∣∣2 ∣∣∣φ̂(w
2
+ 2lπ + π
)∣∣∣2] ,
❧✉❡❣♦ ✉s❛♠♦s ❡❧ ❤❡❝❤♦ q✉❡ mφ ❡s 2π✲♣❡r✐ó❞✐❝♦✱ ♦❜t❡♥✐❡♥❞♦
∑
k∈Z
∣∣∣f̂(w + 2kπ)∣∣∣2 = |v(w)|2 [∑
l∈Z
∣∣∣mφ (w
2
+ π
)∣∣∣2 ∣∣∣φ̂(w
2
+ 2lπ
)∣∣∣2
+
∑
l∈Z
∣∣∣mφ (w
2
)∣∣∣2 ∣∣∣φ̂(w
2
+ 2lπ + π
)∣∣∣2]
= |v(w)|2
[∣∣∣mφ (w
2
+ π
)∣∣∣2∑
l∈Z
∣∣∣φ̂(w
2
+ 2lπ
)∣∣∣2
+
∣∣∣mφ (w
2
)∣∣∣2∑
l∈Z
∣∣∣φ̂(w
2
+ 2lπ + π
)∣∣∣2] ,
❝♦♠♦ {φ(x − k)}k∈Z ❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V0✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❡❧ ❈♦r♦❧❛r✐♦ ✺✳✶ ❛ ❧❛
✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱ ♦❜t❡♥✐❡♥❞♦
∑
k∈Z
∣∣∣f̂(w + 2kπ)∣∣∣2 = |v(w)|2 [∣∣∣mφ (w
2
+ π
)∣∣∣2 · 1 + ∣∣∣mφ (w
2
)∣∣∣2 · 1] ,
② ♣♦r ▲❡♠❛ ✺✳✶ t❡♥❡♠♦s ∑
k∈Z
∣∣∣f̂(w + 2kπ)∣∣∣2 = |v(w)|2 · 1.
❊♥ ✈✐st❛ ❞❡❧ ❈♦r♦❧❛r✐♦ ✺✳✶ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ {f(t− k)}
k∈Z
❡s ✉♥ s✐st❡♠❛ ♦rt♦♥♦r♠❛❧ s✐
✼✺
② só❧♦ s✐ |v| = 1 ❝✳t✳♣✳ w ∈ R✳
P❡r♦ ❛✉♥ ♥❡❝❡s✐t❛♠♦s ♠♦str❛r q✉❡ ♣❛r❛ ❝❛❞❛ f ∈ W0 ❝♦♥ v❂✶ ❡♥ ❝✳t✳♣ w ∈ R ❡❧ s✐st❡♠❛
{f(t− k)}
k∈Z
❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❡♥ W0✳
❖❜s❡r✈❡♠♦s q✉❡ {f(t− k)}
k∈Z
❡s ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❘✐❡s③✱ ②❛ q✉❡∥∥∥∥∥∑
k∈Z
αkf(t−m)
∥∥∥∥∥
2
2
=
〈∑
k∈Z
αkf(t− k),
∑
l∈Z
αlf(t− l)
〉
2
=
∑
k∈Z
αk
∑
l∈Z
αl 〈f(t− k), f(t− l)〉2
=
∑
k∈Z
αk
∑
l∈Z
αlδk,l =
∑
k∈Z
|αk|2 .
❊♥t♦♥❝❡s ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✺✳✷✐✐✱ ❡s ❞❡❝✐r
g ∈ Gen{f(t− k)}
k∈Z
s✐ ② só❧♦ s✐ ĝ(w) = ϕ(w)f̂(w), ✭✺✳✸✼✮
❞❡ ✭✺✳✸✻✮✱ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ W0✱ ② ❞❡ ✭✺✳✸✼✮ t❡♥❡♠♦s
g ∈ Gen{f(t− k)}
k∈Z
s✐ ② só❧♦ s✐ ĝ(w) = ϕ(w)v(w)eiw/2mφ
(w
2
+ π
)
φ̂
(w
2
)
,
s✐ ❞❡♥♦t❛♠♦s ❝♦♠♦ h(w) = ϕ(w)v(w)✱ ✈❡♠♦s q✉❡ h ❡s ✉♥❛ ❢✉♥❝✐ó♥ 2π✲♣❡r✐ó❞✐❝❛ ❡♥t♦♥❝❡s
♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡
g ∈ Gen{f(t− k)}
k∈Z
s✐ ② só❧♦ s✐ g ∈W0.
❊st♦ ❡s
W0 = Gen{f(t− k)}k∈Z .
▲♦ ❝✉❛❧ t❡r♠✐♥❛ ❧❛ ❞❡♠♦str❛❝✐ó♥✳
❆❤♦r❛ ♣♦❞❡♠♦s r❡s✉♠✐r t♦❞❛ ❡st❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ψ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛
❚❡♦r❡♠❛ ✺✳✷ ❙❡❛ {Vj}j∈Z ✉♥ ❆▼❘ ❝♦♥ φ ∈ V0 s✉ ❢✉♥❝✐ó♥ ❡s❝❛❧❛ ❛s♦❝✐❛❞❛✱ ❧❛ ❢✉♥❝✐ó♥
ψ ∈W0 (V1 = V0
⊕
W0) ❡s ✉♥❛ ♦♥❞í❝✉❧❛ s✐ ② só❧♦ s✐
ψ̂(w) = eiw/2v(w)mφ
(w
2
+ π
)
,
♣❛r❛ ❛❧❣✉♥❛ ❢✉♥❝✐ó♥ 2π✲♣❡r✐ó❞✐❝❛ v t❛❧ q✉❡ |v(w)| = 1 ❝✳t✳♣✳ w ∈ R✱ ❆❞❡♠ás ❝❛❞❛ ♦♥❞í❝✉❧❛
t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ q✉❡
Wj = Gen
{
ψ
j,k
}
k∈Z = Gen
{
2
j/2
ψ
(
2
j
x− k
)}
k∈Z
.
❉❡♠♦str❛❝✐ó♥✳ Pr♦❝❡❞✐♠✐❡♥t♦ s❡❣✉✐❞♦ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❡st❛ s❡❝❝✐ó♥✳
✼✻
▲❛s ♦♥❞í❝✉❧❛s q✉❡ ♦❜t❡♥❡♠♦s ✉s❛♥❞♦ ❡st❡ t❡♦r❡♠❛ ❞❡♣❡♥❞❡♥ ❞❡ ❧❛ ❡❧❡❝❝✐ó♥ ❞❡❧ ❆▼❘
{Vj}j∈Z✳ ❆❞❡♠ás ❡s ❝❧❛r♦ q✉❡ ❞✐❢❡r❡♥t❡s ❢✉♥❝✐♦♥❡s v ❞❛♥ ❞✐❢❡r❡♥t❡s ♦♥❞í❝✉❧❛s✱ ❛sí s✐ q✉❡r✲
❡♠♦s ❝♦♥str✉✐r ✉♥❛ ♦♥❞í❝✉❧❛ ✉s❛♥❞♦ ❡st❡ t❡♦r❡♠❛ ♥❡❝❡s✐t❛♠♦s ✜❥❛r ❧❛ ❢✉♥❝✐ó♥ v✳
❈♦r♦❧❛r✐♦ ✺✳✷ ❙❡❛ {Vj}j∈Z ✉♥ ❆▼❘ ❝♦♥ φ ∈ V0 s✉ ❢✉♥❝✐ó♥ ❡s❝❛❧❛ ❛s♦❝✐❛❞❛✱ ❡♥t♦♥❝❡s
ψ(x) =
√
2
∑
k∈Z
(−1)k+1h
k
φ(2x+ k − 1)
❡s ✉♥❛ ♦♥❞í❝✉❧❛✳
❉❡♠♦str❛❝✐ó♥✳ ❆♥t❡s ❞❡ ❡♠♣❡③❛r ❧❛ ❞❡♠♦str❛❝✐ó♥ ♥♦t❡♠♦s q✉❡
−e−iw = −cos(w) + i sen(w)
❡s ✉♥❛ ❢✉♥❝✐ó♥ 2π✲♣❡r✐ó❞✐❝❛ ② t✐❡♥❡ ♠♦❞✉❧♦ ✐❣✉❛❧ ❛ ✶✱ ❡♥t♦♥❝❡s ♣♦❞❡♠♦s t♦♠❛r v(w) =
−e−iw ② ✉t✐❧✐③❛r ❡❧ ❚❡♦r❡♠❛ ✺✳✷ ♦❜t❡♥✐❡♥❞♦
ψ̂(w) = −eiw/2e−iwmφ
(w
2
+ π
)
φ̂
(w
2
)
= −e−iw/2mφ
(w
2
+ π
)
φ̂
(w
2
)
,
r❡❡♠♣❧❛③❛♥❞♦ ❡❧ ✜❧tr♦ ❧♦✇✲♣❛ss ✭✺✳✶✹✮ ♦❜t❡♥❡♠♦s
ψ̂(w) = −e−iw/2 1√
2
∑
k∈Z
h
k
eik(
w
2
+π)φ̂
(w
2
)
= −e−iw/2 1√
2
∑
k∈Z
h
k
eikw/2eikπφ̂
(w
2
)
= −e−iw/2 1√
2
∑
k∈Z
h
k
eikw/2 [cos(kπ) + i sen(kπ)] φ̂
(w
2
)
= −e−iw/2 1√
2
∑
k∈Z
h
k
eikw/2(−1)kφ̂
(w
2
)
=
1√
2
∑
k∈Z
h
k
ei(k−1)w/2(−1)k+1φ̂
(w
2
)
=
2√
2
∑
k∈Z
(−1)k+1h
k
F {φ(2x+ k − 1)} (w).
❊st♦ ✐♠♣❧✐❝❛ q✉❡
ψ(x) =
√
2
∑
k∈Z
(−1)k+1h
k
φ(2x+ k − 1)
❡s ✉♥❛ ♦♥❞í❝✉❧❛✳
✼✼
✺✳✹ ❊❥❡♠♣❧♦s
❊❥❡♠♣❧♦ ✺✳✶ ✭❆▼❘ ❞❡ ❍❛❛r✮ ❈♦♥s✐❞❡r❡♠♦s ❧❛ s✉❝❡s✐ó♥ ❞❡ ❡s♣❛❝✐♦s {Vj}j∈Z✱ ❞♦♥❞❡
Vj ⊂ L2(R) ❡s ❡❧ s✉❜❡s♣❛❝✐♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥st❛♥t❡s ❡♥ ✐♥t❡r✈❛❧♦s ❞❡ ❧❛ ❢♦r♠❛
I
j,k
=
[
2−jk, 2−j(k + 1)
〉
❝♦♥ k ∈ Z,
② ❝♦♥s✐❞❡r❡♠♦s ❧❛ ❢✉♥❝✐ó♥ φ = χ
[0,1〉
✱ ❡s ❞❡❝✐r
φ(x) =
{
1 s✐ x ∈ [0, 1〉
0 ❞❡ ♦tr♦ ♠♦❞♦✳
❱❡❛♠♦s q✉❡ {Vj}j∈Z s❛t✐s❢❛❝❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❆▼❘ ❝♦♥ φ s✉ ❢✉♥❝✐ó♥
❡s❝❛❧❛ ❛s♦❝✐❛❞❛✳
❊♥ ❡❢❡❝t♦
❈♦♥❞✐❝✐ó♥ ✭✐✮✿ ❙✐ r < s✱ ❡♥t♦♥❝❡s t❡♥❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ k ∈ Z ❡①✐st❡ k1 ∈ Z t❛❧ q✉❡[
2−sk1 , 2
−s(k1 + 1)
〉 ⊂ [2−rk, 2−r(k + 1)〉 .
❊st♦ s❡ ❞❡❜❡ ❛ q✉❡ f(j) = 2−j ❡s ❞❡❝r❡❝✐❡♥t❡ ♣❛r❛ t♦❞♦ j✱ ❡s ❞❡❝✐r ❝✉❛❧q✉✐❡r ✐♥t❡r✈❛❧♦ I
r,k
s❡
♣✉❡❞❡ ❝♦♥str✉✐r ❝♦♠♦ ❧❛ ✉♥✐ó♥ ❞❡ ✐♥t❡r✈❛❧♦s I
s,k
✳ ❊♥ ♣❛rt✐❝✉❧❛r t♦♠❛♠♦s r = j ② s = j+1
♣❛r❛ ❝♦♥❝❧✉✐r Vj ⊂ Vj+1 .
❈♦♥❞✐❝✐ó♥ ✭✐✐✮✿ ◆♦t❡♠♦s q✉❡ ⋃
j∈Z
Vj ⊂ L
2
(R),
❞♦♥❞❡ Vj ❡s ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s ❝♦♥st❛♥t❡s ❡♥ ❧♦s ✐♥t❡r✈❛❧♦s Ij,k ✱ ❡st♦ ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡
❢✉♥❝✐♦♥❡s s✐♠♣❧❡s✱ r❡❝♦r❞❡♠♦s q✉❡ f ∈ L2(R) s✐∫
R
|f(x)|2dx = Sup
{∫
R
|ϕ(x)|2dx / ϕ ❡s s✐♠♣❧❡ ② 0 ≤ ϕ ≤ f
}
<∞.
❊♥t♦♥❝❡s ♣♦❞❡♠♦s ❞❡❝✐r q✉❡
⋃
j∈Z
Vj = L
2
(R)✳
❈♦♥❞✐❝✐ó♥ ✭✐✐✐✮✿ P❛r❛ ♣r♦❜❛r q✉❡
⋂
j∈Z
Vj = {0} ❜❛st❛ ♣r♦❜❛r q✉❡
⋂
j∈Z
[
2−jk1 , 2
−j(k1 + 1)
〉
= {0},
②❛ q✉❡ Vj ❡s ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s ❝♦♥st❛♥t❡s ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ Ij,k ✳ ❊♥ ❡❢❡❝t♦ ❝♦♠♦ Vj ⊃ Vj−1
❡♥t♦♥❝❡s ❞❡❧ ❤❡❝❤♦
lim
j→∞
[
2−jk1 , 2
−j(k1 + 1)
〉
= {0}
✼✽
t❡♥❡♠♦s q✉❡
⋂
j∈Z
[
2−jk1 , 2−j(k1 + 1)
〉
= {0}
❈♦♥❞✐❝✐ó♥ ✭✐✈✮✿ ❙❡❛ f ∈ Vj ❡♥t♦♥❝❡s f(x) = ck ✭❝♦♥st❛♥t❡✮ ❝✉❛♥❞♦ x ∈
[
2−jk, 2−j(k + 1)
〉
♣❛r❛ t♦❞♦ k ∈ Z ❛sí ❡✈❛❧✉❛♥❞♦ f ❡♥ 2−jx t❡♥❡♠♦s f(2−jx) = c
k
❝✉❛♥❞♦ x ∈ [k, k + 1〉 ❡s
❞❡❝✐r ❧❛ ❢✉♥❝✐ó♥ x 7−→ f(2−jx) ♣❡rt❡♥❡❝❡ ❛ V0 ✳
❈♦♥❞✐❝✐ó♥ ✭✈✮✿ ❙❡❛ f ∈ V0 ❡♥t♦♥❝❡s f(x) = ck ❝✉❛♥❞♦ x ∈ [k, k + 1〉 ❛sí ♣❛r❛ t♦❞♦
m ∈ Z t❡♥❡♠♦s q✉❡ f(x) = c
k−m
❝✉❛♥❞♦ x ∈ [(k −m), (k −m) + 1〉 ❡s ❞❡❝✐r ❧❛ ❢✉♥✲
❝✐ó♥ x 7−→ f(x−m) ♣❡rt❡♥❡❝❡ ❛ V0 ✳
❈♦♥❞✐❝✐ó♥ ✭✈✐✮✿ ◆ót❡s❡ q✉❡ s✐ f ∈ V0 ❡♥t♦♥❝❡s f ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥st❛♥t❡ ❡♥ ❧♦s ✐♥t❡r✈❛❧♦s
I
0,k
♣♦r ❧♦ t❛♥t♦ s❡ ❝✉♠♣❧❡
f =
∑
k∈Z
α
k
χ
[k,k+1〉
,
❡s ❞❡❝✐r
{
χ
[k,k+1〉
}
k∈Z
❡s ✉♥❛ ❜❛s❡ ❞❡ V0 ♠ás ❜✐❡♥ ❞✐❝❤♦ ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V0 ②❛ q✉❡∥∥∥χ[k,k+1〉∥∥∥
2
= 1 ♣❛r❛ t♦❞♦ k ∈ Z ❞❡❜✐❞♦ ❛ q✉❡
〈
χ
[k,k+1〉
, χ
[l,l+1〉
〉
=
{
1 s✐ k = l
0 s✐ k 6= l.
❊♥t♦♥❝❡s ❡♥ ✈✐st❛ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✺✳✶ t❡♥❡♠♦s q✉❡ {Vj}j∈Z✱ ❞❡✜♥✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❡s ✉♥
❆▼❘✳
❊❥❡♠♣❧♦ ✺✳✷ ✭❈♦♥str✉❝❝✐ó♥ ❞❡❧ ❆▼❘ ❞❡ ❍❛❛r✮ Pr♦❜❡♠♦s q✉❡ φ = χ
[0,1〉
s❛t✐s❢❛❝❡
❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧ ❚❡♦r❡♠❛ ✺✳✶✳ P❛r❛ ❡❧❧♦ ❞❡♥♦t❛r❡♠♦s ❝♦♠♦
φ
j,k
= 2j/2χ
[2−j k,2−j (k+1)〉 .
❆sí t❡♥❡♠♦s q✉❡
{
φ
j,k
}
k∈Z ❡s ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❘✐❡s③ ②❛ q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r {αk} ∈ ℓ
2
s❡
❝✉♠♣❧❡ ∥∥∥∥∥∑
k∈Z
α
k
φ
j,k
∥∥∥∥∥
2
2
=
〈∑
k∈Z
α
k
φ
j,k
,
∑
l∈Z
α
l
φ
j,l
〉
=
∑
k∈Z
α
k
∑
l∈Z
α
l
〈
φ
j,k
, φ
j,l
〉
=
∑
k∈Z
α
k
α
k
=
∑
k∈Z
|α
k
|2 = ‖α‖2
ℓ
2
.
▲♦ ❝✉❛❧ ♣r✉❡❜❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭❛✮ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✶✳
✼✾
◆♦t❡♠♦s q✉❡
χ
[0,1〉
(x
2
)
=

1 s✐ x2 ∈ [0, 1〉
0 ❞❡ ♦tr♦ ♠♦❞♦✳
❊♥t♦♥❝❡s χ
[0,1〉
(
x
2
)
= 1 s✐ x ∈ [0, 2〉✱ ❛sí t❡♥❡♠♦s
χ
[0,1〉
(x
2
)
= χ
[0,1〉
(x) + χ
[1,2〉
(x).
▲♦ ❝✉❛❧ ♣r✉❡❜❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭❜✮ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✶✳
❚♦♠❛♥❞♦ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❛ φ t❡♥❡♠♦s
φ̂(w) =
1√
2π
∫
R
e−ixwχ
[0,1〉
(x)dx
=
1√
2π
∫ 1
0
e−ixwdx
=
1√
2π
e−ixw
−iw
∣∣∣∣1
0
=
1√
2π
1− e−iw
iw
=
1√
2π
e−iw/2
w/2
(
eiw/2 − e−iw/2
2i
)
=
1√
2π
e−iw/2
sen(w/2)
w/2
.
❆sí ❝♦♥❝❧✉✐♠♦s q✉❡ φ̂ ❡s ❝♦♥t✐♥✉❛ ❡♥ ❝❡r♦ ② φ̂(0) 6= 0✳ ▲♦ ❝✉❛❧ ♣r✉❡❜❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭❝✮ ❞❡❧
❚❡♦r❡♠❛ ✺✳✶✳
❊♥t♦♥❝❡s ♣♦r ❡❧ ❚❡♦r❡♠❛ ✺✳✶ ❧❛ s✉❝❡s✐ó♥ ❞❡ ❡s♣❛❝✐♦s Vj = Gen
{
φ
j,k
}
k∈Z ❞❡✜♥✐❞♦s ❛♥t❡s✱
❢♦r♠❛♥ ✉♥ ❆▼❘✳
❊❥❡♠♣❧♦ ✺✳✸ ✭❈♦♥str✉❝❝✐ó♥ ❞❡ ❧❛ ♦♥❞í❝✉❧❛ ❞❡ ❍❛❛r✮ ❈♦♥s✐❞❡r❡♠♦s ❡❧ ❆▼❘ {Vj}j∈Z
❞❡❧ ❊❥❡♠♣❧♦ ✺✳✶ ♣❛r❛ ❡❧ ❝✉❛❧✱ φ = χ[0,1〉 ❡s s✉ ❢✉♥❝✐ó♥ ❡s❝❛❧❛ ❛s♦❝✐❛❞❛✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡
φ(x) =
∑
k∈Z
h
k
φ
1,k
(x),
♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡
φ(x) =
√
2
∑
k∈Z
φ(2x− k). ✭✺✳✸✽✮
◆♦t❡♠♦s q✉❡
φ(2x− k) = χ
[0,1〉
(2x− k) = χ
[ k2 ,
k+1
2 〉(x).
✽✵
❊♥t♦♥❝❡s ✭✺✳✸✽✮ q✉❡❞❛ ❝♦♠♦
χ
[0,1〉
(x) =
1√
2
√
2χ
[0, 12〉(x) +
1√
2
√
2χ
[ 12 ,1〉(x),
❡s ❞❡❝✐r
h
k
=

1√
2
s✐ k = 0, 1
0 ❞❡ ♦tr♦ ♠♦❞♦
❊♥t♦♥❝❡s ♣♦r ❡❧ ❈♦r♦❧❛r✐♦ ✺✳✷ t❡♥❡♠♦s q✉❡
ψ(x) =
√
2
∑
k∈Z
(−1)k+1h
k
φ(2x+ k − 1)
=
√
2
(−h0φ(2x− 1) + h1φ(2x))
=
√
2
(
1√
2
χ
[0, 12〉(x)−
1√
2
χ
[ 12 ,1〉(x)
)
= χ
[0, 12〉(x)− χ[ 12 ,1〉(x).
❊s ✉♥❛ ♦♥❞í❝✉❧❛✱ ❧❛ ❝✉❛❧ s❡ ✈✐♦ ❡♥ ❡❧ ❊❥❡♠♣❧♦ ✸✳✶✳
✽✶
❈❛♣ít✉❧♦ ✻
❉❡s❝♦♠♣♦s✐❝✐ó♥ ② ❘❡❝♦♥str✉❝❝✐ó♥
❇❛s❛❞❛ ❡♥ ❖♥❞í❝✉❧❛s
✻✳✶ ❋✐❧tr♦s ▲♦✇✲P❛ss ② ❍✐❣❤✲P❛ss
❊♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r s❡ ♠♦stró ❧❛ ♦❜t❡♥❝✐ó♥ ❞❡❧ ✜❧tr♦ ❧♦✇✲♣❛ss ② s❡ ❡♥✉♥❝✐ó ✉♥❛ ❞❡ s✉s
♣r♦♣✐❡❞❛❞❡s ♠ás ✐♠♣♦rt❛♥t❡s✱ ❡♥ ❡❧ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ ✐♥tr♦❞✉❝✐r❡♠♦s ❡❧ ✜❧tr♦ ❤✐❣❤✲♣❛ss✳
❘❡❝♦r❞❡♠♦s ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ✜❧tr♦ ❧♦✇✲♣❛ss✳
❉❡✜♥✐❝✐ó♥ ✻✳✶ P❛r❛ ✉♥ ❆▼❘ {Vj}j∈Z ❝♦♥ ❢✉♥❝✐ó♥ ❡s❝❛❧❛ ❛s♦❝✐❛❞❛ φ✱ t❡♥❡♠♦s q✉❡ φ ∈
V0 ⊂ V1 ② ❝♦♠♦ {φ1k}k∈Z ❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V1✱ ❡♥t♦♥❝❡s ❡①✐st❡ {hk} ∈ ℓ
2
(R) t❛❧
q✉❡
φ(x) =
∑
k∈Z
h
k
φ
1k
(x)✱ ❝♦♥ h
k
= 〈φ, φ
1k
〉
2
, ✭✻✳✶✮
❛♣❧✐❝❛♥❞♦ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❛ ✭✻✳✶✮✱ ♦❜t❡♥❡♠♦s
φ̂(w) =
1√
2
∑
k∈Z
h
k
e−i
w
2
kφ̂
(w
2
)
.
❊♥t♦♥❝❡s ❞❡✜♥✐♠♦s ❡❧ ✜❧tr♦ ❧♦✇✲♣❛ss ❛s♦❝✐❛❞♦ ❛ ❧❛ ♦♥❞í❝✉❧❛ ♣❛❞r❡ φ ❝♦♠♦
m
φ
(x) =
1√
2
∑
k∈Z
h
k
e−ixk✱ ❝♦♥ h
k
= 〈φ, φ
1k
〉
2
.
❉❡✜♥✐❝✐ó♥ ✻✳✷ P❛r❛ ✉♥ ❆▼❘ {Vj}j∈Z ❝♦♥ ❢✉♥❝✐ó♥ ❡s❝❛❧❛ ❛s♦❝✐❛❞❛ φ✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✺✳✷
♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♥❛ ♦♥❞í❝✉❧❛ ψ ∈W0✱ ② ❝♦♠♦ V1 = V0
⊕
W0✱ ❡♥t♦♥❝❡s ψ ⊂ V1✱ ❡s ❞❡❝✐r
❡①✐st❡ {Hk} ∈ ℓ2(R) t❛❧ q✉❡
ψ(x) =
∑
k∈Z
Hkφ1k(x)✱ ❝♦♥ Hk = 〈ψ, φ1k〉2 , ✭✻✳✷✮
❆♣❧✐❝❛♥❞♦ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❛ ✭✻✳✷✮ t❡♥❡♠♦s
ψ̂(w) =
1√
2
∑
k∈Z
H
k
e−i
w
2
kφ̂
(w
2
)
.
✽✷
❊♥t♦♥❝❡s ❞❡✜♥✐♠♦s ❡❧ ✜❧tr♦ ❤✐❣❤✲♣❛ss ❛s♦❝✐❛❞♦ ❛ ❧❛ ♦♥❞í❝✉❧❛ ♠❛❞r❡ ❝♦♠♦
M
ψ
(x) =
1√
2
∑
k∈Z
H
k
e−ixk✱ ❝♦♥ H
k
= 〈ψ, φ
1k
〉
2
.
▲❛s r❡❧❛❝✐♦♥❡s ✭✻✳✶✮ ② ✭✻✳✷✮ s♦♥ ❝♦♥♦❝✐❞❛s ❝♦♠♦ r❡❧❛❝✐♦♥❡s t✇♦✲s❝❛❧❡✱ ②❛ q✉❡ r❡❧❛❝✐♦♥❛♥
❢✉♥❝✐♦♥❡s ❡♥ ❞♦s ♥✐✈❡❧❡s ❞❡ r❡s♦❧✉❝✐ó♥ ❛❞②❛❝❡♥t❡s✳ ❆sí ♠✐s♠♦ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ❧❛ s✉❝❡s✐ó♥
{h
k
} s♦♥ ❧❧❛♠❛❞♦s ❝♦❡✜❝✐❡♥t❡s ✐♥t❡r❡s❝❛❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ✜❧tr♦ ❧♦✇✲♣❛ss✱ ② ❧♦s ❡❧❡♠❡♥t♦s
❞❡ ❧❛ s✉❝❡s✐ó♥ {H
k
} s♦♥ ❧❧❛♠❛❞♦s ❝♦❡✜❝✐❡♥t❡s ✐♥t❡r❡s❝❛❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ✜❧tr♦ ❤✐❣❤✲♣❛ss✳
Pr♦♣♦s✐❝✐ó♥ ✻✳✶ ▲♦s ✜❧tr♦s ❧♦✇✲♣❛ss ② ❤✐❣❤✲♣❛ss s♦♥ ♦rt♦❣♦♥❛❧❡s ② ♣♦r ❡♥❞❡ t❛♠❜✐é♥ ❧❛s
s✉❝❡s✐♦♥❡s ❢♦r♠❛❞❛s ♣♦r ❧♦s ❝♦❡✜❝✐❡♥t❡s ✐♥t❡r❡s❝❛❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ✜❧tr♦ ❧♦✇✲♣❛s ② ❛❧
✜❧tr♦ ❤✐❣❤✲♣❛s✳
❉❡♠♦str❛❝✐ó♥✳ ❊♠♣❡③❛r❡♠♦s ♠♦str❛♥❞♦ ❧❛ ♦rt♦❣♦♥❛❧✐❞❛❞ ❞❡ {H
k
} ② {h
k
}✱ r❡❝♦r❞❡♠♦s
q✉❡ φ ∈ V0 ② ψ ∈ W0 ② ❝♦♠♦ W0 ❡s ❡❧ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞❡ V0 ❡♥ V1✱ s❡ ❝✉♠♣❧❡
〈ψ, φ〉
2
= 0✱ ❆❞❡♠ás
〈ψ, φ〉
2
=
〈∑
k∈Z
H
k
φ
1,k
,
∑
s∈Z
hsφ1,s
〉
2
=
∑
k∈Z
∑
s∈Z
H
k
hs
〈
φ
1,k
, φ1,s
〉
2
=
∑
k∈Z
H
k
h
k
= 〈{H
k
}, {h
k
}〉
ℓ
2
.
❊♥t♦♥❝❡s t❡♥❡♠♦s q✉❡ 〈{H
k
}, {h
k
}〉 = 0✱ ❡st♦ ❡s✱ ❧❛s s✉❝❡s✐♦♥❡s {H
k
} ② {h
k
} s♦♥ ♦rt♦❣♦✲
♥❛❧❡s✳ ❆❤♦r❛ ♥♦t❡♠♦s q✉❡
〈
m
φ
,M
φ
〉
2
=
〈
1√
2
∑
k∈Z
h
k
e−ixk,
1√
2
∑
s∈Z
Hse
−ixs
〉
2
=
∑
k∈Z
∑
s∈Z
h
k
Hs
〈
1√
2
e−ixk,
1√
2
e−ixs
〉
2
,
❝♦♠♦
{
1√
2
e−ixk
}
k∈Z
❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ L
2
([−1, 1])✱ ❡♥t♦♥❝❡s
〈
m
φ
,M
φ
〉
2
=
∑
k∈Z
h
k
H
k
= 〈{h
k
}, {H
k
}〉
ℓ
2
= 0.
❊s ❞❡❝✐r✱ ❧♦s ✜❧tr♦s s♦♥ ♦rt♦❣♦♥❛❧❡s✳
✽✸
✻✳✷ ❆❧❣♦r✐t♠♦s ❇❛s❛❞♦s ❡♥ ❖♥❞í❝✉❧❛s
✻✳✷✳✶ ❖♣❡r❛❞♦r❡s ❆♣r♦①✐♠❛❝✐ó♥ ② ❉❡t❛❧❧❡
❉❡✜♥✐❝✐ó♥ ✻✳✸ ❙❡❛♥ φ ② ψ ❧❛ ♦♥❞í❝✉❧❛ ♣❛❞r❡ ② ❧❛ ♦♥❞í❝✉❧❛ ♠❛❞r❡ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛s♦✲
❝✐❛❞♦s ❛❧ ❆▼❘ {Vj}j∈Z✱ ❡♥t♦♥❝❡s ♣❛r❛ j, k ∈ Z t❡♥❡♠♦s
φ
j,k
(x) = 2j/2φ
(
2jx− k) .
ψ
j,k
(x) = 2j/2ψ
(
2jx− k) .
❙❡❛ ❧❛ ❢✉♥❝✐ó♥ f ∈ L2(R) ♣❛r❛ ❧❛ ❝✉❛❧ ❞❡✜♥✐♠♦s s✉s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❡s❝❛❧❛ ❝♦♠♦
c
j,k
=
〈
f, φ
j,k
〉
2
=
∫
R
f(x)φ
j,k
(x)dx,
② s✉s ❝♦❡✜❝✐❡♥t❡s ❞❡ ♦♥❞í❝✉❧❛ ❝♦♠♦ ❧❛ ❚❉❖ ❞❡ f ❡♥ ❝❛❞❛ i, j ∈ Z✱ ❡s ❞❡❝✐r
d
j,k
= Tψ
j,k
(f) =
∫
R
f(x)ψ
j,k
(x)dx.
❉❡✜♥✐❝✐ó♥ ✻✳✹ P❛r❛ ❝❛❞❛ j ∈ Z✱ ❞❡✜♥✐♠♦s ❡❧ ♦♣❡r❛❞♦r ❛♣r♦①✐♠❛❝✐ó♥ ❝♦♠♦ ❧❛ ♣r♦②❡❝❝✐ó♥
♦rt♦♥♦r♠❛❧ ❡♥ Vj ✱ ❡st♦ ❡s Pj : X ⊆ L
2
(R)→ Vj ❞❡✜♥✐❞♦ ❝♦♠♦
Pjf =
∑
k∈Z
〈
f, φ
j,k
〉
2
φ
j,k
.
▲❡♠❛ ✻✳✶ ❊❧ ♦♣❡r❛❞♦r ❛♣r♦①✐♠❛❝✐ó♥ ❝✉♠♣❧❡ ❝♦♥ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s
✐✳ Pj ❡s ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ❡♥ L
2
(R)✳
✐✐✳ Pj ❡s ✐❞❡♠♣♦t❡♥t❡✱ ❡st♦ ❡s P
2
j = Pj ✳
✐✐✐✳ ❉❛❞♦ ❧♦s ❡♥t❡r♦s j, k ❝♦♥ j < k✱ ② g ∈ Vj ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡ Pkg = g✳
✐✈✳ ❙❡❛ f ∈ L2(R) ② j ∈ Z ✜❥♦✱ ❡♥t♦♥❝❡s ‖Pjf‖2 ≤ ‖f‖2 ✳
❉❡♠♦str❛❝✐ó♥✳ ❊st❛s ♣r✉❡❜❛s ♣✉❡❞❡♥ r❡❛❧✐③❛rs❡ s✐♥ ❞✐✜❝✉❧t❛❞ ✉t✐❧✐③❛♥❞♦ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡❧
♦♣❡r❛❞♦r ❛♣r♦①✐♠❛❝✐ó♥ ② ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡❧ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦✳
Pr♦❜❡♠♦s ❧❛ ♣r♦♣✐❡❞❛❞ ✭■✮✿ s❡❛ f, g ∈ L2(R) ② α, β ∈ R✱ ❡♥t♦♥❝❡s t❡♥❡♠♦s
Pj (αf + βg) =
∑
k∈Z
〈
αf + βg, φ
j,k
〉
2
φ
j,k
= α
∑
k∈Z
〈
f, φ
j,k
〉
2
φ
j,k
+ β
∑
k∈Z
〈
g, φ
j,k
〉
2
φ
j,k
= αPjf + βPjg.
✽✹
Pr♦❜❡♠♦s ❧❛ ♣r♦♣✐❡❞❛❞ ✭■■✮✿ s❡❛ f ∈ L2(R) ❡♥t♦♥❝❡s
P 2
j
f = Pj
(
Pjf
)
P 2
j
f = Pj
(∑
k∈Z
〈
f, φ
j,k
〉
2
φ
j,k
)
=
∑
l∈Z
〈∑
k∈Z
〈
f, φ
j,k
〉
2
φ
j,k
, φ
j,l
〉
2
φ
j,l
=
∑
l∈Z
∑
k∈Z
〈
f, φ
j,k
〉
2
〈
φ
j,k
, φ
j,l
〉
2
φ
j,l
=
∑
l∈Z
〈
f, φ
j,l
〉
2
φ
j,l
= Pjf.
Pr♦❜❡♠♦s ❧❛ ♣r♦♣✐❡❞❛❞ ✭■■■✮✿ s❡❛ j < k ❡♥t♦♥❝❡s ♣♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡❧ ❆▼❘ t❡♥❡♠♦s q✉❡
Vj ⊂ Vk ② ❝♦♠♦ g ∈ Vj s❡ ❝✉♠♣❧❡ q✉❡ g ∈ Vk✱ ❛sí ♣♦❞❡♠♦s ❡s❝r✐❜✐r
g =
∑
r∈Z
αrφk,r .
❊♥t♦♥❝❡s s❡ ❝✉♠♣❧❡
P
k
g =
∑
s∈Z
〈
g, φ
k,s
〉
2
φ
k,s
=
∑
s∈Z
〈∑
r∈Z
αrφk,r , φk,s
〉
2
φ
k,s
=
∑
s∈Z
∑
r∈Z
αr
〈
φ
k,r
, φ
k,s
〉
2
φ
k,s
=
∑
r∈Z
αrφk,r = g.
Pr♦❜❡♠♦s ❧❛ ♣r♦♣✐❡❞❛❞ ✭■❱✮✿ s❡❛ f ∈ L2(R)✱
‖Pjf‖22 =
∫
R
∣∣Pjf(t)∣∣2 dt
=
∫
R
∣∣∣∣∣∑
k∈Z
〈
f, φ
j,k
〉
2
φ
j,k
(t)
∣∣∣∣∣
2
dt
❘❡❝♦r❞❡♠♦s q✉❡
L
2
(R) =
⊕
j∈Z
Wj ,
❧✉❡❣♦ ♣❛r❛ ❛❧❣ú♥ j ✜❥♦✱ s❡ ❝✉♠♣❧❡
L
2
(R) = Vj
⊕
Wj
⊕
Wj+1
⊕
Wj+2 · · ·︸ ︷︷ ︸
V ⊥j
✽✺
❙❡❛ {δk} ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V ⊥j ✱ ❡♥t♦♥❝❡s
‖Pjf‖22 ≤
∫
R
∣∣∣∣∣∑
k∈Z
〈
f, φ
j,k
〉
2
φ
j,k
(t) +
∑
k∈Z
〈f, δk〉2 δk
∣∣∣∣∣
2
dt = ‖f‖2
2
.
❆sí t❡r♠✐♥❛♠♦s ❡st❛ ❞❡♠♦str❛❝✐ó♥✳
▲❡♠❛ ✻✳✷ ❙❡❛ f ∈ L2(R) ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡
✐✳ lim
j→∞
∥∥Pjf − f∥∥2 = 0✳
✐✐✳ lim
j→−∞
∥∥Pjf∥∥2 = 0✳
❉❡♠♦str❛❝✐ó♥✳ ❊st♦s r❡s✉❧t❛❞♦s s♦♥ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ q✉❡ {Vj}j∈Z ❡s ✉♥ ❆▼❘ ② ❞❡ ❧❛s
♣r♦♣✐❡❞❛❞❡s ❞❡❧ ♦♣❡r❛❞♦r ❛♣r♦①✐♠❛❝✐ó♥✳
Pr♦❜❡♠♦s ❡❧ ❡♥✉♥❝✐❛❞♦ ✭■✮✳ ❙❡❛ ε > 0✱ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✺✳✶✐✐ t❡♥❡♠♦s q✉❡ ❡①✐st❡♥ p ∈ Z ②
g ∈ Vp t❛❧ q✉❡
‖f − g‖
2
<
ε
2
. ✭✻✳✸✮
❙❡❛ j ∈ Z t❛❧ q✉❡ j > p ❡♥t♦♥❝❡s ♣♦r ❡❧ ▲❡♠❛ ✻✳✶ t❡♥❡♠♦s q✉❡ Pjg = g ♣❛r❛ t♦❞♦ j > p✱
❡♥t♦♥❝❡s ♣❛r❛ j > p s❡ ❝✉♠♣❧❡
∥∥Pjf − f∥∥2 = ∥∥Pjf − Pjg − f + g∥∥2
≤ ∥∥Pjf − Pjg∥∥2 + ‖−f + g‖2
≤ ∥∥Pj (f − g)∥∥2 + ‖f − g‖2
≤ ∥∥Pj∥∥ ‖f − g‖2 + ‖f − g‖2 .
❆❤♦r❛ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✷✳✶✵✐✐✐ t❡♥❡♠♦s ♣❛r❛ j > p
∥∥Pjf − f∥∥2 ≤ 2 ‖f − g‖2
▲✉❡❣♦ ❞❡ ✭✻✳✸✮ t❡♥❡♠♦s ∥∥Pjf − f∥∥2 ≤ ε.
❊st♦ ❡s
lim
j→∞
∥∥Pjf − f∥∥2 = 0.
▲❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❡♥✉♥❝✐❛❞♦ ✭■■✮ ❡s ❧❛ ♠✐s♠❛ ❞❡♠♦str❛❝✐ó♥ q✉❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✺✳✹✱ ❧❛
❝✉❛❧ s❡ ✈✐♦ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳
✽✻
❉❡✜♥✐❝✐ó♥ ✻✳✺ P❛r❛ ❝❛❞❛ j ∈ Z ❞❡✜♥✐♠♦s ❡❧ ♦♣❡r❛❞♦r ❞❡t❛❧❧❡ Qj ❝♦♠♦ ❧❛ ♣r♦②❡❝❝✐ó♥
♦rt♦♥♦r♠❛❧ ❡♥ Wj ✱ ❡st♦ ❡s Qj : X ⊆ L
2
(R)→Wj ❞❡✜♥✐❞♦ ❝♦♠♦
Qjf =
∑
k∈̥
〈
f, ψ
j,k
〉
2
ψ
j,k
.
▲❡♠❛ ✻✳✸ ❊❧ ♦♣❡r❛❞♦r ❞❡t❛❧❧❡ ❝✉♠♣❧❡ ❝♦♥ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s
✐✳ Qj ❡s ❧✐♥❡❛❧✳
✐✐✳ Qj ❡s ✐❞❡♠♣♦t❡♥t❡✳
✐✐✐✳ ❙❡❛♥ j, k ∈ Z ❝♦♥ j 6= k ② f ∈Wj ❡♥t♦♥❝❡s Qjf = 0✳
✐✈✳ ❙❡❛ f ∈ L2(R) ② j ∈ Z ✜❥♦✱ ❡♥t♦♥❝❡s ‖Qjf‖2 ≤ ‖f‖2✳
❉❡♠♦str❛❝✐ó♥✳ ❊st❛s ♣r✉❡❜❛s ♣✉❡❞❡♥ r❡❛❧✐③❛rs❡ s✐♥ ❞✐✜❝✉❧t❛❞ ✉t✐❧✐③❛♥❞♦ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡❧
♦♣❡r❛❞♦r ❞❡t❛❧❧❡✱ s✐❣✉✐❡♥❞♦ ❡❧ ♠✐s♠♦ ♣r♦❝❡❞✐♠✐❡♥t♦ q✉❡ ♣❛r❛ ❡❧ ♦♣❡r❛❞♦r ❛♣r♦①✐♠❛❝✐ó♥✳
❙❡❛ f, g ∈ L2(R) ② α, β ∈ R✱ ❡♥t♦♥❝❡s t❡♥❡♠♦s
Qj (αf + βg) =
∑
k∈Z
〈
αf + βg, ψ
j,k
〉
2
ψ
j,k
= α
∑
k∈Z
〈
f, ψ
j,k
〉
2
ψ
j,k
+ β
∑
k∈Z
〈
g, ψ
j,k
〉
2
ψ
j,k
= αQjf + βQjg.
❧♦ ❝✉❛❧ ♣r✉❡❜❛ ❧❛ ♣r♦♣✐❡❞❛❞ (I)✳ P❛r❛ ♣r♦❜❛r ❧❛ ❝♦♥❞✐❝✐ó♥ (II)✱ ❝♦♥s✐❞❡r❡♠♦s f ∈ L2(R)
❡♥t♦♥❝❡s
Q2
j
f = Qj
(
Qjf
)
= Qj
(∑
k∈Z
〈
f, ψ
j,k
〉
2
ψ
j,k
)
=
∑
l∈Z
〈∑
k∈Z
〈
f, ψ
j,k
〉
2
ψ
j,k
, ψ
j,l
〉
2
ψ
j,l
=
∑
l∈Z
∑
k∈Z
〈
f, ψ
j,k
〉
2
〈
ψ
j,k
, ψ
j,l
〉
2
ψ
j,l
=
∑
l∈Z
〈
f, ψ
j,l
〉
2
ψ
j,l
= Qjf.
▲♦ ❝✉❛❧ ♣r✉❡❜❛ (II)✳ ❆❤♦r❛✱ ♣r♦❜❡♠♦s ❧❛ ♣r♦♣✐❡❞❛❞ (III)✳ ❙❡❛ j 6= k ❡♥t♦♥❝❡s Wj⊥Wk ②
❝♦♠♦ f ∈Wj s❡ ❝✉♠♣❧❡ f =
∑
r∈Z
αrψj,r ✱ ❧✉❡❣♦
Q
k
f =
∑
s∈Z
〈
f, ψ
k,s
〉
2
ψ
k,s
,
✽✼
❡♥t♦♥❝❡s
=
∑
s∈Z
〈∑
r∈Z
αrψj,r , ψk,s
〉
2
ψ
k,s
=
∑
s∈Z
∑
r∈Z
αs
〈
ψj,r , ψk,s
〉
2
ψ
k,s
= 0.
❋✐♥❛❧♠❡♥t❡✱ ♣r♦❜❡♠♦s ❧❛ ♣r♦♣✐❡❞❛❞ (IV )✳ ❙❡❛ f ∈ L2(R) ❡♥t♦♥❝❡s
‖Qjf‖22 =
∫
R
∣∣Qjf(t)∣∣2 dt
=
∫
R
∣∣∣∣∣∑
k∈Z
〈
f, ψ
j,k
〉
2
ψ
j,k
(t)
∣∣∣∣∣
2
dt
❘❡❝♦r❞❡♠♦s q✉❡
L
2
(R) =
⊕
j∈Z
Wj ,
❧✉❡❣♦ ♣❛r❛ ❛❧❣ú♥ j ✜❥♦✱ s❡ ❝✉♠♣❧❡
L
2
(R) = Wj
⊕
· · ·Wj−2
⊕
Wj−1
⊕
Wj+1
⊕
Wj+2 · · ·︸ ︷︷ ︸
W⊥j
❙❡❛ {δk} ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ W⊥j ✱ ❡♥t♦♥❝❡s
‖Qjf‖22 ≤
∫
R
∣∣∣∣∣∑
k∈Z
〈
f, ψ
j,k
〉
2
ψ
j,k
(t) +
∑
k∈Z
〈f, δk〉2 δk(t)
∣∣∣∣∣
2
dt = ‖f‖2
2
.
❊st♦ t❡r♠✐♥❛ ❧❛ ❞❡♠♦str❛❝✐ó♥✳
❖❜s❡r✈❛❝✐ó♥ ✻✳✶ ❘❡❝♦r❞❡♠♦s q✉❡ ♣❛r❛ ✉♥ ❆▼❘ s❡ ❝✉♠♣❧❡ Vj ⊂ Vj+1 ♣❛r❛ t♦❞♦ j ∈ Z✱
❡♥t♦♥❝❡s ♣❛r❛ f ∈ L2(R)✱ t❡♥❡♠♦s Pjf ∈ Vj ♣❛r❛ ❡❧ ❝✉❛❧ s❡ ❝✉♠♣❧❡
Pjf = Pj−1f +Qj−1f ♣❛r❛ t♦❞♦ j ∈ Z,
❡st♦ ❡s
Qj−1 = Pj − Pj−1 ♣❛r❛ t♦❞♦ j ∈ Z.
✻✳✷✳✷ ❆❧❣♦r✐t♠♦ ❞❡ ❉❡s❝♦♠♣♦s✐❝✐ó♥ ♣♦r ❖♥❞í❝✉❧❛s
❙❡❛ {Vj}j∈Z ✉♥ ❆▼❘ ❝♦♥ ❢✉♥❝✐ó♥ ❡s❝❛❧❛ ❛s♦❝✐❛❞❛ φ✱ s❛❜❡♠♦s q✉❡ {φj,k} ② {ψj,k}✱ ❣❡♥❡r❛❞♦s
r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r ❧❛ ♦♥❞í❝✉❧❛ ♣❛❞r❡ φ ② ❧❛ ♦♥❞í❝✉❧❛ ♠❛❞r❡ ψ✱ s♦♥ ❜❛s❡s ♦rt♦♥♦r♠❛❧❡s ❞❡
Vj ② Wj r❡s♣❡❝t✐✈❛♠❡♥t❡✳
✽✽
❙❡❛ f ∈ V0 ❧❛ ❢✉♥❝✐ó♥ ❛ ❞❡s❝♦♠♣♦♥❡r✱ ❛❧ s❡r {φ0,k} ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V0 t❡♥❡♠♦s
f =
∑
k∈Z
c
0,k
φ
0,k
❞♦♥❞❡ c
0,k
=
〈
f, φ
0,k
〉
2
. ✭✻✳✹✮
◆♦t❡♠♦s q✉❡ f ♣❡rt❡♥❡❝❡ ❛❧ ♥✐✈❡❧ ✐♥✐❝✐❛❧ ❞❡ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ (i = 0)✱ ❡♥ ❡❧ s✐❣✉✐❡♥t❡
♥✐✈❡❧ ❞❡ ♠❡♥♦r r❡s♦❧✉❝✐ó♥ ❡①✐st❡♥ ❞♦s s✉❜❡s♣❛❝✐♦s ♠✉t✉❛♠❡♥t❡ ♦rt♦❣♦♥❛❧❡s ❡st♦ ❡s V0 =
V−1
⊕
W−1 ✱ ♣❛r❛ ❧♦s ❝✉❛❧❡s {φ−1,k} ② {ψ−1,k} s♦♥ ❜❛s❡s ♦rt♦❣♦♥❛❧❡s r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥✲
t♦♥❝❡s ❡①✐st❡ ✉♥❛ ú♥✐❝❛ ❢♦r♠❛ ❞❡ ❞❡s❝♦♠♣♦♥❡r f ❝♦♠♦ ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡ ❢✉♥❝✐♦♥❡s
❡♥ V−1 ② W−1 ✱ ❡s ❞❡❝✐r
f =
(
P−1 +Q−1
)
f,
❞♦♥❞❡ P−1 ❡s ❧❛ ♣r♦②❡❝❝✐ó♥ ♦rt♦♥♦r♠❛❧ ❞❡ f ❡♥ V−1 ② Q−1 ❡s ❧❛ ♣r♦②❡❝❝✐ó♥ ♦rt♦♥♦r♠❛❧ ❞❡
f ❡♥ W−1✱ ❡♥t♦♥❝❡s t❡♥❡♠♦s
P−1f =
∑
k∈Z
c
−1,k
φ
−1,k
❞♦♥❞❡ c
−1,k
= 〈P−1f, φ−1,k〉
2
. ✭✻✳✺✮
Q−1f =
∑
k∈Z
d
−1,k
ψ
−1,k
❞♦♥❞❡ d
−1,k
= 〈Q−1f, ψ−1,k〉
2
. ✭✻✳✻✮
◆♦t❡♠♦s q✉❡ P−1 ❡s ❡❧ ♦♣❡r❛❞♦r ❛♣r♦①✐♠❛❝✐ó♥ ❡♥ j = −1 ② Q−1 ❡s ❡❧ ♦♣❡r❛❞♦r ❞❡t❛❧❧❡
❡♥ j = −1✱ ❛sí ♠✐s♠♦ c
−1,k
✱ d
−1,k
s♦♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❡s❝❛❧❛ ② ❝♦❡✜❝✐❡♥t❡s ❞❡ ♦♥❞í❝✉❧❛
r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡♥ j = −1✳
❆❞❡♠ás P−1 ② Q−1 s♦♥ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡❧ ❖♣❡r❛❞♦r ❆♣r♦①✐♠❛❝✐ó♥ ② ❡❧ ❖♣❡r❛❞♦r ❉❡t❛❧❧❡
❡♥ j = −1✱ ❛sí ♠✐s♠♦ c
−1,k
② d
−1,k
s♦♥ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❡s❝❛❧❛ ② ❧♦s
❝♦❡✜❝✐❡♥t❡s ❞❡ ♦♥❞í❝✉❧❛ ❡♥ j = −1✳
◆♦t❡♠♦s q✉❡
〈
P−1f, φ−1,k
〉
2
=
〈
P−1f, φ−1,k
〉
2
+ 0
=
〈
P−1f, φ−1,k
〉
2
+
〈
Q−1f, φ−1,k
〉
2
=
〈
P−1f +Q−1f, φ−1,k
〉
2
.
▲✉❡❣♦ 〈
P−1f, φ−1,k
〉
2
=
〈
f, φ
−1,k
〉
2
. ✭✻✳✼✮
❘❡❡♠♣❧❛③❛♥❞♦ ✭✻✳✼✮ ❡♥ ✭✻✳✺✮ ② ❞❡ ✭✻✳✹✮ t❡♥❡♠♦s
c
−1,k
=
〈
f, φ
−1,k
〉
2
=
〈∑
n∈Z
c0,nφ0,n , φ−1,k
〉
2
.
❊st♦ ❡s
c
−1,k
=
∑
n∈Z
〈
φ0,n , φ−1,k
〉
2
c0,n , ✭✻✳✽✮
✽✾
❞♦♥❞❡
〈
φ0,n , φ−1,k
〉
2
=
∫ ∞
−∞
φ0,n(t)φ−1,k(t)dt
=
∫ ∞
−∞
φ(t− n)2−1/2φ(2−1t− k)dt,
❤❛❝✐❡♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ u = t2 − k✱ ♦❜t❡♥❡♠♦s
〈
φ0,n , φ−1,k
〉
2
= 2−1/2
∫ ∞
−∞
φ(2(u+ k)− n)φ(u)2du
= 21/2
∫ ∞
−∞
φ(2u− (n− 2k))φ(u)du,
✉t✐❧✐③❛♥❞♦ ❧❛ r❡❧❛❝✐ó♥ t✇♦✲s❝❛❧❡ ✭✻✳✶✮ ♦❜t❡♥❡♠♦s
〈
φ0,n , φ−1,k
〉
2
= 21/2
∫ ∞
−∞
φ(2u− (n− 2k))
∑
l∈Z
h
l
φ
1,l
(u)du
= 2
∑
l∈Z
h
l
∫ ∞
−∞
φ(2u− (n− 2k))φ(2u− l)du
= 2
∑
l∈Z
h
l
〈φ(2 · −(n− 2k)), φ(2 · −l)〉 = 2h
n−2k
.
▲✉❡❣♦ 〈
φ0,n , φ−1,k
〉
2
= 2h
n−2k
. ✭✻✳✾✮
❘❡❡♠♣❧❛③❛♥❞♦ ✭✻✳✾✮ ❡♥ ✭✻✳✽✮ ♦❜t❡♥❡♠♦s
c
−1,k
= 2
∑
n∈Z
h
n−2k
c0,n .
▲❛ s✉❝❡s✐ó♥ {c
−1,k
} ❝♦♥t✐❡♥❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ f ❡♥ ❧❛ ❜❛s❡ {φ−1,k}
❞❡ V−1 ② ❛❞❡♠ás r❡♣r❡s❡♥t❛ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ❧♦s ❞❛t♦s ♦r✐❣✐♥❛❧❡s {c0,k}✳
❆♥á❧♦❣❛♠❡♥t❡ ♦❜t❡♥❡♠♦s
d
−1,k
=
〈
Q−1f, ψ−1,k
〉
2
=
〈
f, ψ
−1,k
〉
2
=
∑
n∈Z
〈
φ0,n , ψ−1,k
〉
2
c0,n ,
❝♦♥ 〈
φ0,n , ψ−1,k
〉
2
= 2H
n−2k
.
❊st♦ ❡s
d
−1,k
= 2
∑
n∈Z
H
n−2k
c0,n .
▲❛ s✉❝❡s✐ó♥ {d
−1,k
} ❝♦♥t✐❡♥❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ f ❡♥ ❧❛ ❜❛s❡ {ψ−1,k}
❞❡ W−1 ② ❛❞❡♠ás r❡♣r❡s❡♥t❛ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❞❡ ❞❡t❛❧❧❡ ❞❡ ❧♦s ❞❛t♦s ♦r✐❣✐♥❛❧❡s {c0,k}✳
✾✵
▲❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❡♥ ❡s♣❛❝✐♦s ❞❡ ♠❡♥♦r r❡s♦❧✉❝✐ó♥ s❡ ♣✉❡❞❡ ❝♦♥t✐♥✉❛r t❛♥t♦ ❝♦♠♦ s❡ ❞❡s❡❡✱
❛sí ❣❡♥❡r❛❧✐③❛♥❞♦ ♣❛r❛ ❛❧❣ú♥ i = 0,−1,−2, · · · ✱ t❡♥❡♠♦s
Pif = Pi−1f +Qi−1f
=
∑
k∈Z
〈
Pif, φi−1,k
〉
2
φ
i−1,k
+
∑
k∈Z
〈
Pif, ψi−1,k
〉
2
ψ
i−1,k
=
∑
k∈Z
〈
f, φ
i−1,k
〉
2
φ
i−1,k
+
∑
k∈Z
〈
f, ψ
i−1,k
〉
2
ψ
i−1,k
=
∑
k∈Z
c
i−1,k
φ
i−1,k
+
∑
k∈Z
d
i−1,k
ψ
i−1,k
.
❊st♦ ❡s
Pif =
∑
k∈Z
c
i−1,k
φ
i−1,k
+
∑
k∈Z
d
i−1,k
ψ
i−1,k
,
❝♦♥
c
i−1,k
=
∑
n∈Z
〈
φi,n , φi−1,k
〉
2
ci,n ,
d
i−1,k
=
∑
n∈Z
〈
φi,n , ψi−1,k
〉
2
ci,n .
❆♥á❧♦❣❛♠❡♥t❡ ❛ ✭✻✳✾✮ ♦❜t❡♥❡♠♦s
〈
φi,n , φi−1,k
〉
2
= 2h
n−2k
, ✭✻✳✶✵✮
〈
φi,n , ψi−1,k
〉
2
= 2H
n−2k
, ✭✻✳✶✶✮
❧✉❡❣♦
c
i−1,k
= 2
∑
n∈Z
h
n−2k
ci,n ,
d
i−1,k
= 2
∑
n∈Z
H
n−2k
ci,n .
❉❡ ❡st❛ ♠❛♥❡r❛ s✐ ✐t❡r❛♠♦s ❤❛st❛ ✉♥ ♥✐✈❡❧ i = −M ✱ t❡♥❞r❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥
❞❡ f
f = P−M f +Q−M f +Q−M+1f + · · ·+Q−1f
= P−M f +
−1∑
i=−M
Qif = P−M f +
M∑
i=1
Q−if
=
∑
k∈Z
c
−M,k
φ
−M,k
+
M∑
i=1
∑
k∈Z
d
−i,k
ψ
−i,k
= 2
−M/2
∑
k∈Z
c
−M,k
φ(2−M t− k) +
M∑
i=1
∑
k∈Z
d
−i,k
2
−i/2
ψ(2−it− k).
✾✶
▲✉❡❣♦
f = 2
−M/2
∑
k∈Z
c
−M,k
φ(2−M t− k) +
M∑
i=1
∑
k∈Z
d
−i,k
2
−i/2
ψ(2−it− k).
❊st❡ ❛❧❣♦r✐t♠♦ t❛♠❜✐é♥ ❡s ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❛❧❣♦r✐t♠♦ ♣✐r❛♠✐❞❛❧ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥✳ ❊▲
❛❧❣♦r✐t♠♦ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ② r❡❝♦♥str✉❝❝✐ó♥ ♣♦r ♦♥❞í❝✉❧❛s r❡❝✐❜❡♥ ❧❛ ❞❡♥♦♠✐♥❛❝✐ó♥ ❞❡
❛❧❣♦r✐t♠♦s ♣✐r❛♠✐❞❛❧❡s ②❛ q✉❡ s♦♥ ❧❛ ✈❡rs✐ó♥ ❡♥ ♦♥❞í❝✉❧❛s ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ♣✐r❛♠✐❞❛❧❡s
❞❡s❛rr♦❧❧❛❞♦s ♣♦r P❡t❡r ❇✉rt ② ❊❞✇❛r ❆❞❡❧s♦♥✳
❋✐❣✉r❛ ✻✳✶✿ ❊sq✉❡♠❛ ❞❡❧ ❆❧❣♦r✐t♠♦ ❞❡ ❉❡s❝♦♠♣♦s✐❝✐ó♥ ♣♦r ❖♥❞í❝✉❧❛s
❉❡✜♥✐❝✐ó♥ ✻✳✻ ▲❛ s❡r✐❡ ∑
j∈Z
∑
k∈Z
c
j,k
ψ
j,k
(t)
❡s ❧❧❛♠❛❞❛ s❡r✐❡ ❞❡ ♦♥❞í❝✉❧❛s ❞❡ f ✳ ❨ ❧❛ ❡①♣r❡s✐ó♥
f =
∑
j∈Z
∑
k∈Z
d
j,k
ψ
j,k
(t)
❊s ❧❧❛♠❛❞❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❡♥ ♦♥❞í❝✉❧❛s ❞❡ f ✳
✻✳✷✳✸ ❆❧❣♦r✐t♠♦ ❞❡ ❘❡❝♦♥str✉❝❝✐ó♥ ♣♦r ❖♥❞í❝✉❧❛s
❉❡ ♠❛♥❡r❛ ✐♥✈❡rs❛ ❛ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥✱ ❧❛ s✉❝❡s✐ó♥ ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛ s❡ñ❛❧ ♦r✐❣✐♥❛❧ {c0,n}
♣✉❡❞❡ s❡r r❡❝♦♥str✉✐❞❛ ❛ ♣❛rt✐r ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ♦♥❞í❝✉❧❛ {di,n} ② ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡
❡s❝❛❧❛ {ci,n} ❝♦♥ −M ≤ i < 0✱ ❞♦♥❞❡ i = −M ❡s ❡❧ ♥✐✈❡❧ ❞❡ ♠❡♥♦r r❡s♦❧✉❝✐ó♥✱ t❡♥✐❡♥❞♦
❡♥ ❝✉❡♥t❛ ❧❛s ❡①♣r❡s✐♦♥❡s ♦❜t❡♥✐❞❛s ❡♥ ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ♣♦r ♦♥❞í❝✉❧❛s✳ ▲❛
❛♣r♦①✐♠❛❝✐ó♥ ❞✐s❝r❡t❛ {ci+1,n} ❡♥ ❡❧ ♣ró①✐♠♦ ♥✐✈❡❧ ❞❡ ♠❛②♦r r❡s♦❧✉❝✐ó♥ ♣✉❡❞❡ s❡r ♦❜t❡♥✐❞❛
❝♦♠♦
ci+1,n =
〈
Pi+1f, φi+1,n
〉
2
=
〈
Pif +Qif, φi+1,n
〉
2
=
〈
Pif, φi+1,n
〉
2
+
〈
Qif, φi+1,n
〉
2
,
=
〈∑
k∈Z
c
i,k
φ
i,k
, φi+1,n
〉
2
+
〈∑
k∈Z
d
i,k
ψ
i,k
, φi+1,n
〉
2
✾✷
❧✉❡❣♦
ci+1,n =
∑
k∈Z
c
i,k
〈
φ
i,k
, φi+1,n
〉
2
+
∑
k∈Z
d
i,k
〈
ψ
i,k
, φi+1,n
〉
2
=
∑
k∈Z
c
i,k
〈
φi+1,n , φi,k
〉
2
+
∑
k∈Z
d
i,k
〈
φi+1,n , ψi,k
〉
2
,
r❡❡♠♣❧❛③❛♥❞♦ ✭✻✳✶✵✮ ② ✭✻✳✶✶✮✱ ♦❜t❡♥❡♠♦s ❧❛ r❡❝♦♥str✉❝❝✐ó♥ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❡s❝❛❧❛
ci+1,n = 2
∑
k∈Z
c
i,k
hn−2k + 2
∑
k∈Z
d
i,k
Hn−2k. ✭✻✳✶✷✮
❙✐ ❞❡✜♥✐♠♦s ❧♦s ♦♣❡r❛❞♦r❡s A ② B ❝♦♠♦
A(α
k
) = 2
∑
k∈Z
h
n−2k
α
k
.
B(α
k
) = 2
∑
k∈Z
H
n−2k
α
k
.
❊♥t♦♥❝❡s ♣♦❞❡♠♦s r❡❡s❝r✐❜✐r ✭✻✳✶✷✮✱ ❝♦♠♦
ci+1,n = Aci,n +Bdi,n . ✭✻✳✶✸✮
P❛r❛ r❡❝♦♥str✉✐r ❧♦s ❞❛t♦s {c
0,k
}k∈Z ❡♠♣❡③❛♠♦s ❝♦♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❡♥ ❡❧ ♥✐✈❡❧ ❞❡ ♠ás
❜❛❥❛ r❡s♦❧✉❝✐ó♥ i = −M ✱ ❡♥t♦♥❝❡s ❛♣❧✐❝❛♠♦s ✭✻✳✶✸✮ ❛ {c
−M,k
}k∈Z✱ ❛sí t❡♥❡♠♦s
c−M+1,n = Bd−M,n +Ac−M,n . ✭✻✳✶✹✮
◆♦t❡♠♦s q✉❡
{
c
−M+1,k
}
k∈Z ❝♦rr❡s♣♦♥❞❡ ❛ ❧♦s ❞❛t♦s ❡♥ ❡❧ ♥✐✈❡❧ i = −M+1✱ ❧✉❡❣♦ ❛♣❧✐❝❛♠♦s
✭✻✳✶✸✮ ❡♥ ✭✻✳✶✹✮ ♣❛r❛ ♦❜t❡♥❡r
{
c
−M+2,k
}
k∈Z q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧♦s ❞❛t♦s ❡♥ ❡❧ ♥✐✈❡❧ i =
−M + 2✱ ❡st♦ ❡s
c−M+2,n = Bd−M+1,n +Ac−M+1,n ,
r❡❡♠♣❧❛③❛♥❞♦ ✭✻✳✶✹✮ ♦❜t❡♥❡♠♦s
c−M+2,n = Bd−M+1,n +A
(
Bd−M,n +Ac−M,n
)
= Bd−M+1,n +ABd−M,n +A
2c−M,n .
❉❡ ❡st❛ ♠❛♥❡r❛ ♣♦❞❡♠♦s ❝♦♥t✐♥✉❛r ❤❛st❛ q✉❡ ❧♦s ❞❛t♦s ♦r✐❣✐♥❛❧❡s {c
0,k
}k∈Z s♦♥ r❡❝♦♥str✉✲
✐❞♦s✱ ❛sí t❡♥❡♠♦s ❧❛ ❢ór♠✉❧❛ ♣❛r❛ ❧❛ r❡❝♦♥str✉❝❝✐ó♥ ❞❡ ❧♦s ❞❛t♦s ♦r✐❣✐♥❛❧❡s
c0,n = Bd−1,n +
M∑
i=2
Ai−1Bd−i,n +A
Mc−M,n .
✾✸
❋✐❣✉r❛ ✻✳✷✿ ❊sq✉❡♠❛ ❞❡❧ ❆❧❣♦r✐t♠♦ ❞❡ ❘❡❝♦♥str✉❝❝✐ó♥ ♣♦r ❖♥❞í❝✉❧❛s
✻✳✸ ❚r❛♥s❢♦r♠❛❞❛ ❘á♣✐❞❛ ❞❡ ❖♥❞í❝✉❧❛ ✭❚❘❖✮
❊♥ ❡❧ ❝á❧❝✉❧♦ ♣rá❝t✐❝♦ ❞❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❉✐s❝r❡t❛ ❞❡ ❖♥❞í❝✉❧❛✱ ♣❛r❛ ✉♥❛ ♦♥❞í❝✉❧❛ ❝♦♥
s♦♣♦rt❡ ❝♦♠♣❛❝t♦✱ s❡ ✉t✐❧✐③❛♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s ✐♥t❡r❡s❝❛❧❛ h
k
② H
k
❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ✜❧tr♦
❧♦✇✲♣❛ss ② ❛❧ ✜❧tr♦ ❤✐❣❤✲♣❛ss✱ ❧♦s ❝✉❛❧❡s t✐❡♥❡♥ ✉♥ ♥ú♠❡r♦ ✜♥✐t♦✱ N ✱ ❞❡ ❝♦❡✜❝✐❡♥t❡s ♥♦
♥✉❧♦s✱ ❧♦s ❝✉❛❧❡s ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r ♠❛tr✐❝✐❛❧♠❡♥t❡[
h0 h1 h2 · · · hN−1
H0 H1 H2 · · · HN−1
]
2×N
✭✻✳✶✺✮
❉❡❜✐❞♦ ❛ ❧❛ ♦rt♦❣♦♥❛❧✐❞❛❞ ❞❡ ❧♦s ✜❧tr♦s✱ t❡♥❡♠♦s q✉❡
〈H
k
, h
k
〉
ℓ2
= 0,
❡♥t♦♥❝❡s ♣♦❞❡♠♦s ♦❜t❡♥❡r {H
k
} ❛ ♣❛rt✐r ❞❡ {h
k
}✱ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛
H
k
= (−1)kh
N−1−k
.
❆sí ❧❛ ♠❛tr✐③ ✭✻✳✶✺✮ ♣✉❡❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦[
h0 h1 h2 · · · hN−1
hN−1 −hN−2 hN−3 · · · −h0
]
2×N
✭✻✳✶✻✮
▲❛ ♠❛tr✐③ ✭✻✳✶✻✮ ❡s ❧❧❛♠❛❞❛ ▼❛tr✐③ ❞❡ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❖♥❞í❝✉❧❛✳ ❊st❛ ♠❛tr✐③ ♣✉❡❞❡ s❡r
✉t✐❧✐③❛❞❛ ♣❛r❛ ♦❜t❡♥❡r ❧❛ ♠❛tr✐③ ✜♥❛❧ ❝♦♥ ❧❛ ❝✉❛❧ s❡ ✐♠♣❧❡♠❡♥t❛ ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ❞❡s❝♦♠✲
♣♦s✐❝✐ó♥ ♣♦r ♦♥❞í❝✉❧❛s✳
❉❛❞♦ ❡❧ ✈❡❝t♦r ❞❡ ❞❛t♦s ✐♥✐❝✐❛❧❡s {f1 , f2 , f3 , · · · , fL}✱ ❞♦♥❞❡ L ❡s ✉♥ ♥✉♠❡r♦ ♥❛t✉r❛❧ ♣♦t❡♥❝✐❛
❞❡ ✷✱ ✐❧✉str❛r❡♠♦s ❧❛ ▼❛tr✐③ ❋✐♥❛❧ ❞❡ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❖♥❞í❝✉❧❛ ❝♦♥s✐❞❡r❛♥❞♦ N = 4✱ ②❛
q✉❡ ❡♥ ❣❡♥❡r❛❧ N << L✳
❊♠♣❡③❛♠♦s ❛✉♠❡♥t❛♥❞♦ ❧❛ ♠❛tr✐③ ✭✻✳✶✻✮ ❝♦♥ ❝❡r♦s ❤❛st❛ ♦❜t❡♥❡r ✉♥❛ ♠❛tr✐③ ❞❡ 2×L✱ ❞❡
❧❛ ❢♦r♠❛
✾✹
[
h0 h1 h2 h3 0 · · · 0
h3 −h2 h1 −h0 0 · · · 0
]
2×L
, ✭✻✳✶✼✮
❝♦♥ r❡♣❡t✐❝✐♦♥❡s tr❛s❧❛❞❛❞❛s ❞❡ ❧❛ ♠❛tr✐③ ✭✻✳✶✼✮ ❣❡♥❡r❛♠♦s ❧❛ ▼❛tr✐③ ❋✐♥❛❧ ❞❡ ❚r❛♥s❢♦r✲
♠❛❞❛ ❞❡ ❖♥❞í❝✉❧❛✱ t❛❧ ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ✭✻✳✶✽✮✳
◆♦t❡♠♦s q✉❡ ❧❛s ✜❧❛s ✐♠♣❛r❡s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ❝♦❡✜❝✐❡♥t❡s ✐♥t❡r✲❡s❝❛❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡s
❛❧ ✜❧tr♦ ❧♦✇✲♣❛ss✱ ② ❧❛s ✜❧❛s ♣❛r❡s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ❝♦❡✜❝✐❡♥t❡s ✐♥t❡r✲❡s❝❛❧❛ ❝♦rr❡s♣♦♥❞✐✲
❡♥t❡s ❛❧ ✜❧tr♦ ❤✐❣✲♣❛ss✱ ❡♥ ❝❛❞❛ ✜❧❛ ✐♠♣❛r✭♣❛r✮ ❧♦s ❡❧❡♠❡♥t♦s s♦♥ tr❛s❧❛❞❛❞♦s ❞♦s ❝♦❧✉♠♥❛s
❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ✜❧❛ ✐♠♣❛r✭♣❛r✮ ❛♥t❡r✐♦r✳
MF =


h
0
h
1
h
2
h
3
0 · · · 0 0
h
3
−h
2
h
1
−h
0
0 · · · 0 0
0 0 h
0
h
1
h
2
· · · 0 0
0 0 h
3
−h
2
h
1
· · · 0 0
✳✳✳
✳✳✳
✳✳✳
✳✳✳
✳✳✳
✳ ✳ ✳
✳✳✳
✳✳✳
h
2
h
3
0 0 0 · · · h
0
h
1
h
1
−h
0
0 0 0 · · · h
3
−h
2


L×L
✭✻✳✶✽✮
▲❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ♣♦r ♦♥❞í❝✉❧❛s ❡s ❝♦♠♣✉t❛❞❛ ♣♦r ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ♠❛tr✐③ ✭✻✳✶✽✮ ❛❧
✈❡❝t♦r ❞❡ ❞❛t♦s✱ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛


h
0
h
1
h
2
h
3
0 · · · 0 0
h
3
−h
2
h
1
−h
0
0 · · · 0 0
0 0 h
0
h
1
h
2
· · · 0 0
0 0 h
3
−h
2
h
1
· · · 0 0
✳✳✳
✳✳✳
✳✳✳
✳✳✳
✳✳✳
✳ ✳ ✳
✳✳✳
✳✳✳
h
2
h
3
0 0 0 · · · h
0
h
1
h
1
−h
0
0 0 0 · · · h
3
−h
2




f
1
f
2
f
3
f
4
✳✳✳
fL−1
fL


=


c
−1,1
d
−1,1
c
−1,2
d
−1,2
✳✳✳
c
−1,L/2
d
−1,L/2


❖❜t❡♥❡♠♦s ❧♦s ❝♦❡✜❝✐❡♥t❡s c
−1,k
② d
−1,k
❡♥ ❢♦r♠❛ ✐♥t❡r❝❛❧❛❞❛✱ ♣♦r ❧♦ q✉❡ s❡ ❞❡❜❡ r❡❛❧✐③❛r
✉♥❛ ♣❡r♠✉t❛❝✐ó♥ ♣❛r❛ s❡❣✉✐r ❛♣❧✐❝❛♥❞♦ ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥✱ ❡s ❞❡❝✐r


f
1
f
2
f
3
f
4
✳✳✳
fL−1
fL


MF
−→


c
−1,1
d
−1,1
c
−1,2
d
−1,2
✳✳✳
c
−1,L/2
d
−1,L/2


ordenar
−→


c
−1,1
c
−1,2
✳✳✳
c
−1,L/2
d
−1,1
d
−1,2
✳✳✳
d
−1,L/2


MF
−→


c
−2,1
d
−2,1
c
−2,2
d
−2,2
✳✳✳
c
−2,L/4
d
−2,L/4
d
−1,1
✳✳✳
d
−1,L/2


ordenar
−→


c
−2,1
c
−2,2
✳✳✳
c
−2,L/4
d
−2,1
d
−2,2
✳✳✳
d
−2,L/4
d
−1,1
✳✳✳
d
−1,L/2


MF
−→ · · ·
P❛r❛ ❝✉❛❧q✉✐❡r ✈❡❝t♦r ❞❡ ❞❛t♦s✱ ❡❧ ✈❡❝t♦r ❞❡ s❛❧✐❞❛ ❡♥ ❡❧ ♥✐✈❡❧ ❞❡ r❡s♦❧✉❝✐ó♥ ♠ás ❜❛❥♦ s❡rá
✾✺
s✐❡♠♣r❡ ✉♥ ✈❡❝t♦r ❝♦♥ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❛♣r♦①✐♠❛❝✐ó♥ c−M,1 ② c−M,2 ② ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❡
❞❡t❛❧❧❡ d−M,1 ② d−M,2 ✳
❆❤♦r❛ ✈❡❛♠♦s ❡❧ ♥ú♠❡r♦ ❞❡ ♦♣❡r❛❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ♣❛r❛ ❡❧ ❛❧❣♦r✐t♠♦ ♣✐r❛♠✐❞❛❧✱ ❡♥ ❡❧ ♣r✐♠❡r
♣❛s♦ ❞❡ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ s❡ r❡q✉✐❡r❡ 2NL ♠✉❧t✐♣❧✐❝❛❝✐♦♥❡s ② s✉♠❛s✱ ❡♥ ❧❛ s✐❣✉✐❡♥t❡ ❡t❛♣❛
❧❛ ❧♦♥❣✐t✉❞ ❞❡❧ ✈❡❝t♦r ❞❡ ❛♣r♦①✐♠❛❝✐ó♥ ❡stá r❡❞✉❝✐❞❛ ❛ N/2✱ ♣♦r ❧♦ t❛♥t♦ s❡ r❡q✉✐❡r❡♥ s♦❧♦
2(NL/2) ♠✉❧t✐♣❧✐❝❛❝✐♦♥❡s ② s✉♠❛s✳ ❊♥t♦♥❝❡s ❡❧ t♦t❛❧ ❞❡ ♦♣❡r❛❝✐♦♥❡s ❞❡ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥
♣♦r ♦♥❞í❝✉❧❛s ❡s
2
(
NL+
NL
2
+
NL
4
+ · · ·
)
= 2NL
(
1 +
1
2
+
1
4
+ · · ·
)
≈ 4NL.
❊❧ ♣r♦❝❡s♦ ❞❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❘á♣✐❞❛ ❞❡ ❖♥❞í❝✉❧❛ só❧♦ r❡q✉✐❡r❡ O(L) ♦♣❡r❛❝✐♦♥❡s✱ ❡st♦
❡s t♦❞❛✈í❛ ♠✉❝❤♦ ♠ás rá♣✐❞♦ q✉❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r✱ ❧❛ ❝✉❛❧ r❡q✉✐❡r❡ O(L log2L)
♦♣❡r❛❝✐♦♥❡s✳
❱✐st♦ ❞❡s❞❡ ❡❧ ❧❛❞♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ✉♥❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❛❞❡❝✉❛❞❛ ❞❡ ❧❛ ❚❘❖ ♣r♦❝❡s❛ ❧❛
✐♥❢♦r♠❛❝✐ó♥ ♠✉❝❤♦ ♠ás rá♣✐❞♦ q✉❡ ✉s❛♥❞♦ ❧❛ tr❛♥s❢♦r♠❛❞❛ rá♣✐❞❛ ❞❡ ❋♦✉r✐❡r ✭❚❘❋✮✱
❛❞❡♠ás q✉❡ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡ ❧❛ ♥❛t✉r❛❧❡③❛ ❞❡❧ ❆▼❘✱ ❡♥ ❣❡♥❡r❛❧✱ ❧♦s ❝♦❡✜❝✐❡♥t❡s ♥♦ ♥✉❧♦s
❡♥ ❧❛ ♠❛tr✐③ ❞❡ ❧❛ ❚❘❖ s♦♥ ♠✉❝❤♦ ♠❡♥♦r❡s q✉❡ ❡♥ ❧❛ ♠❛tr✐③ ❛s♦❝✐❛❞❛ ❛ ❧❛ ❚❘❋✳
✻✳✹ ❊❥❡♠♣❧♦s
❊❥❡♠♣❧♦ ✻✳✶ ✭❋✐❧tr♦ ❧♦✇✲♣❛ss ❛s♦❝✐❛❞♦ ❛❧ ❆▼❘ ❞❡ ❍❛❛r✮ ❊♥ ❡❧ ❊❥❡♠♣❧♦ ✺✳✷ s❡ ❝❛❧✲
❝✉❧❛r♦♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ✜❧tr♦ ❧♦✇✲♣❛ss ❛s♦❝✐❛❞♦ ❛❧ ❆▼❘ ❞❡ ❍❛❛r✱ ②❛ q✉❡ ♣❛rt✐❡♥❞♦ ❞❡
✭✻✳✶✮ ② ❞❡❧ ❤❡❝❤♦
φ(2x− k) = χ
[0,1〉
(2x− k) = χ
[ k2 ,
k+1
2 〉(x).
❙❡ ♦❜t✐❡♥❡
χ
[0,1〉
(x) =
1√
2
√
2χ
[0, 12〉(x) +
1√
2
√
2χ
[ 12 ,1〉(x).
❉❡ ❞♦♥❞❡ ♦❜t❡♥❡♠♦s ❧❛ s✉❝❡s✐ó♥ {h
k
} ❞❡✜♥✐❞❛ ❝♦♠♦
h
k
=

1√
2
, s✐ k = 0, 1
0 , ❞❡ ♦tr♦ ♠♦❞♦✳
❊♥t♦♥❝❡s ❡❧ ✜❧tr♦ ❧♦✇✲♣❛ss q✉❡❞❛ ❞❡✜♥✐❞♦ ❝♦♠♦
m
φ
(x) =
1√
2
∑
k∈Z
h
k
e−ixk
=
1√
2
(
h0e
0 + h1e
−ix)
=
1√
2
(
1√
2
+
1√
2
e−ix
)
=
1
2
(
1 + e−ix
)
.
✾✻
❊❥❡♠♣❧♦ ✻✳✷ ✭❋✐❧tr♦ ❤✐❣❤✲♣❛ss ❛s♦❝✐❛❞♦ ❛❧ ❆▼❘ ❞❡ ❍❛❛r✮ ▲❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ❡st❡
✜❧tr♦ ❡s ❞❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ ❛ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡❧ ✜❧tr♦ ❧♦✇✲♣❛ss✱ ❛sí ♣❛rt✐♠♦s ❞❡ ✭✻✳✷✮ ♣❛r❛
♦❜t❡♥❡r
ψ(x) =
∑
k∈Z
H
k
√
2χ
[ k2 ,
k+1
2 〉(x).
❊♥t♦♥❝❡s ❝♦♠♦ ψ = χ
[0, 12〉 − χ[ 12 ,1〉 ✱ ❧❛ s✉❝❡s✐ó♥ {Hk} q✉❡❞❛ ❞❡✜♥✐❞❛ ❝♦♠♦
H
k
=

1√
2
, s✐ k = 0
− 1√
2
, s✐ k = 1
0 , ❡♥ ♦tr♦ ❝❛s♦✳
❊♥t♦♥❝❡s ❡❧ ✜❧tr♦ ❤✐❣❤✲♣❛ss q✉❡❞❛ ❞❡✜♥✐❞♦ ❝♦♠♦
M
ψ
(x) =
1√
2
∑
k∈Z
H
k
e−ixk
=
1√
2
(
H0e
0 +H1e
−ix)
=
1√
2
(
1√
2
− 1√
2
e−ix
)
=
1
2
(
1− e−ix) .
❊❥❡♠♣❧♦ ✻✳✸ ✭❖♣❡r❛❞♦r ❆♣r♦①✐♠❛❝✐ó♥ ♣❛r❛ ❡❧ ❆▼❘ ❞❡ ❍❛❛r✮ ❈♦♥s✐❞❡r❡♠♦s ❧❛ ❢✉♥✲
❝✐ó♥ f ∈ L2(R) ❝♦♥ s♦♣♦rt❡ ❝♦♠♣❛❝t♦ ❞❡✜♥✐❞❛ ❝♦♠♦
f(x) =
{
cos(4πx)cos(2πx) , s✐ x ∈ [0, 1]
0 , ❞❡ ♦tr♦ ♠♦❞♦✳
❋✐❣✉r❛ ✻✳✸✿ ●r❛✜❝♦ ❞❡ f ✱ ❢✉♥❝✐ó♥ ♦r✐❣✐♥❛❧ ❞❡❧ ❊❥❡♠♣❧♦ ✻✳✸
✾✼
❘❡❝♦r❞❡♠♦s q✉❡ ♣❛r❛ ❡❧ ❆▼❘ ❞❡ ❍❛❛r t❡♥❡♠♦s φ = χ
[0,1〉
❡♥t♦♥❝❡s
φ
j,k
= 2j/2χ
[2−j k,2−j (k+1)〉
❈♦♠♦ Supp(f) = [0, 1]✱ ❡♥t♦♥❝❡s ❛❧ ❛♣❧✐❝❛r Pj ♦❜t❡♥❡♠♦s
Pjf =
2
j−1∑
k=0
〈
f, φ
j,k
〉
φ
j,k
=
2
j−1∑
k=0
f(2
−j
k)χ
[2−j k,2−j (k+1)〉 .
❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❡♠♦s ❧♦s ❣rá✜❝♦s ❞❡ ❧❛s ♣r♦②❡❝❝✐♦♥❡s P5 ✱ P8 ② P10 r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❋✐❣✉r❛ ✻✳✹✿ ●r❛✜❝♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ P5f
❋✐❣✉r❛ ✻✳✺✿ ●r❛✜❝♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ P8f
✾✽
❋✐❣✉r❛ ✻✳✻✿ ●r❛✜❝♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ P10f
❊❥❡♠♣❧♦ ✻✳✹ ✭❚❘❖ ♣❛r❛ ❡❧ ❆▼❘ ❞❡ ❍❛❛r✮ ❊♥ ❊❥❡♠♣❧♦ ✻✳✶ ② ❊❥❡♠♣❧♦ ✻✳✷ ♦❜t✉✈✐♠♦s
❧♦s ❝♦❡✜❝✐❡♥t❡s {h
k
} ② {H
k
}✱ ❡♥t♦♥❝❡s ❧❛ ▼❛tr✐③ ❞❡ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❖♥❞í❝✉❧❛s ❡s
1√
2
[
1 1
1 −1
]
❙✐ ❝♦♥s✐❞❡r❛♠♦s ❡❧ s✐❣✉✐❡♥t❡ ✈❡❝t♦r ❝♦❧✉♠♥❛✱ ❝♦♠♦ ❡❧ ✈❡❝t♦r ❞❡ ❞❛t♦s
F =

6
10
1
−2
2
−1
−10
−6

◆♦t❡♠♦s q✉❡ ♣❛r❛ ❡st❡ ❝❛s♦ L = 8 = 23✱ ❡♥t♦♥❝❡s ❧❛ ▼❛tr✐③ ❋✐♥❛❧ ❞❡ ❚r❛♥s❢♦r♠❛❞❛ ❞❡
❖♥❞í❝✉❧❛ ❡s
A =
1√
2

1 1 0 0 0 0 0 0
1 −1 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 1 −1 0 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 1 −1 0 0
0 0 0 0 0 0 1 1
0 0 0 0 0 0 1 −1

✾✾
▲✉❡❣♦ ❞❡ AF = F1 ✱ ♦❜t❡♥❡♠♦s
1√
2

1 1 0 0 0 0 0 0
1 −1 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 1 −1 0 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 1 −1 0 0
0 0 0 0 0 0 1 1
0 0 0 0 0 0 1 −1


6
10
1
−2
2
−1
−10
−6

=
1√
2

16
−4
−1
3
1
2
−16
−4

❖r❞❡♥❛♥❞♦ t❡♥❡♠♦s
F1 =
1√
2

16
−1
1
−16
−4
3
2
−4

❞♦♥❞❡ ❧♦s 4 ♣r✐♠❡r♦s ❡❧❡♠❡♥t♦s ❞❡ F1 ❝♦rr❡s♣♦♥❞❡♥ ❛ P−1F ② ❧♦s ✹ ú❧t✐♠♦s ❛ Q−1F ✳
✶✵✵
❈❛♣ít✉❧♦ ✼
❆♣❧✐❝❛❝✐ó♥ ❛❧ Pr♦❝❡s❛♠✐❡♥t♦ ❞❡
■♠á❣❡♥❡s
❊♥ ❡st❡ ❝❛♣ít✉❧♦ ✈❡r❡♠♦s ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ♣✐r❛♠✐❞❛❧❡s✱ ♠❡❞✐❛♥t❡ ❡❧ ✉s♦ ❞❡ ❧❛
❚❘❖✱ ❧♦s ❛❧❣♦r✐t♠♦s ♣✐r❛♠✐❞❛❧❡s ❢✉❡r♦♥ ❞❡s❛rr♦❧❧❛❞♦s ♦r✐❣✐♥❛❧♠❡♥t❡ ♣♦r P❡t❡r ❇✉rt ② ❊❞✲
✇❛r❞ ❆❞❡❧s♦♥ ❡♥ ✶✾✽✷✱ ② ♣♦st❡r✐♦r♠❡♥t❡ ❙té♣❤❛♥ ▼❛❧❧❛t ❧❧❡✈❛ ❡st♦s ❛❧❣♦r✐t♠♦s ❛❧ ❝♦♥t❡①t♦
❞❡ ❧❛s ♦♥❞í❝✉❧❛s r❡❡str✉❝t✉rá♥❞♦❧♦s ❝♦♥ ❧❛ t❡♦rí❛ ❞❡❧ ❆▼❘✳
P❛r❛ ✐♠♣❧❡♠❡♥t❛r ❧❛ ♠❛tr✐③ ✜♥❛❧ ❞❡ tr❛♥s❢♦r♠❛❞❛ ❞❡ ♦♥❞í❝✉❧❛✱ ❧❛ ❝✉❛❧ ❡stá ❢♦r♠❛❞❛ ♣♦r
❧♦s ❝♦❡✜❝✐❡♥t❡s ✐♥t❡r❡s❝❛❧❛ ❛s♦❝✐❛❞♦s ❛ ✉♥ ❛♥á❧✐s✐s ♠✉❧t✐r❡s♦❧✉❝✐ó♥✱ ❡s ♥❡❝❡s❛r✐♦ ❡s❝♦❣❡r ✉♥
❆▼❘ ❞❡❧ ❝✉❛❧ ②❛ s❡ s✐❡♥t❡ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ♥❡❝❡s❛r✐❛✳
❊♥ ❧❛s s❡❝❝✐♦♥❡s ✺✳✹ ② ✻✳✹✱ ❡❥❡♠♣❧♦s ❞❡ ❆▼❘ ② ❡❥❡♠♣❧♦s ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ② r❡❝♦♥str✉❝❝✐ó♥
❜❛s❛❞❛ ❡♥ ♦♥❞í❝✉❧❛s r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s❡ ❞✐♦ é♥❢❛s✐s ❛❧ ❆▼❘ ❞❡ ❍❛❛r ② s❡ ✈✐♦ ❧❛ ♦❜t❡♥❝✐ó♥
❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ✐♥t❡r❡s❝❛❧❛✱ ❝♦♥str✉❝❝✐ó♥ ❞❡ ✜❧tr♦s ② ❝♦♥str✉❝❝✐ó♥ ❞❡ ❧❛ ♠❛tr✐③ ✜♥❛❧ ❞❡
tr❛♥s❢♦r♠❛❞❛ ❞❡ ♦♥❞í❝✉❧❛ ✭▼❋❚❖✮✳ ❆❞❡♠ás ❧❛ ▼❋❚❖ ♣❛r❛ ❡❧ ❆▼❘ ❞❡ ❍❛❛r só❧♦ ❝♦♥t✐❡♥❡
❞♦s tér♠✐♥♦s ♥♦ ♥✉❧♦s ♣♦r ❝❛❞❛ ✜❧❛ ❧♦ q✉❡ ❤❛❝❡ q✉❡ s✉ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ s❡❛ s❡♥❝✐❧❧❛ ❛❞❡♠ás
❞❡ t❡♥❡r ❜❛❥♦ ❝♦st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✳ P♦r ést❛s r❛③♦♥❡s ✉t✐❧✐③❛♠♦s ❡❧ ❛♥á❧✐s✐s ♠✉❧t✐r❡s♦❧✉❝✐ó♥
❞❡ ❍❛❛r ♣❛r❛ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s✳
✼✳✶ ❘❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ■♠á❣❡♥❡s
❊♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r s❡ ✈✐♦ ❧❛ ❚❘❖✱ ❧❛ ❝✉❛❧ ❡s r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♥❛ ♠❛tr✐③✱ ❡♥t♦♥❝❡s ❡s
♥❡❝❡s❛r✐♦ ♣♦❞❡r ❡①♣r❡s❛r ❧❛s ✐♠á❣❡♥❡s ❡♥ ✉♥ ❢♦r♠❛t♦ ❝♦♥ ❡❧ ❝✉❛❧ s❡ ♣✉❡❞❛ r❡❛❧✐③❛r ♠❛♥✐♣✲
✉❧❛❝✐♦♥❡s ♠❡❞✐❛♥t❡ ❧❛ ❚❘❖ ✐✳❡✳ ❞❡❜❡♠♦s ❞❛r ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ♠❛tr✐❝✐❛❧ ♦ ❛❢í♥ ♣❛r❛ ❧❛s
✐♠á❣❡♥❡s✳
❙✐ t❡♥❡♠♦s ✉♥❛ ✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s ❞❡ M × N ♣í①❡❧❡s✱ ❡st❛ ✐♠❛❣❡♥ ❧❛ ♣♦❞❡♠♦s
r❡♣r❡s❡♥t❛r ♣♦r ✉♥❛ ♠❛tr✐③ I ❞❡ ♦r❞❡♥ M ×N ✱ ❞♦♥❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ ❧❛ ♠❛tr✐③ Ii,j ❝♦r✲
r❡s♣♦♥❞❡ ❝♦♥ ❡❧ ✈❛❧♦r ❞❡ ❧❛ t♦♥❛❧✐❞❛❞ ❞❡❧ ♣í①❡❧ (i, j) ❞❡ ❧❛ ✐♠❛❣❡♥✳ ❊st❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ s❡
❤❛❝❡ ♠❡❞✐❛♥t❡ ✉♥❛ ❡s❝❛❧❛ ❞❡ t♦♥❛❧✐❞❛❞❡s✱ q✉❡ ✈❛♥ ❞❡ ❞❡ ❧❛ t♦♥❛❧✐❞❛❞ ♥❡❣r♦ ❛ ❧❛ t♦♥❛❧✐❞❛❞
❜❧❛♥❝♦✱ q✉❡ ❡s ❝✉❛♥t✐✜❝❛❞❛ ❞❡ ✵ ❛ ✶✱ ❛ ❧❛ t♦♥❛❧✐❞❛❞ ♥❡❣r♦ ❧❡ ❝♦rr❡s♣♦♥❞❡ ❡❧ ✈❛❧♦r ❞❡ ✵ ②
✶✵✶
♣❛r❛ ❧❛ t♦♥❛❧✐❞❛❞ ❜❧❛♥❝♦ ❡❧ ✈❛❧♦r ❞❡ ✶✱ ❧❛s ❞❡♠ás t♦♥❛❧✐❞❛❞❡s t✐❡♥❡♥ ✉♥ ✈❛❧♦r ❡♥tr❡ ✵ ② ✶✱
t❛❧ ❝♦♠♦ s❡ ♣✉❡❞❡ ✈❡r ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✳
←→

I1,1 I1,2 I1,3 · · · I1,N
I2,1 I2,1 I2,2 · · · I2,N
I3,1 I3,1 I3,2 · · · I3,N
I4,1 I4,1 I4,2 · · · I4,N
I5,1 I5,1 I5,2 · · · I5,N
✳✳✳
✳✳✳
✳✳✳
✳ ✳ ✳
✳✳✳
IM,1 IM,2 IM,3 · · · IM,N

M×N
❋✐❣✉r❛ ✼✳✶✿ ❘❡♣r❡s❡♥t❛❝✐ó♥ ♠❛tr✐❝✐❛❧ ❞❡ ✉♥❛ ✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s
❍❛② ❞✐✈❡rs❛s ♠❛♥❡r❛s ❞❡ r❡♣r❡s❡♥t❛r ✐♠á❣❡♥❡s ❛ ❝♦❧♦r❡s✱ ✉♥❛ ❞❡ ❧❛s ♠ás ❢r❡❝✉❡♥t❡s ❡s ♣♦r
♠❡❞✐♦ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❝♦❧♦r❡s ❘●❇ ✭❘❡❞ ✲ ●r❡❡♥ ✲ ❇❧✉❡✮ ❡❧ ❝✉❛❧ ❞❡s❝♦♠♣♦♥❡ ✉♥❛ ✐♠❛❣❡♥ ❛
❝♦❧♦r ❡♥ ❜❛s❡ ❛ ❧♦s tr❡s ❝♦❧♦r❡s ♣r✐♠❛r✐♦s r♦❥♦✱ ✈❡r❞❡ ② ❛③✉❧✳ ➱st❡ ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ sí♥t❡s✐s
❛❞✐t✐✈❛✱ ❝♦♥ ❡❧ ❝✉❛❧ ❡s ♣♦s✐❜❧❡ r❡♣r❡s❡♥t❛r ✉♥ ❝♦❧♦r ♠❡❞✐❛♥t❡ ❧❛ ♠❡③❝❧❛ ❞❡ ❧♦s tr❡s ❝♦❧♦r❡s
♣r✐♠❛r✐♦s ❘●❇✳
❋✐❣✉r❛ ✼✳✷✿ ❊s♣❛❝✐♦ ❞❡ ❝♦❧♦r❡s ❘●❇
❊♥t♦♥❝❡s ✉♥❛ ✐♠❛❣❡♥ ❛ ❝♦❧♦r ✈❛ ❛ s❡r ♠♦❞❡❧❛❞❛ ♣♦r sí♥t❡s✐s ❛❞✐t✐✈❛ ❞❡ ✸ ✐♠á❣❡♥❡s ❝♦rr❡✲
s♣♦♥❞✐❡♥t❡s ❛ ❧♦s ❝♦❧♦r❡s r♦❥♦✱ ✈❡r❞❡ ② ❛③✉❧✱ ❡s ❞❡❝✐r ❧❛ ✐♠❛❣❡♥ ❛ ❝♦❧♦r I ❞❡ M ×N ♣í①❡❧❡s
s❡ ✈❛ ♣♦❞❡r ♠♦❞❡❧❛r ♣♦r tr❡s ✐♠á❣❡♥❡s IR, IG ❡ IB✱ ❞♦♥❞❡ IR ❡s ❧❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❧❛
✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ r♦❥♦s✱ IG ❡s ❧❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❧❛ ✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ ✈❡r❞❡s ❡ IB ❡s
❧❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❧❛ ✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ ❛③✉❧❡s✳ ❉❡ ❡st❛ ♠❛♥❡r❛ ❝❛❞❛ ✐♠❛❣❡♥ ❛ ❝♦❧♦r I
❞❡ M ×N ♣í①❡❧❡s ❡ ♣✉❡❞❡ r❡♣r❡s❡♥t❛r ♣♦r sí♥t❡s✐s ❛❞✐t✐✈❛ ❞❡ tr❡s ♠❛tr✐❝❡s IR✱ IG ❡ IB ❞❡
♦r❞❡♥ M ×N ❝❛❞❛ ✉♥❛✳ ❈♦♠♦ s❡ ♣✉❡❞❡ ✈❡r ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✳
❯♥❛ ❜✉❡♥❛ ♣rá❝t✐❝❛ ❡♥ ❧❛ ♣r♦❣r❛♠❛❝✐ó♥ ❡s ❡✈✐t❛r ❡❧ ✉s♦ ❡①❝❡s✐✈♦ ❞❡ ✈❛r✐❛❜❧❡s✳ P❛r❛ ❡✈✐t❛r ❡❧
tr❛❜❛❥❛r ❝♦♥ tr❡s ♠❛tr✐❝❡s ♣♦❞❡♠♦s ♦♣t❛r ♣♦r ✉t✐❧✐③❛r ✉♥❛ ❤✐♣❡r♠❛tr✐③ Img ♦r❞❡♥M×N×3
❞♦♥❞❡ ❡❧ ♣r✐♠❡r ♥✐✈❡❧ ❞❡ ❧❛ ❤✐♣❡r♠❛tr✐③ ImgM×N×1 ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡
r♦❥♦s✱ ❡❧ s❡❣✉♥❞♦ ♥✐✈❡❧ ImgM×N×2 ❛ ❧❛ ✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ ✈❡r❞❡s ② ❡❧ t❡r❝❡r ♥✐✈❡❧ ImgM×N×3
❛ ❧❛ ✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ ❛③✉❧❡s✱ ❞❡ ❡st❛ ♠❛♥❡r❛ t❡♥❡♠♦s ❧♦s tr❡s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❧❛ ✐♠❛❣❡♥
❡♥ ✉♥ s♦❧♦ ♦❜❥❡t♦✱ ❧♦ ❝✉❛❧ r❡s✉❧t❛ ♠ás ♣rá❝t✐❝♦ ❛❧ ♠♦♠❡♥t♦ ❞❡ r❡❛❧✐③❛r ❧❛s ✐♠♣❧❡♠❡♥t❛❝✐♦♥❡s
❝♦♠♣✉t❛❝✐♦♥❛❧❡s✳
✶✵✷

❋✐❣✉r❛ ✼✳✸✿ ❘❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ✉♥❛ ✐♠❛❣❡♥ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❝♦❧♦r❡s ❘●❇
✼✳✷ ❉❡s❝♦♠♣♦s✐❝✐ó♥ ② ❘❡❝♦♥str✉❝❝✐ó♥ ❞❡ ■♠á❣❡♥❡s
❯♥❛ ✈❡③ r❡♣r❡s❡♥t❛❞❛ ❧❛ ✐♠❛❣❡♥ ❞❡ ♠❛♥❡r❛ ❝♦♠♣✉t❛❜❧❡✱ ♣♦❞❡♠♦s r❡❛❧✐③❛r t♦❞♦ t✐♣♦ ❞❡ ♦♣✲
❡r❛❝✐♦♥❡s s♦❜r❡ ❧❛ ♠✐s♠❛✱ ❡♠♣❡③❛r❡♠♦s ✐❧✉str❛♥❞♦ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ♣✐r❛♠✐✲
❞❛❧❡s ❛ ✐♠á❣❡♥❡s ❡♥ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s ② ❞❡s♣✉és ❣❡♥❡r❛❧✐③❛r❡♠♦s ❡❧ ♣r♦❝❡s♦ ♣❛r❛ ✐♠á❣❡♥❡s
❡♥ ❝♦❧♦r ❘●❇✳
✼✳✷✳✶ ❚r❛♥s❢♦r♠❛❞❛ ❘á♣✐❞❛ ❞❡ ❖♥❞í❝✉❧❛ ❇✐❞✐♠❡♥s✐♦♥❛❧
❊♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ✈✐♠♦s ❡❧ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❞❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❘á♣✐❞❛ ❞❡ ❖♥❞í❝✉❧❛
✭❚❘❖✮ ❛♣❧✐❝❛❞❛ ❛ ✉♥ ✈❡❝t♦r ❞❡ ❞❛t♦s✱ ❡♥t♦♥❝❡s ❛❧ s❡r ♥✉❡str♦ ❞❛t♦ ✉♥❛ ♠❛tr✐③✱ s❡ ♣r♦❝❡❞❡
❛♣❧✐❝❛♥❞♦ ❧❛ ❚❘❖ ❛ ❝❛❞❛ ❝♦❧✉♠♥❛ ❞❡ ❧❛ ♠❛tr✐③ ❧✉❡❣♦ ♦r❞❡♥❛♠♦s ❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❛♣❧✐❝❛r
♥✉❡✈❛♠❡♥t❡ ❧❛ ❚❘❖ ❛ ❝❛❞❛ ✜❧❛ ② s❡ ♣r♦❝❡❞❡ ❛ ♦r❞❡♥❛r ❧♦s ❞❛t♦s✳ ❉❡ ❡st❛ ❢♦r♠❛ s❡ ♦❜t✐❡♥❡
❧❛ ❚❘❖ ❜✐❞✐♠❡♥s✐♦♥❛❧✳
❊❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❛♥t❡r✐♦r ♣✉❡❞❡ s❡r ✐♠♣❧❡♠❡♥t❛❞♦✱ ♠❡❞✐❛♥t❡ ♦♣❡r❛❝✐♦♥❡s ♠❛tr✐❝✐❛❧❡s✱ ❞❡
❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛
TRO(f) =
[
MFM×M
]
[f ]
ordenar−→ [MFM×M ] [f ] [MF TN×N ] ordenar−→
✶✵✸
❉♦♥❞❡ f ❡s ✉♥❛ ✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s ❞❡ M ×N ♣í①❡❧❡s✱ TMM×M ❡s ❧❛ ▼❛tr✐③ ❋✐♥❛❧
❞❡ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❖♥❞í❝✉❧❛ ✭✻✳✶✽✮ ❞❡ M ×M ② TNT
N×N
❡s ❧❛ tr❛♥s♣✉❡st❛ ❞❡ ▼❛tr✐③
❋✐♥❛❧ ❞❡ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❖♥❞í❝✉❧❛ ✭✻✳✶✽✮ ❞❡ N × N ✳ ❘❡❝♦r❞❡♠♦s q✉❡ t❛♥t♦ TM ② TN
s❡ ❝♦♥str✉②❡r♦♥ ♣❛r❛ ❡❧ ❆▼❘ ❍❛❛r ❝♦♠♦ ②❛ s❡ ✈✐♦ ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✻✳✹✳
■❧✉str❛r❡♠♦s ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ ❧❛ ❚❘❖ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❛♣❧✐❝á♥❞♦❧♦ ❛ ❧❛ ✐♠❛❣❡♥ ❞❡ ▲❡♥❛
❙ö❞❡r❜❡r❣ ♠♦str❛❞❛ ❡♥ ❋✐❣✉r❛ ✼✳✹✳
❋✐❣✉r❛ ✼✳✹✿ ■♠❛❣❡♥ ❞❡ ♣r✉❡❜❛✱ ❡♥ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s✱ r❡♣r❡s❡♥t❛❞❛ ♣♦r [f ]
▲❛ ❋✐❣✉r❛ ✼✳✹ ❡s ❞❡ 512×512 ♣✐①❡❧❡s ♣♦r ❧♦ q✉❡ s✉ r❡♣r❡s❡♥t❛❝✐ó♥ ♠❛tr✐❝✐❛❧ s❡rá Img512×512 ✱
❡s ❞❡❝✐r M = 512 ② N = 512✱ ♣❛r❛ ❝♦♥str✉✐r ❧❛s ♠❛tr✐❝❡s MFM×M ② MFN×N ✉t✐❧✐③❛♠♦s ❧❛
❞❡s❝r✐♣❝✐ó♥ ❞❛❞❛ ❡♥ ✭✻✳✶✽✮ ② ♣r♦❝❡❞❡♠♦s ❛ r❡❛❧✐③❛r ❡❧ ♣r✐♠❡r ♣r♦❞✉❝t♦
[
MFM×M
]
[f ]✳ ❆sí
♦❜t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦ ♠♦str❛❞♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✺✳
❋✐❣✉r❛ ✼✳✺✿ ❘❡s✉❧t❛❞♦ ❞❡❧ ♣r♦❞✉❝t♦
[
MFM×M
]
[f ]
❆♥t❡s ❞❡ r❡❛❧✐③❛r ❡❧ ♣r♦❞✉❝t♦
[
MFM×M
]
[f ]
[
MF
T
N×N
]
, ❡s ♥❡❝❡s❛r✐♦ ♦r❞❡♥❛r ❧❛s ✜❧❛s ❞❡ ❧❛
♠❛tr✐③
[
MFM×M
]
[f ]✱ ❝♦♠♦ ②❛ s❡ ❡①♣❧✐❝ó ❡♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ ❊st❡ ♦r❞❡♥❛♠✐❡♥t♦ s❡
✶✵✹
♣✉❡❞❡ r❡❛❧✐③❛r s✐♥ ♠❛②♦r ✐♥❝♦♥✈❡♥✐❡♥t❡ ❝♦♥ ✉♥ ❜❛rr✐❞♦ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛s ✜❧❛s t❛❧ ❝♦♠♦ s❡ ✈❡
❡♥ ❡❧ ❆❧❣♦r✐t♠♦ ❇✳✶✳ ❊❧ r❡s✉❧t❛❞♦ ❡s ♠♦str❛❞♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✻✱
❋✐❣✉r❛ ✼✳✻✿ ❘❡s✉❧t❛❞♦ ❞❡ ♦r❞❡♥❛r ❧❛s ✜❧❛s ❞❡❧ ♣r♦❞✉❝t♦
[
MFM×M
]
[f ]
❡❧ ❝✉❛❧ ♣✉❡❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❞❡ ❧❛ ❚❘❖ ❛ ❧❛s ✜❧❛s ❞❡ ❧❛ ♠❛tr✐③ q✉❡
r❡♣r❡s❡♥t❛ ❛ ❧❛ ❋✐❣✉r❛ ✼✳✹✱ ❡s ❞❡❝✐r ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❆❤♦r❛ s✐ r❡❛❧✐③❛♠♦s
❧❛ s❡❣✉♥❞❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ♣♦r
[
MF
T
N×N
]
✱ ❧♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ❚❘❖
❛ ❧❛s ❝♦❧✉♠♥❛s ❞❡ ❧❛ ♠❛tr✐③ q✉❡ r❡♣r❡s❡♥t❛ ❛ ❧❛ ❋✐❣✉r❛ ✼✳✹✱ s❡ ❝♦♠♣❧❡t❛ ❧❛ ❛♣❧✐❝❛❝✐ó♥
❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❧❛ ❚❘❖ s❛❧✈♦ ♣♦r ❡❧ ♦r❞❡♥❛♠✐❡♥t♦ ❞❡ ❧❛s ❝♦❧✉♠♥❛s✳ ❊st❡ r❡s✉❧t❛❞♦ ❡s
♠♦str❛❞♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✼✳
❋✐❣✉r❛ ✼✳✼✿ ❘❡s✉❧t❛❞♦ ❞❡
[
MFM×M
]
[f ]
[
MF
T
N×N
]
P❛r❛ t❡r♠✐♥❛r ❝♦♥ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ❚❘❖ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❛ ❧❛ ✐♠❛❣❡♥ ❞❡ ❧❛ ❋✐❣✉r❛ ✼✳✹✱ só❧♦
r❡st❛ ♦r❞❡♥❛r ❧❛s ❝♦❧✉♠♥❛s ❞❡ ❧❛ ♠❛tr✐③
[
MFM×M
]
[f ]
[
MF
T
N×N
]
✱ ❧♦ ❝✉❛❧ ♣♦❞❡♠♦s r❡❛❧✐③❛r
♥✉❡✈❛♠❡♥t❡ ❝♦♥ ❡❧ ❆❧❣♦r✐t♠♦ ❇✳✶ t❡♥✐❡♥❞♦ ❡♥ ❝✉❛❧t❛ ❛❧❣✉♥❛s ❝♦♥s✐❞❡r❛❝✐♦♥❡s ❛❞✐❝✐♦♥❛❧❡s
♣❛r❛ ♦❜t❡♥❡r ❡❧ r❡s✉❧t❛❞♦ ♠♦str❛❞♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✽✳
✶✵✺
❋✐❣✉r❛ ✼✳✽✿ ❘❡s✉❧t❛❞♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❚❘❖✭f✮
▲❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ▲❆ ❚❘❖ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❤❡r❡❞❛ ❡❧ ♠✐s♠♦ ✐♥❝♦♥✈❡♥✐❡♥t❡ ❞❡ ❧❛ ❚❘❖✱
❡❧ ❝✉❛❧ ❡s ❡❧ t✐❡♠♣♦ r❡q✉❡r✐❞♦ ♣❛r❛ t❡♥❡r q✉❡ ♦r❞❡♥❛r ❧❛s ✜❧❛s✴❝♦❧✉♠♥❛s ❛♥t❡s ❞❡ ♣♦❞❡r
❝♦♥t✐♥✉❛r ❝♦♥ ✉♥❛ s✐❣✉✐❡♥t❡ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ❚❘❖✱ ❡st❡ ✐♥❝♦♥✈❡♥✐❡♥t❡ ♣✉❡❞❡ s❡r s♦❧✉❝✐♦♥❛❞♦
❣r❛❝✐❛s ❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s ♠❛tr✐❝✐❛❧❡s✱ ❡st♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ s✐ ❝♦♥str✉✐♠♦s ❧❛ ▼❛tr✐③ ❋✐♥❛❧
❞❡ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❖♥❞í❝✉❧❛ ✭✻✳✶✽✮ ❝♦♥ ❧❛s ✜❧❛s ♣❡r♠✉t❛❞❛s✱ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛
MF =

h0 h1 h2 h3 0 · · · 0 0
0 0 h0 h1 h2 · · · 0 0
✳✳✳
✳✳✳
✳✳✳
✳✳✳
✳✳✳
✳ ✳ ✳
✳✳✳
✳✳✳
h2 h3 0 0 0 · · · h0 h1
h3 −h2 h1 −h0 0 · · · 0 0
0 0 h3 −h2 h1 · · · 0 0
✳✳✳
✳✳✳
✳✳✳
✳✳✳
✳✳✳
✳ ✳ ✳
✳✳✳
✳✳✳
h1 −h0 0 0 0 · · · h3 −h2

,
❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ♣❛r❛ ♦❜t❡♥❡r ❧❛ ❚❘❖ ❜✐❞✐♠❡♥s✐♦♥❛❧ s❡ s✐♠♣❧✐✜❝❛ ❛
TRO(f) =
[
MFM×M
]
[f ]
[
MF
T
N×N
]
. ✭✼✳✶✮
❉❡ ❡st❛ ♠❛♥❡r❛ s❡ ♦❜t✐❡♥❡ ❡♥ ❢♦r♠❛ ❞✐r❡❝t❛ ❡❧ r❡s✉❧t❛❞♦ ♠♦str❛❞♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✽✱ ❛❞❡♠ás
❞❡ ♣♦❞❡rs❡ ❛♣❧✐❝❛r ❧❛ ❚❘❖ ❞❡ ❢♦r♠❛ ✐t❡r❛❞❛ s✐♥ ♥❡❝❡s✐❞❛❞ ❞❡ ♦r❞❡♥❛♠✐❡♥t♦s✳
❊❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ✐❧✉str❛❞♦ ❡♥ ✭✼✳✶✮ r❡s✉♠❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ❚❘❖ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❛ ✉♥❛
✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s✳ ❊st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ s❡ ♣✉❡❞❡ ❣❡♥❡r❛❧✐③❛r ♣❛r❛ ✐♠á❣❡♥❡s ❛ ❝♦❧♦r
❘●❇✳ ❘❡❝♦r❞❡♠♦s q✉❡ ❧❛s ✐♠á❣❡♥❡s ❛ ❝♦❧♦r ❘●❇ s♦♥ r❡♣r❡s❡♥t❛❞❛s ♣♦r ✉♥❛ ❤✐♣❡r♠❛tr✐③✱
❡♥t♦♥❝❡s ♣❛r❛ ❣❡♥❡r❛❧✐③❛r ❡st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ ❛ ✐♠á❣❡♥❡s ❛ ❝♦❧♦r ❜❛st❛ ❝♦♥ ❛♣❧✐❝❛r ❡❧ ♣r♦✲
❝❡❞✐♠✐❡♥t♦ ✭✼✳✶✮ ❛ ❝❛❞❛ ♥✐✈❡❧ ❞❡ ❧❛ ❤✐♣❡r♠❛tr✐③✱ ❡s ❞❡❝✐r ❛ ❧❛ ✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ r♦❥♦s✱ ❛
❧❛ ✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ ✈❡r❞❡s ② ❛ ❧❛ ✐♠❛❣❡♥ ❡s ❡s❝❛❧❛ ❞❡ ❛③✉❧❡s✳
✶✵✻
▲❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ♣r♦❣r❛♠❛s r❡❧❛❝✐♦♥❛❞♦s ❛❧ tr❛t❛♠✐❡♥t♦ ❞❡ ✐♠❛❣❡♥ ❞❡♠❛♥❞❛ ❞❡♠❛s✐✲
❛❞♦ t✐❡♠♣♦ ②❛ q✉❡ s❡ r❡q✉✐❡r❡ ❞❡ ❧❛ ♠❛♥✐♣✉❧❛❝✐ó♥ ❞❡ ♣✉♥t❡r♦s✱ ❣❡st✐ó♥ ❞❡ ♠❡♠♦r✐❛✱ ❡t❝✳
P♦r ❡s♦ s✉❡❧❡♥ ❤❛❝❡rs❡ ❡♥ ❧❡♥❣✉❛❥❡ ❈✰✰ ✭q✉❡ ♣♦r s✉s ❝❛r❛❝t❡ríst✐❝❛s ❝♦♠♣❛rt✐❞❛s ❞❡ ❛❧t♦
② ❜❛❥♦ ♥✐✈❡❧ ❧♦ ❤❛❝❡♥ ❡❧ ♠ás ❛♣r♦♣✐❛❞♦ ♣❛r❛ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❡st♦s ♣r♦❣r❛♠❛s✮✳ P❛r❛
❡✈✐t❛r ❡st❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛s só❧♦ s❡ r❡❛❧✐③❛r❛ ✉♥❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❛ ♠♦❞♦ ❞❡ ♣r♦t♦t✐♣♦
❡♥ ▼❆❚▲❆❇❘© R2010a✳
❆sí s✐❣✉✐❡♥❞♦ ❧❛s ❝♦♥s✐❞❡r❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s s❡ ❞❡s❛rr♦❧❧ó ❡❧ ❛❧❣♦r✐t♠♦ TRO3 ✭❇✳✷✮✱ q✉❡
❛♣❧✐❝❛ ❧❛ ❚❘❖ ❜✐❞✐♠❡♥s✐♦♥❛❧✱ ❛s♦❝✐❛❞❛ ❛❧ ❆▼❘ ❞❡ ❍❛❛r✱ ❛ ❝✉❛❧q✉✐❡r ✐♠❛❣❡♥ ②❛ s❡❛ ❡♥
❡s❝❛❧❛ ❞❡ ❣r✐s❡s ♦ ❡♥ ❝♦❧♦r✳ ◆♦t❡♠♦s q✉❡ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ♣✉❡❞❡ r❡♣❡t✐rs❡ ♣❛r❛ ♦❜t❡♥❡r
❞❡s❝♦♠♣♦s✐❝✐♦♥❡s ❞❡ ♠❛②♦r ♦r❞❡♥✳
✼✳✷✳✷ ❘❡s✉❧t❛❞♦s s♦❜r❡ ❧❛ ❚❘❖ ❜✐❞✐♠❡♥s✐♦♥❛❧
❈♦♥s✐❞❡r❡♠♦s ❧❛ ✐♠❛❣❡♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✾✱ ❞❡ ❞✐♠❡♥s✐♦♥❡s 514× 768 ♣í①❡❧❡s✱ t✐♣♦
✐♠❛❣❡♥ ❏P❊● ② t❛♠❛ñ♦ ✶✸✶ ❑❜✳
❋✐❣✉r❛ ✼✳✾✿ ❋❛❝✉❧t❛❞ ❞❡ ❈✐❡♥❝✐❛s ▼❛t❡♠át✐❝❛s ✭❋❈▼✮
❉❡s♣✉és ❞❡ ❛♣❧✐❝❛r TRO3✱ s❡ ♦❜t✐❡♥❡ ❧❛ s✐❣✉✐❡♥t❡ ✐♠❛❣❡♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✵ ❞❡
❞✐♠❡♥s✐♦♥❡s 514 × 768 ♣í①❡❧❡s✱ t✐♣♦ ✐♠❛❣❡♥ ❏P❊● ② t❛♠❛ñ♦ ✺✸✳✷ ❑❜✱ ❞♦♥❞❡ ❡❧ ♣r✐♠❡r
❜❧♦q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ✐♠❛❣❡♥ ❝♦♥ ♠❡♥♦r r❡s♦❧✉❝✐ó♥ ② ❧♦s ❞❡♠ás ❜❧♦q✉❡s
❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❞❡❧ ❞❡t❛❧❧❡ ❞❡ ❧❛ ✐♠❛❣❡♥✳
▲❛ ✐♠❛❣❡♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✶ ❝♦rr❡s♣♦♥❞❡ ❛❧ ♣r✐♠❡r ❜❧♦q✉❡ ❞❡ ❧❛ ❋✐❣✉r❛ ✼✳✶✵✱
r❡s✉❧t❛❞♦ ❞❡ ❛♣❧✐❝❛r TRO3✱ ❡st❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ❧❛ ✐♠❛❣❡♥ ♦r✐❣✐♥❛❧ ❡s ❞❡ ❞✐♠❡♥s✐♦♥❡s
257× 384 ♣í①❡❧❡s✱ t✐♣♦ ✐♠❛❣❡♥ ❏P❊● ② ❞❡ t❛♠❛ñ♦ ✷✸✳✷ ❑❜✳
◆♦t❡♠♦s q✉❡ ❡❧ ♣r♦❝❡s♦ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❡s ❝♦♠♣❧❡t❛♠❡♥t❡ r❡✈❡rs✐❜❧❡✱ ❡st♦ s❡ ❞❡❜❡ ❛
✶✵✼
❋✐❣✉r❛ ✼✳✶✵✿ ❘❡s✉❧t❛❞♦ ❞❡ ❛♣❧✐❝❛r TRO3
❋✐❣✉r❛ ✼✳✶✶✿ ❆♣r♦①✐♠❛❝✐ó♥ ❝♦♥ ♠❡♥♦r r❡s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❋❈▼
q✉❡ ❧❛s ♠❛tr✐❝❡s MFM×M ② MFN×N ❡stá♥ ❢♦r♠❛❞❛s ♣♦r ✜❧❛s ♦rt♦❣♦♥❛❧❡s ♣♦r ❧♦ q✉❡ s♦♥
✐♥✈❡rt✐❜❧❡s✱ ❡s ❞❡❝✐r ❡①✐st❡♥ MF
−1
M×M
② MF
−1
N×N
✱ ❧✉❡❣♦ ❞❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ✭✼✳✶✮ ♦❜t❡♥❡♠♦s
[
MF
−1
M×M
]
[TRO(f)]
[(
MF
−1
N×N
)T]
= f
❈♦♥ ❧♦ ❝✉❛❧ s❡ ❞❡s❛rr♦❧❧ó ❡❧ ❛❧❣♦r✐t♠♦ TROI3 ✭❇✳✸✮ ♣❛r❛ ❤❛❝❡r ❡❧ ♣r♦❝❡s♦ ❞❡ r❡❝♦♥str✉❝❝✐ó♥
❞❡ ❧❛s ✐♠á❣❡♥❡s✳
❆❤♦r❛ ✈❡❛♠♦s ❝ó♠♦ ♦❜t❡♥❡r ❞❡s❝♦♠♣♦s✐❝✐♦♥❡s ❞❡ ♠❛②♦r ♦r❞❡♥ ❝♦♥ ❧❛ ❚❘❖ ❜✐❞✐♠❡♥s✐♦♥❛❧✱
♣❛r❛ ✐❧✉str❛r ❡st♦ ❝♦♥t✐♥✉❛♠♦s ❝♦♥ ❧❛ ✐♠❛❣❡♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✾ ❝♦♠♦ ♥✉❡str❛
✐♠❛❣❡♥ ❞❡ ♣r✉❡❜❛✳ P❛r❛ ❧❛ ❝✉❛❧ ❧❛ ❋✐❣✉r❛ ✼✳✶✵ ♠✉❡str❛ ❡❧ r❡s✉❧t❛❞♦ ❞❡ ❛♣❧✐❝❛r ❧❛ ❚❘❖
❜✐❞✐♠❡♥s✐♦♥❛❧ ❛ ❧❛ ✐♠❛❣❡♥ ❞❡ ♣r✉❡❜❛ ✐✳❡ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❛ ✶ ♥✐✈❡❧✳ P❛r❛ ♦❜t❡♥❡r ❧❛
❞❡s❝♦♠♣♦s✐❝✐ó♥ ❛ ✷ ♥✐✈❡❧❡s✱ s❡ ❛♣❧✐❝❛ ♥✉❡✈❛♠❡♥t❡ ❧❛ ❚❘❖ ❜✐❞✐♠❡♥s✐♦♥❛❧ ♣❡r♦ ♥♦ ❛ t♦❞❛
✐♠❛❣❡♥ s✐♥♦ t❛♥ só❧♦ ❛ ❧❛ s❡❝❝✐ó♥ ❞❡ ❧❛ ✐♠❛❣❡♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ❧❛
✐♠❛❣❡♥ ❡♥ ❡❧ ♣r✐♠❡r ♥✐✈❡❧ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥✳ ❊st♦ ❡s ❧❛ ✐♠❛❣❡♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛
✼✳✶✶✳ ❊❧ r❡s✉❧t❛❞♦ ❞❡ ❧❛ s❡❣✉♥❞❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ❚❘❖ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❡s ♠♦str❛❞♦ ❡♥ ❧❛
❋✐❣✉r❛ ✼✳✶✷✳
✶✵✽
❋✐❣✉r❛ ✼✳✶✷✿ ❉❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ❧❛ ❋❈▼
▲✉❡❣♦ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❛ ✷ ♥✐✈❡❧❡s ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ✐♠❛❣❡♥ ♦❜t❡♥✐❞❛ ❛❧ r❡❡♠♣❧❛③❛r
❧❛ ❛♣r♦①✐♠❛❝✐ó♥✱ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✶✱ ♣♦r s✉ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡✱
♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✷✳ ❊st❡ r❡s✉❧t❛❞♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✸✳
❋✐❣✉r❛ ✼✳✶✸✿ ❉❡s❝♦♠♣♦s✐❝✐ó♥ ❛ ✷ ♥✐✈❡❧❡s
❊st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ s❡ ♣✉❡❞❡ ❣❡♥❡r❛❧✐③❛r ♣❛r❛ ♦❜t❡♥❡r ❞❡s❝♦♠♣♦s✐❝✐♦♥❡s ❛ ❝✉❛❧q✉✐❡r ♥✐✈❡❧✱
♣❡r♦ ❞❡❜✐❞♦ ❛ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧❛ ❚❘❖ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❛s♦❝✐❛❞❛ ❛❧ ❆▼❘ ❞❡ ❍❛❛r✱ ❡♥
❧❛ ♠❛②♦rí❛ ❞❡ ✐♠á❣❡♥❡s s❡ ♣✐❡r❞❡ ❧❛ t♦t❛❧✐❞❛❞ ❞❡ s✉ ✐♥❢♦r♠❛❝✐ó♥ ❡♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ❧❛
❞❡s❝♦♠♣♦s✐❝✐ó♥ ❛ ✹ ♥✐✈❡❧❡s✳ P♦r ❡st❛ r❛③ó♥ ❧♦ ♠ás r❡❝♦♠❡♥❞❛❜❧❡ ❡s só❧♦ tr❛❜❛❥❛r ❝♦♠♦
♠á①✐♠♦ ❝♦♥ ✉♥❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❛ ✸ ♥✐✈❡❧❡s✳
✼✳✸ ❉❡t❡❝❝✐ó♥ ❞❡ ❇♦r❞❡s
▲♦s ❜♦r❞❡s ❞❡ ✉♥❛ ✐♠❛❣❡♥ s❡ ♣✉❡❞❡♥ ❞❡✜♥✐r ❝♦♠♦ ❝✉❛❧q✉✐❡r ❞✐s❝♦♥t✐♥✉✐❞❛❞ q✉❡ s✉❢r❡ ❛❧❣✉♥❛
❢✉♥❝✐ó♥ ❞❡ ✐♥t❡♥s✐❞❛❞ s♦❜r❡ ❧♦s ♣✉♥t♦s ❞❡ ❧❛ ♠✐s♠❛ ✐✳❡✳ tr❛♥s✐❝✐♦♥❡s ❡♥tr❡ ❞♦s r❡❣✐♦♥❡s ❞❡
♥✐✈❡❧❡s ❞❡ ❣r✐s s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❞✐st✐♥t♦s✳ ❨ ❝♦♥t✐❡♥❡♥ ✐♥❢♦r♠❛❝✐ó♥ ✈❛❧✐♦s❛ s♦❜r❡ ❧❛s ❢r♦♥✲
t❡r❛s ❞❡ ❧♦s ♦❜❥❡t♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧❛ ✐♠❛❣❡♥✱ ♣♦r ❧♦ q✉❡ s♦♥ ✉t✐❧✐③❛❞♦s ♣r✐♥❝✐♣❛❧♠❡♥t❡
❡♥ ❧♦s ♣r♦❝❡s♦s ❞❡ s❡❣♠❡♥t❛❝✐ó♥ ❞❡ ✐♠á❣❡♥ ② r❡❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ♦❜❥❡t♦s✳
✶✵✾
▲❛ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s ♣♦r ♦♥❞í❝✉❧❛s ❡s ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡❧ ♣r♦❝❡s♦ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ②
r❡❝♦♥str✉❝❝✐ó♥ ❝♦♥ ❧❛ ❚❘❖✱ ♣❛r❛ ❡❧❧♦ s❡ ❞❡s❛rr♦❧❧ó ❡❧ ❛❧❣♦r✐t♠♦ ❉❡t❡❝❝✐ó♥ ❞❡ ❇♦r❞❡s ✭❇✳✹✮✳
■❧✉str❛r❡♠♦s ❡❧ ♣r♦❝❡s♦ ❞❡ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s ❞❡ ❧❛ ✐♠❛❣❡♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✹✱
❛ ❧❛ ❝✉❛❧ ♥♦s r❡❢❡r✐r❡♠♦s ❝♦♠♦ f ✱ ❡st❛ ✐♠❛❣❡♥ ❡s ❞❡ ❞✐♠❡♥s✐♦♥❡s 570 × 712✱ t✐♣♦ ✐♠❛❣❡♥
❏P❊● ② ❞❡ t❛♠❛ñ♦ ✶✸✶ ❑❜✳
❋✐❣✉r❛ ✼✳✶✹✿ ❊s❝✉❞♦ ❯◆▼❙▼
❆♥t❡s ❞❡ ❡♠♣❡③❛r ❛ ❡①♣❧✐❝❛r ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ ❧❛ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s✱ ❡s ♥❡❝❡s❛r✐♦ t❡♥❡r
❛❧❣✉♥♦s ❝♦♥♦❝✐♠✐❡♥t♦s ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❝♦❧♦r Y UV ❡❧ ❝✉❛❧ ❝♦❞✐✜❝❛ ✉♥❛ ✐♠❛❣❡♥ ❛ ❝♦❧♦r ❞❡
❛❝✉❡r❞♦ ❛ ❧❛ ♣❡r❝❡♣❝✐ó♥ ❞❡❧ ♦❥♦ ❤✉♠❛♥♦✳ ❨❯❱ ❞❡✜♥❡ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❝♦❧♦r ❡♥ tér♠✐♥♦s
❞❡ ✉♥❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❧✉♠✐♥❛♥❝✐❛ ✭❨✮ ② ❞♦s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❝r♦♠❛t✐♥❛ ✭❯❱✮✳ P❛r❛ ✉♥❛
✐♠❛❣❡♥ ❛ ❝♦❧♦r ❘●❇ ♣♦❞❡♠♦s ❤❛❧❧❛r s✉s ❝♦♠♣♦♥❡♥t❡s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❨❯❱ ♠❡❞✐❛♥t❡ ❧❛ tr❛♥s✲
❢♦r♠❛❝✐ó♥ ♠♦str❛❞❛ ❡♥ ✭✼✳✷✮✳ P❛r❛ ♠❛②♦r ✐♥❢♦r♠❛❝✐ó♥ ✈❡r ❑♦s❝❤❛♥❬✶✸❪✳
 YU
V
 =
 0.299 0.587 0.114−0.418 −0.289 0.437
0.615 −0.515 −0.100

 RG
B
 . ✭✼✳✷✮
P❛r❛ ❧❛ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s tr❛❜❛❥❛r❡♠♦s ❝♦♥ ❧❛ ❧✉♠✐♥❛♥❝✐❛ ❞❡ ❧❛ ✐♠❛❣❡♥ f ❡s ❞❡❝✐r ❧❛
❝♦♠♣♦♥❡♥t❡ Y ❞❡❧ ♠♦❞❡❧♦ Y UV ✱ ❧❛ ❝✉❛❧ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ s♦❜r❡ ❧❛ ❝❧❛r✐❞❛❞ ❞❡❧
♣í①❡❧❡s ✭❝❧❛r♦✴♦s❝✉r♦✮ ❞❡ ❧❛ ✐♠❛❣❡♥✳ ▲❛ ❧✉♠✐♥❛♥❝✐❛ ♣✉❡❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ❞❡ ✭✼✳✷✮ ♠❡❞✐❛♥t❡
❧❛ s✐❣✉✐❡♥t❡ ❡❝✉❛❝✐ó♥
Y (f) = 0.299× IR(f) + 0.587× IG(f) + 0.114× IB (f)
❞♦♥❞❡ IR ❞❡♥♦t❛ ❧❛ ✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ r♦❥♦s✱ IG ✱ ❧❛ ✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ ✈❡r❞❡s✱ IB ❧❛
✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ ❛③✉❧❡s✳ ❯♥ ❡❥❡♠♣❧♦ ❞❡ ❡st❛ r❡♣r❡s❡♥t❛❝✐ó♥✱ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ ✉♥❛
✐♠❛❣❡♥ ❛ ❝♦❧♦r❡s ❘●❇✱ ❢✉❡ ♠♦str❛❞♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✸✳
✶✶✵
❉❡s♣✉és s❡ r❡❛❧✐③❛ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❛ ✶ ♥✐✈❡❧✱ ❡s ❞❡❝✐r ❛♣❧✐❝❛❞♦ ❚❘❖✸ ❛ Y (f)✱ ❡❧ r❡s✉❧t❛❞♦
❡s ♠♦str❛❞♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✺✱ ❧✉❡❣♦ ❛♣❧✐❝❛♠♦s ♥✉❡✈❛♠❡♥t❡ ❚❘❖✸ ♣❡r♦ s♦❧♦ ❛❧ ❜❧♦q✉❡ q✉❡
❝♦♥t✐❡♥❡ ❧❛ ✐♠❛❣❡♥ ❛♣r♦①✐♠❛❞❛✱ ❡❧ r❡s✉❧t❛❞♦ ❡s ♠♦str❛❞♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✻❛✳
❋✐❣✉r❛ ✼✳✶✺✿ ❘❡s✉❧t❛❞♦ ❞❡ ❛♣❧✐❝❛r ❚❘❖✸ ❛ Y (f)
❊❧ ♣❛s♦ ❢✉♥❞❛♠❡♥t❛❧ ❡♥ ❧❛ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s ❡s ❞❡♣r❡❝✐❛r ❧♦s ❞❛t♦s ❞❡ ❧❛ ✐♠❛❣❡♥ ❛♣r♦①✲
✐♠❛❞❛ ✐✳❡✳ r❡❡♠♣❧❛③❛r ❧♦s ❞❛t♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ✐♠❛❣❡♥ ❛♣r♦①✐♠❛❞❛ ♣♦r ❝❡r♦s✳ ▲❛
✐♠❛❣❡♥ r❡s✉❧t❛♥t❡ s❡ ♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✻❜✳ ❆❤♦r❛ ♣r♦❝❡❞❡♠♦s ❛ ❛♣❧✐❝❛r ❚❘❖■✸✱ ❡❧
r❡s✉❧t❛❞♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✻❝✳ ◆♦t❡♠♦s q✉❡ ❡st❛ ✐♠❛❣❡♥ ❝♦rr❡s♣♦♥❞❡ ❛ ❧♦s ❜♦r❞❡s
❞❡❧ ❜❧♦q✉❡ ❞❡ ❧❛ ✐♠❛❣❡♥ ❛♣r♦①✐♠❛❞❛ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✺✳
✭❛✮ ✭❜✮ ✭❝✮
❋✐❣✉r❛ ✼✳✶✻✿ ✭❛✮ ❘❡s✉❧t❛❞♦ ❞❡ ❛♣❧✐❝❛r ♥✉❡✈❛♠❡♥t❡ ❚❘❖✸✱ ✭❜✮ ❉❡♣r❡❝✐❛❞♦ ❞❡ ❞❛t♦s ❡♥ ❧❛
s❡❣✉♥❞❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥✱ ✭❝✮ ❇♦r❞❡s ❞❡ ❧❛ ✐♠❛❣❡♥ ❛♣r♦①✐♠❛❞❛
▲✉❡❣♦ ♣r♦❝❡❞❡♠♦s ❛ r❡❡♠♣❧❛③❛r ❡❧ ❜❧♦q✉❡ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ✐♠❛❣❡♥ ❛♣r♦①✐♠❛❞❛✱ ♠♦str❛❞❛
❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✺✱ ♣♦r ❧❛ ✐♠❛❣❡♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✻❝✳ ❊❧ r❡s✉❧t❛❞♦ ❞❡ ❡st❡ ♣r♦❝❡s♦
s❡ ♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✼✳
✶✶✶
❋✐❣✉r❛ ✼✳✶✼✿ ◆✉❡✈❛ ✐♠❛❣❡♥ ❛ ♣r♦❝❡s❛r
❆♣❧✐❝❛♠♦s ♥✉❡✈❛♠❡♥t❡ ❚❘❖■✸✱ ♣❡r♦ ❡st❛ ✈❡③ ❛ ❧❛ ✐♠❛❣❡♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✼✱ ❡❧
r❡s✉❧t❛❞♦ ❧♦ ♠♦str❛♠♦s ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✽❛✱ ést❡ r❡s✉❧t❛❞♦ t✐❡♥❡ ♣♦❝❛ ❧✉♠✐♥❛♥❝✐❛ ♣♦r ❧♦ q✉❡
♥♦ s❡ ❛♣r❡❝✐❛ ❜✐❡♥ ♣❛r❛ ❡❧❧♦ ❛♣❧✐❝❛♠♦s ✉♥ ❢❛❝t♦r ❞❡ ❝♦rr❡❝❝✐ó♥ ❞❡ ❧✉♠✐♥❛♥❝✐❛✱ ❡s ❞❡❝✐r ❡❧
ú❧t✐♠♦ ♣❛s♦ ❧♦ r❡❛❧✐③❛♠♦s ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛
B(f) = 10× TROI3(faux),
❞♦♥❞❡ ❞❡♥♦t❛♠♦s ♣♦r faux ❛ ❧❛ ✐♠❛❣❡♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✽❛✱ ♣❛r❛ ♦❜t❡♥❡r ♥✉❡str♦
r❡s✉❧t❛❞♦ ✜♥❛❧ ♠♦str❛❞♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✽❜✳
✭❛✮ ✭❜✮
❋✐❣✉r❛ ✼✳✶✽✿ ✭❛✮ ❇♦r❞❡s ✐♥✐❝✐❛❧❡s✱ ✭❜✮ ❇♦r❞❡s ✜♥❛❧❡s
✶✶✷
✼✳✹ ❈♦♠♣r❡s✐ó♥ ❞❡ ■♠❛❣❡♥
▲❛ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥ s✉r❣❡ ❞❡❜✐❞♦ ❛ ❧❛ ♣r♦❜❧❡♠át✐❝❛ ❞❡ ❛❧♠❛❝❡♥❛r ✐♠á❣❡♥❡s q✉❡ t✐❡♥❡♥
❣r❛♥ ❝❛♥t✐❞❛❞ ❞❡ ✐♥❢♦r♠❛❝✐ó♥✱ ②❛ q✉❡ r❡q✉✐❡r❡♥ ❞❡♠❛s✐❛❞♦ ❡s♣❛❝✐♦ ❞❡ ❛❧♠❛❝❡♥❛♠✐❡♥t♦✱ ♣♦r
❧♦ q✉❡ s❡ ❡♠♣✐❡③❛ ❛ ❜✉s❝❛r ❢♦r♠❛s ② ♠ét♦❞♦s ❞❡ r❡❞✉❝✐r ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❞❡ ❧❛ ✐♠❛❣❡♥ ❡♥
❝♦♥tr❛st❡ ❝♦♥ ❧❛ ❝❛❧✐❞❛❞ ❣r❛✜❝❛ ✐✳❡✳ r❡❞✉❝✐r ❡❧ ❡s♣❛❝✐♦ ❞❡ ❛❧♠❛❝❡♥❛♠✐❡♥t♦ r❡q✉❡r✐❞♦ s✐♥
♣r♦✈♦❝❛r ✉♥❛ ♥♦t❛❜❧❡ ❞❡❣r❛❞❛❝✐ó♥ ❞❡ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ q✉❡ ❝♦♥t✐❡♥❡ ❧❛ ✐♠❛❣❡♥✳
❊❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥ ♣♦r ♦♥❞í❝✉❧❛s✱ t❛♠❜✐é♥ ❡s ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡❧ ✉s♦
✐t❡r❛t✐✈♦ ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ② r❡❝♦♥str✉❝❝✐ó♥ ♣♦r ♦♥❞í❝✉❧❛s✱ ♣❛r❛ ❡st❡
♣r♦❝❡❞✐♠✐❡♥t♦ s❡ ❞❡s❛rr♦❧❧ó ❡❧ ❆❧❣♦r✐t♠♦ ❈♦♠♣r❡s✐ó♥ ❞❡ ■♠❛❣❡♥ ❇✳✺✳ ■❣✉❛❧ q✉❡ ❡♥ ❧❛ ❞❡✲
t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s ✐❧✉str❛r❡♠♦s ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❛♣❧✐❝á♥❞♦❧♦ ❛ ✉♥❛ ✐♠❛❣❡♥ ❞❡ ♣r✉❡❜❛✱ ❛
❧❛ ❝✉❛❧ ♥♦s r❡❢❡r✐r❡♠♦s ❝♦♥ f ② s❡ ♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶✾✳ ▲❛ ❝✉❛❧ ❡s ✉♥❛ ✐♠❛❣❡♥ ❞❡
❞✐♠❡♥s✐♦♥❡s 400× 508 ♣í①❡❧❡s✱ t✐♣♦ ✐♠❛❣❡♥ ❏P❊● ② ❞❡ t❛♠❛ñ♦ ✸✾✳✺ ❑❇✳
❋✐❣✉r❛ ✼✳✶✾✿ ■♠❛❣❡♥ f ✱ ❍✉❛❝♦ ▼♦❝❤✐❝❛
❊❧ ♣r✐♠❡r ♣❛s♦ ❡s ❛♣❧✐❝❛r ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥✱ ❡s ❞❡❝✐r ❛♣❧✐❝❛♠♦s TRO3 ❛ f ✱
♦❜t❡♥❡♠♦s ❛sí ❡❧ r❡s✉❧t❛❞♦ ♠♦str❛❞♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✷✵
❊❧ ♣❛s♦ ❝r✉❝✐❛❧ ❡♥ ❧❛ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥ ♣♦r ♦♥❞í❝✉❧❛s ❡s ❡❧ ✜❧tr❛❞♦ ❞❡ ❞❛t♦s ♣❛r❛ r❡✲
❞✉❝✐r ❧❛ ✐♥❢♦r♠❛❝✐ó♥✱ ♣❛r❛ ❡st♦ ✉t✐❧✐③❛♠♦s ❡❧ ♠ét♦❞♦ ❞❡ ❝♦♠♣r❡s✐ó♥ ♣♦r ✉♠❜r❛❧✳ ❊❧ ✉♠❜r❛❧
♦ threshold ❡s ✉♥ ✈❛❧♦r ♠í♥✐♠♦ ❡st❛❜❧❡❝✐❞♦ ❝♦♥ ❛❧❣ú♥ ✜♥✱ ❡♥ ❡st❡ ❝❛s♦ ❡❧ ♦❜❥❡t✐✈♦ ❡s ❡s✲
t❛❜❧❡❝❡r ✉♥ ✈❛❧♦r r❡❢❡r❡♥❝✐❛❧ ♣❛r❛ ❤❛❝❡r ❡❧ ✜❧tr❛❞♦ ❞❡ ❞❛t♦s✳
▲❛ ❝♦♠♣r❡s✐ó♥ ♣♦r ✉♠❜r❛❧ ❝♦♥s✐st❡ ❡♥ ❡st❛❜❧❡❝❡r ✉♥ ✉♠❜r❛❧ ♣❛r❛ ❧✉❡❣♦ ❞❡♣r❡❝✐❛r ❧♦s ❞❛t♦s
❝✉②♦ ✈❛❧♦r s❡❛ ✐♥❢❡r✐♦r ❛❧ ✉♠❜r❛❧✱ ❡①✐st❡♥ ❞✐✈❡rs❛s té❝♥✐❝❛s ♣♦r ❧❛s ❝✉❛❧❡s s❡ ♣✉❡❞❡ ❡s❝♦❣❡r
✉♠❜r❛❧❡s ❞❡ ❞✐st✐♥t♦s✱ ♥♦s♦tr♦s ✉t✐❧✐③❛r❡♠♦s ✉♥❛ r❛③ó♥ ♣♦r❝❡♥t✉❛❧✳
✶✶✸
❋✐❣✉r❛ ✼✳✷✵✿ ❘❡s✉❧t❛❞♦ ❞❡ TRO3(f)
P❛r❛ f =
(
fi,j
)
✱ ❧❛ ✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s ❞❡ ❞✐♠❡♥s✐♦♥❡s M ×N ✱ ❡❧ ✉♠❜r❛❧ s❡ ♣✉❡❞❡
❡st✐♠❛r ♠❡❞✐❛♥t❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠✉❧❛
λ = ♠á①✐♠♦
i,j
∣∣fi,j ∣∣ U100 ✭✼✳✸✮
❞♦♥❞❡ U ❡s ♣❛rá♠❡tr♦ ❞❛❞♦✱ 1 ≤ i ≤M ② 1 ≤ j ≤ N ✳
❉❡ ❡st❛ ❢♦r♠❛ ❧❛ ❡❧❡❝❝✐ó♥ ❞❡❧ ✉♠❜r❛❧ s❡ r❡❛❧✐③❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ♠á①✐♠♦ ✈❛❧♦r ❛❜s♦❧✉t♦ ❡♥❝♦♥✲
tr❛❞♦ ❡♥ ❧❛ ✐♠❛❣❡♥✳ ❯♥❛ ✈❡③ ❞❡t❡r♠✐♥❛❞♦ ❡❧ ✉♠❜r❛❧ ❞❡ ❝♦♠♣r❡s✐ó♥ s❡ ♣r♦❝❡❞❡ ❛ ❞❡♣r❡❝✐❛r
❧♦s ✈❛❧♦r❡s ❞❡ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❧❛ ✐♠❛❣❡♥ q✉❡ s❡❛♥ ♠❡♥♦r❡s ❛❧ ✉♠❜r❛❧✱ ❡♥ ♥✉❡str❛
r❡♣r❡s❡♥t❛❝✐ó♥ ♠❛tr✐❝✐❛❧ ❡st♦ q✉✐❡r❡ ❞❡❝✐r ❝♦♥✈❡rt✐r ❛ ❝❡r♦ ❧♦s ✈❛❧♦r❡s ✐♥❢❡r✐♦r❡s ❛❧ ✉♠❜r❛❧✳
■❧✉str❡♠♦s ❡st♦ ❝♦♥ U = 20✱ ❧♦ ❝✉❛❧ ❞❛ ✉♥ ✉♠❜r❛❧ ❞❡ ❝♦♠♣r❡s✐ó♥ ✐❣✉❛❧ ❛❧ ✷✵✪ ❞❡ ❧❛ ♠á①✐♠❛
✐♥t❡♥s✐❞❛❞ ❞❡ ❧❛ ✐♠❛❣❡♥✳ ❊♥ ❧❛ ❋✐❣✉r❛ ✼✳✷✶ s❡ ♠✉❡str❛ ❡❧ r❡s✉❧t❛❞♦ ❞❡ ❞❡♣r❡❝✐❛r ❧♦s ❞❛t♦s
❞❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ❧❛ ✐♠❛❣❡♥ f ✱ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✷✵✱ ❝♦♥ ✉♠❜r❛❧ ❞❡ ✷✵✪✳
✭❛✮ ✭❜✮
❋✐❣✉r❛ ✼✳✷✶✿ ✭❛✮ ❆♥t❡s ❞❡❧ ✉♠❜r❛❧✱ ✭❜✮ ❉❡s♣✉és ❞❡❧ ✉♠❜r❛❧
✶✶✹
❊❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ✭✼✳✸✮ ❡s ♣❛r❛ ✉♥❛ ✐♠❛❣❡♥ ❡♥ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s ♣❡r♦ s✐ ♥✉❡str❛ ✐♠❛❣❡♥ f
❡s ✉♥❛ ✐♠❛❣❡♥ ❛ ❝♦❧♦r ❘●❇ ❞❡ ❞✐♠❡♥s✐♦♥❡s M ×N ✱ s❡ ❝❛❧❝✉❧❛ ✉♥ ✉♠❜r❛❧ ✉t✐❧✐③❛♥❞♦ ✭✼✳✸✮
♣❛r❛ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❧❛ ✐♠❛❣❡♥✱ ❡s ❞❡❝✐r ✉♥ ✉♠❜r❛❧ ♣❛r❛ IR ✱ IG ② IB r❡s♣❡❝t✐✈❛♠❡♥t❡✱
② s❡ ❞❡♣r❡❝✐❛♥ ❧♦s ❞❛t♦s ❡♥ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❧❛ ✐♠❛❣❡♥ ♦❜t❡♥✐é♥❞♦s❡ r❡s✉❧t❛❞♦s ❝♦♠♦
❡❧ ♠♦str❛❞♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✷✶✳
❊❧ ú❧t✐♠♦ ♣❛s♦ ♣❛r❛ ❧❛ ❝♦♠♣r❡s✐ó♥ ❡s r❡❝♦♥str✉✐r ❧❛ ✐♠❛❣❡♥ ❞❡s♣✉és ❞❡ ❤❛❜❡r r❡❛❧✐③❛❞♦ ❡❧
✜❧tr❛❞♦ ❞❡ ❞❛t♦s✱ ♣❛r❛ ❡❧❧♦ ❛♣❧✐❝❛♠♦s TROI3✳ ❆sí ♦❜t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦ ♠♦str❛❞♦ ❡♥
❧❛ ❋✐❣✉r❛ ✼✳✷✷❜ ❧❛ ❝✉❛❧ r❡s✉❧t❛ ❝♦♥ ✉♥ t❛♠❛ñ♦ ❞❡ ✷✽✳✷ ❑❇✳ P❛r❛ ❝♦♠♣❛r❛r r❡s✉❧t❛❞♦s s❡
♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✷✷❛ ❧❛ ❝♦♠♣r❡s✐ó♥ ❞❡ f t♦♠❛♥❞♦ ❝♦♠♦ ✉♠❜r❛❧ ❡❧ 10% ❧❛ ❝✉❛❧ r❡s✉❧t❛
❝♦♥ ✉♥ t❛♠❛ñ♦ ❞❡ ✸✸✳✽ ❑❇✳
✭❛✮ ✭❜✮
❋✐❣✉r❛ ✼✳✷✷✿ ✭❛✮ ❈♦♠♣r❡s✐ó♥ ❛ ✉♠❜r❛❧ ❞❡ ✶✵✪✱ ✭❜✮ ❈♦♠♣r❡s✐ó♥ ❛ ✉♠❜r❛❧ ❞❡ ✷✵✪
✼✳✺ ❘❡❞✉❝❝✐ó♥ ❞❡ ❘✉✐❞♦
❊♥ ✐♥❢♦r♠át✐❝❛✱ s❡ ❧❧❛♠❛ r✉✐❞♦ ❛ ❧♦s ❞❛t♦s s✐♥ s✐❣♥✐✜❝❛❞♦ q✉❡ ❞✐st♦rs✐♦♥❛♥ ❧❛ ❝❛❧✐❞❛❞ ❞❡ ❧❛
✐♥❢♦r♠❛❝✐ó♥✳ ❊♥ ✉♥❛ ✐♠❛❣❡♥ ❡❧ r✉✐❞♦ ❡s ❧❛ ✈❛r✐❛❝✐ó♥ ❛❧❡❛t♦r✐❛ ✭q✉❡ ♥♦ s❡ ❝♦rr❡s♣♦♥❞❡ ❝♦♥
❧❛ r❡❛❧✐❞❛❞✮ ❞❡❧ ❜r✐❧❧♦ ♦ ❡❧ ❝♦❧♦r ❞❡ ❧❛ ♠✐s♠❛✳ ▲❛ r❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦✱ s✐♥ ❞✉❞❛ ❛❧❣✉♥❛✱ ❡s ✉♥
❛❧✐✈✐♦ ♣❛r❛ ♠❡❥♦r❛r ❧❛ ♥✐t✐❞❡③ ❞❡ ❧❛s ✐♠á❣❡♥❡s✳ ➱st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ ❡s ✉s❛❞♦ ❡♥ ❞✐s♣♦s✐t✐✈♦s
❞✐❣✐t❛❧❡s ✭❝á♠❛r❛s✱ ✜❧♠❛❞♦r❛s✱ ❡t❝✳✮ ② t❛♠❜✐é♥ s✉❡❧❡ s❡r ❛❝♦♣❧❛❞♦ ❡♥ ♦tr❛s ❛♣❧✐❝❛❝✐♦♥❡s✱
♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♥ ❧❛ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s✱ ♦❜t❡♥✐é♥❞♦s❡ ♠❡❥♦r❡s r❡s✉❧t❛❞♦s✳
❊①✐st❡♥ ❞✐st✐♥t♦s t✐♣♦s ❞❡ r✉✐❞♦✱ ❧♦s ♠ás ❝♦♠✉♥❡s s♦♥ r✉✐❞♦ s❛❧ ② ♣✐♠✐❡♥t❛✱ r✉✐❞♦Gaussiano✱
r✉✐❞♦ ❞❡ disparo ② r✉✐❞♦ uniforme ♦ r✉✐❞♦ blanco✳
✶✶✺
■❧✉str❛r❡♠♦s ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ r❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦ ♣♦r ♦♥❞í❝✉❧❛s ✉t✐❧✐③❛♥❞♦ ❧❛ ♠✐s♠❛
♠❡t♦❞♦❧♦❣í❛ ✉t✐❧✐③❛❞❛ ❡♥ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s✱ ♣❛r❛ ❡st♦ s❡ ❞❡s❛rr♦❧❧ó ❡❧ ❆❧❣♦r✐t♠♦
❘❡❞✉❝❝✐ó♥ ❞❡ ❘✉✐❞♦ ❇✳✻✱ ❛♣❧✐❝❛♥❞♦ ❡st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ ❛ ❧❛ ✐♠❛❣❡♥ ❞❡ ♣r✉❡❜❛✱ ❛ ❧❛ ❝✉❛❧
❞❡♥♦t❛r❡♠♦s ❝♦♠♦ f ✱ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✷✸✳
❋✐❣✉r❛ ✼✳✷✸✿ ▼❛♥t♦ P❛r❛❝❛s✱ ❝♦♥ r✉✐❞♦ ●❛✉ss✐❛♥♦
❊st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ ❡s ❜❛st❛♥t❡ ♣❛r❡❝✐❞♦ ❛❧ ❞❡ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥✱ ②❛ q✉❡ ❞❡s❝♦♠✲
♣♦♥❡♠♦s f ❝♦♥ TRO3✱ ❧✉❡❣♦ ✉t✐❧✐③❛♠♦s ✉♥ ✉♠❜r❛❧ ♣❛r❛ ❞❡♣r❡❝✐❛r ❧♦s ❝♦❡✜❝✐❡♥t❡s ♠❡♥♦r❡s
❛❧ ♠✐s♠♦ ② ❞❡s♣✉és r❡❝♦♥str✉✐♠♦s ❧❛ ✐♠❛❣❡♥ ❝♦♥ TROI3✳
P❛r❛ ❞❡♣r❡❝✐❛r ❧♦s ❞❛t♦s ✉t✐❧✐③❛♠♦s ✉♥❛ té❝♥✐❝❛ q✉❡ r❡❝✐❜❡ ✈❛r✐♦s ♥♦♠❜r❡s ❞❡♣❡♥❞✐❡♥❞♦
❞❡❧ ❛✉t♦r✱ ❛❧❣✉♥♦ ❞❡ ❡❧❧♦s s♦♥ ✉♥✐✈❡rs❛❧ t❤r❡s❤♦❧❞✱ ✈✐s✉s❤r✐♥❦ ② ✜①❡❞ ❢♦r♠ t❤r❡s❤♦❧❞✳ ❊st❡
♣r♦❝❡❞✐♠✐❡♥t♦ ❝♦♥s✐st❡ ❡♥ ✉t✐❧✐③❛r ✉♥ ✉♠❜r❛❧ ❞❡t❡r♠✐♥❛❞♦ ♣♦r ❧❛ ❢♦r♠✉❧❛
λ = σ
√
2 log n
❞♦♥❞❡ n ❡s ❧❛ ❧♦♥❣✐t✉❞ ❞❡ ❧❛ s❡ñ❛❧ ❛ ❧✐♠♣✐❛r ② σ ❡s ✉♥ ❡st✐♠❛❞♦r ❛❧ ♥✐✈❡❧ ❞❡ r✉✐❞♦ ♣r❡s❡♥t❡
❡♥ ❧❛ s❡ñ❛❧✳ P❛r❛ ♥✉❡str♦ ❝❛s♦ ❧❛ s❡ñ❛❧ ❡s ❜✐❞✐♠❡♥s✐♦♥❛❧ ❡s ❞❡❝✐r ✉♥❛ ✐♠❛❣❡♥ ❞❡ M × N
♣í①❡❧❡s✱ ❡♥t♦♥❝❡s ❝♦♥s✐❞❡r❛♠♦s
n = mediana {M,N}
❨ ❡❧ ❡st✐♠❛❞♦r ❛❧ ♥✐✈❡❧ ❞❡ r✉✐❞♦ ❧♦ ❝❛❧❝✉❧❛♠♦s ❝♦♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❞❡t❛❧❧❡ ❞❡s♣✉és ❞❡
❤❛❜❡r ❛♣❧✐❝❛❞♦ TRO3✱ ❡st♦ ❡s
σ =
mediana {di,j , ❝♦♥ i = 1, ...,M ② j = 1, ..., N}
0.6745
✶✶✻
✭❛✮ ✭❜✮
❋✐❣✉r❛ ✼✳✷✹✿ ✭❛✮ ❉❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ f ❝♦♥ r✉✐❞♦✱ ✭❜✮ ❘❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦ ❡♥ ❧❛ ❞❡s❝♦♠♣♦s✐✲
❝✐ó♥ ❞❡ f
❯♥❛ ✈❡③ ❞❡t❡r♠✐♥❛❞♦ ❡❧ ✉♠❜r❛❧✱ s❡ ♣r♦❝❡❞❡ ❛ ❝♦♥✈❡rt✐r ❛ ❝❡r♦ ❝✉❛❧q✉✐❡r ✈❛❧♦r✱ ❞❡ ❧❛ ❞❡✲
s❝♦♠♣♦s✐❝✐ó♥✱ q✉❡ s❡❛ ♠❡♥♦r ❛❧ ✉♠❜r❛❧✳ ❊♥ ❧❛ ❋✐❣✉r❛ ✼✳✷✹❛ s❡ ❛♣r❡❝✐❛ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥
❞❡ f ② ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✷✹❜ s❡ ❛♣r❡❝✐❛ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ f ❞❡s♣✉és ❞❡ ❤❛❜❡r ❞❡♣r❡❝✐❛❞♦
❧♦s ✈❛❧♦r❡s ♠❡♥♦r❡s ❛❧ ✉♠❜r❛❧ ❡st❛❜❧❡❝✐❞♦✳ P❛r❛ t❡r♠✐♥❛r ❝♦♥ ❡st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ ❛♣❧✐❝❛♠♦s
TROI3✳ ❆sí ♦❜t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦ ♠♦str❛❞♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✷✺❜ ② ❛❞❡♠ás ♣✉❡❞❡ ❝♦♠✲
♣❛r❛rs❡ ❝♦♥ ❧❛ ✐♠❛❣❡♥ ♦r✐❣✐♥❛❧ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✷✺❛✳
✭❛✮ ✭❜✮
❋✐❣✉r❛ ✼✳✷✺✿ ✭❛✮ ■♠❛❣❡♥ ✐♥✐❝✐❛❧ ✭❜✮■♠❛❣❡♥ ❞❡s♣✉és ❞❡ ❧❛ r❡❞✉❝❝✐ó♥ ❞❡❧ r✉✐❞♦
✶✶✼
✼✳✻ ■♥t❡r❢❛❝❡ ●rá✜❝❛
❉❡s♣✉és ❞❡ ❤❛❜❡r ❞❡s❛rr♦❧❧❛❞♦ ❧❛ t❡♦rí❛ ♠❛t❡♠át✐❝❛ ❞❡❧ ❆♥á❧✐s✐s ❞❡ ❖♥❞í❝✉❧❛s ② ❤❛❜❡r
❛♣❧✐❝❛❞♦ ❧❛ ❚❘❖ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❛❧ ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡ ✐♠á❣❡♥❡s✱ ❞❡❝✐❞✐♠♦s ❤❛❝❡r ✉♥ ♣❡✲
q✉❡ñ♦ s✐st❡♠❛ ♣❛r❛ ❣❡st✐♦♥❛r ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ✈✐st♦s ❡♥ ❡st❡ ❝❛♣ít✉❧♦✱ ❛❞❡♠ás ❞❡ ❜r✐♥❞❛r
❧❛s ❢✉♥❝✐♦♥❛❧✐❞❛❞❡s ♥❡❝❡s❛r✐❛s ♣❛r❛ ✉♥ ✉s♦ ❞✐r❡❝t♦ ❞❡ ❡st♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ❞❡s❛rr♦❧❧❛❞♦s
s✐♥ ❧❛ ♥❡❝❡s✐❞❛❞ ❞❡ t❡♥❡r ♠❛②♦r ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡❧ s♦❢t✇❛r❡ ❡♥ ❡❧ q✉❡ s❡ ❞❡s❛rr♦❧❧ó✳
▲♦s ❡❥❡♠♣❧♦s ❞❡ ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ✈✐st♦s ❡♥ ❧❛s s❡❝❝✐♦♥❡s ❛♥t❡r✐♦r❡s ❢✉❡r♦♥ ❞❡s❛rr♦❧❧❛❞♦s
❡♥ ▼❆❚▲❆❇❘© R2010a ♣♦r ❧❛s ❢❛❝✐❧✐❞❛❞❡s q✉❡ ❜r✐♥❞❛ ♣❛r❛ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ♣r♦t♦t✐♣♦s✱ ✉♥❛
❞❡ ❡❧❧❛s ❡s ❧❛ ❤❡rr❛♠✐❡♥t❛ ●❯■❉❊ ❧❛ ❝✉❛❧ ♣❡r♠✐t❡ ❞♦t❛r ❞❡ ✉♥❛ ✐♥t❡r❢❛❝❡ ❣rá✜❝❛ ❞❡ ✉s✉❛r✐♦
❛ ❧♦s ♣r♦❣r❛♠❛s ❞❡s❛rr♦❧❧❛❞♦s ❡♥ ▼❆❚▲❆❇❘© R2010a✳
❋✐❣✉r❛ ✼✳✷✻✿ ❉❡s❛rr♦❧❧♦ ❞❡ ❧❛ ✐♥t❡r❢❛❝❡ ❣rá✜❝❛ ❞❡ ✉s✉❛r✐♦
❯♥ r❡q✉❡r✐♠✐❡♥t♦ ♥♦ ❢✉♥❝✐♦♥❛❧ ♣❛r❛ ❡❧ s✐st❡♠❛ s❡rí❛ ♦t♦r❣❛r ❛❧ ✉s✉❛r✐♦ ❧❛ ❢❛❝✐❧✐❞❛❞ ❞❡ ❡s✲
❝♦❣❡r ❧❛ ✐♠❛❣❡♥ ❝♦♥ ❧❛ q✉❡ s❡ ❞❡s❡❡ tr❛❜❛❥❛r ❞❡ ♠❛♥❡r❛ ❞✐♥á♠✐❝❛ ❧♦ ❝✉❛❧ s❡ ❝♦♥s✐❣✉✐ó ❛
tr❛✈és ❞❡❧ ✉s♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ uigetfile✳
❋✐❣✉r❛ ✼✳✷✼✿ ❯t✐❧✐③❛♥❞♦ uigetfile ♣❛r❛ ❧❡❡r ✐♠á❣❡♥❡s
✶✶✽
❖tr♦ r❡q✉❡r✐♠✐❡♥t♦ ♥♦ ❢✉♥❝✐♦♥❛❧ ♣❛r❛ ❡❧ s✐st❡♠❛ ❡s ❜r✐♥❞❛r ❛❧ ✉s✉❛r✐♦ ❧❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ❡s✲
❝♦❣❡r ❡❧ ♥ú♠❡r♦ ❞❡ ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ❧❛ ❚❘❖ q✉❡ s❡ ✈❛♥ ❛ r❡❛❧✐③❛ s♦❜r❡ ❧❛ ✐♠❛❣❡♥ ❛❧ ♠♦♠❡♥t♦
❞❡ ❡❢❡❝t✉❛r ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥✴r❡❝♦♥str✉❝❝✐ó♥ ♦ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s✱ ♣❛r❛ ❡st♦ s❡ ✉t✐❧✐③ó ❡♥
❝♦♥❥✉♥t♦ ✉♥ Static Text ② ✉♥ Edit Text✳
❋✐❣✉r❛ ✼✳✷✽✿ ❯t✐❧✐③❛♥❞♦ Static Text ② Edit Text
❉❡ ✐❣✉❛❧ ♠❛♥❡❛ ❡s ♣♦s✐❜❧❡ q✉❡ s❡ q✉✐❡r❛ ❛♣❧✐❝❛r ✉♥ ❢❛❝t♦r ❞❡ ❝♦rr❡❝❝✐ó♥ ❞❡ ❧✉♠✐♥❛♥❝✐❛ ❞✐❢❡r✲
❡♥t❡✱ ♣❛r❛ ❧♦ ❝✉❛❧ s❡ ✉t✐❧✐③❛ ❧❛s ♠✐s♠❛s ❤❡rr❛♠✐❡♥t❛s q✉❡ ♣❛r❛ ❡❧ ♥ú♠❡r♦ ❞❡ ❛♣❧✐❝❛❝✐♦♥❡s
❞❡ ❧❛ ❚❘❖✳
▲♦s r❡q✉❡r✐♠✐❡♥t♦s ❢✉♥❝✐♦♥❛❧❡s s♦♥ ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ❡st✉❞✐❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡ ✐✳❡✳ ❧❛
❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ♣♦r ♦♥❞í❝✉❧❛s✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ❛❧❣♦r✐t♠♦ ❞❡
r❡❝♦♥str✉❝❝✐ó♥ ♣♦r ♦♥❞í❝✉❧❛s ② ❧❛ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s ❝♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧♦s ❞♦s ♣r♦❝❡✲
s♦s ❛♥t❡r✐♦r❡s✱ ❛ ❡st♦s ♣r♦❝❡s♦s s❡ ❧❡ ❛❣r❡❣❛ ❧❛ ❡①♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ❚❘❖ ❜✐❞✐♠❡♥s✐♦♥❛❧✳ P❛r❛
❡❧❧♦ ✉t✐❧✐③❛♠♦s ✉♥❛ ❡str✉❝t✉r❛ ❢♦r♠❛❞❛ ♣♦r ❧♦s s✐❣✉✐❡♥t❡s ❝♦♠♣♦♥❡♥t❡s Button Group ②
Radio Button✳
❋✐❣✉r❛ ✼✳✷✾✿ ❯t✐❧✐③❛♥❞♦ Botton Group ② Radio Button
▲❛ ❡str✉❝t✉r❛ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✷✾ ❡s só❧♦ ♣❛r❛ s❡❧❡❝❝✐♦♥❛r ❛❧❣✉♥♦ ❞❡ ❧♦s ♣r♦❝❡❞✲
✐♠✐❡♥t♦s ②❛ ♠❡♥❝✐♦♥❛❞♦s✱ ❞❡s♣✉és ❞❡ ❤❛❜❡r ❛❝♦♠♦❞❛❞♦ ❧♦s ✈❛❧♦r❡s ♣❡rt✐♥❡♥t❡s ❛ Niveles ②
❈♦rr❡❝❝✐ó♥ de luminancia ②✴♦ umbral✱ ❧❛ t❛r❡❛ s❡❧❡❝❝✐♦♥❛❞❛ s❡rá ❛❝t✐✈❛❞❛ ❝♦♥ procesar✱
❡❧ ❝✉❛❧ ❡s ✉♥ ❝♦♠♣♦♥❡♥t❡ Push Button✳
❋✐❣✉r❛ ✼✳✸✵✿ ❯t✐❧✐③❛♥❞♦ Push Button
✶✶✾
P❛r❛ ❤❛❝❡r ♠ás ❞✐♥á♠✐❝❛ ❧❛ ❡①♣❧✐❝❛❝✐ó♥ ❞❡ ❧♦s ♣r♦❝❡s♦s ✉t✐❧✐③❛♠♦s ❧❛ té❝♥✐❝❛ ❞❡ ♣r♦✲
❣r❛♠❛❝✐ó♥ ❝♦♥♦❝✐❞❛ ❝♦♠♦ ❜❛♥❞❡r❛s ✭flags✮✱ s❡ ✉t✐❧✐③❛r♦♥ ❞♦s ❜❛♥❞❡r❛s ♣❛r❛ ✐♥❞✐❝❛r ❡❧
❣✉❛r❞❛❞♦ ❞❡ ✐♠á❣❡♥❡s q✉❡ s❡ ♣r♦❞✉❝❡♥ ② ❡❧ ♠♦str❛r ❧♦s r❡s✉❧t❛❞♦s ✐♥t❡r♠❡❞✐♦s ❞❡ ❧♦s ♣r♦✲
❝❡s♦s ❛♥t❡r✐♦r❡s✳ P❛r❛ ❡st♦ s❡ ✉t✐❧✐③ó ❡❧ ❝♦♠♣♦♥❡♥t❡ Check Box✳
❋✐❣✉r❛ ✼✳✸✶✿ ❯t✐❧✐③❛♥❞♦ Check Box
❉❡ ❡st❛ ♠❛♥❡r❛ s❡ t❡r♠✐♥♦ ❡❧ ❞✐s❡ñ♦ ❞❡ ❧❛ ✐♥t❡r❢❛❝❡ ❣rá✜❝❛ ❞❡❧ ♣r♦t♦t✐♣♦ ❛❧ q✉❡ s❡ ❧❧❛♠ó
Wavelet✱ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ❧❧❛♠❛❞♦s Tareas a Realizar ♥♦ s♦♥
♦tr❛ ❝♦s❛ q✉❡ ❧❛ ❝♦❞✐✜❝❛❝✐ó♥ s✐st❡♠át✐❝❛ ❡♥ ▼❆❚▲❆❇❘© R2010a ❞❡ ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ②❛
❡①♣❧✐❝❛❞♦s ❡♥ ❧❛s s❡❝❝✐♦♥❡s ❛♥t❡r✐♦r❡s✱ ❡❧ ❝ó❞✐❣♦ ❝♦♠♣❧❡t♦ ❞❡ ❡st❡ ♣r♦t♦t✐♣♦ ♣✉❡❞❡ s❡r ✈✐st♦
❡♥ ❡❧ ❆♣é♥❞✐❝❡ ❈✳
❆❞✐❝✐♦♥❛❧♠❡♥t❡ ❡♥ ❡❧ ❆♣é♥❞✐❝❡ ❉ s❡ ♠✉❡str❛♥ ❞✐✈❡rs♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❝♦♥ ❡❧ ♣r♦t♦t✐♣♦
Wavelet✳
❋✐❣✉r❛ ✼✳✸✷✿ Pr♦t♦t✐♣♦ Wavelet
✶✷✵
❉✐s❝✉s✐ó♥
• ❊♥ ❡❧ t❡r❝❡r ❝❛♣ít✉❧♦ s❡ ❞❡s❛rr♦❧❧ó ❧❛ ♠❛t❡♠át✐❝❛ ❞❡ ❧❛s ♦♥❞í❝✉❧❛s✱ s❡ ❞❡♠♦str❛r♦♥
r❡s✉❧t❛❞♦s ♣❛r❛ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❈♦♥t✐♥✉❛ ❞❡ ❖♥❞í❝✉❧❛ ♠✉❝❤♦s ❞❡ ❧♦s ❝✉❛❧❡s t❛♠❜✐é♥
s❡ ❝✉♠♣❧❡♥ ❝♦♥ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❈♦♥t✐♥✉❛ ❞❡ ❋♦✉r✐❡r✱ t❛❧❡s ❝♦♠♦ ❧❛ r❡❧❛❝✐ó♥ ❞❡
P❛rs❡✈❛❧✱ ❧❛ ❢♦r♠✉❧❛ ❞❡ ✐♥✈❡rs✐ó♥ ❡ ✐s♦♠❡trí❛✱ ❡♥tr❡ ♦tr♦s✳ ❊s ♣♦r ❡s♦ q✉❡ ❡❧ ❆♥á❧✐s✐s
❞❡ ❖♥❞í❝✉❧❛s ❡s ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♥ r❡✜♥❛♠✐❡♥t♦ ❞❡❧ ❆♥á❧✐s✐s ❞❡ ❋♦✉r✐❡r✱ ♣♦r ❧♦ q✉❡
♣✉❡❞❡ s❡r ❛♣❧✐❝❛❞♦ ❛ ❧♦s ♠✐s♠♦s ❝❛♠♣♦s✳
• ❊♥ ❡❧ ❝✉❛rt♦ ❝❛♣ít✉❧♦ s❡ ❞❡s❛rr♦❧❧ó ❧❛ ♠❛t❡♠át✐❝❛ ❞❡ ❧♦s ❢r❛♠❡s q✉❡ ❡s ♥❡❝❡s❛r✐❛ ♣❛r❛
♣♦❞❡r r❡❞❡✜♥✐r ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ✉♥❛ ♦♥❞í❝✉❧❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❜❛s❡s ❞❡ ❘✐❡s③✱ ❝♦♥ ❡st❡
r❡s✉❧t❛❞♦ ❡♥ ❡❧ q✉✐♥t♦ ❝❛♣ít✉❧♦ s❡ ❞❡s❛rr♦❧❧ó ❧❛ ♠❛t❡♠át✐❝❛ ❞❡❧ ❆♥á❧✐s✐s ▼✉❧t✐r❡s✲
♦❧✉❝✐ó♥ q✉❡ s✐r✈❡ ❞❡ ❜❛s❡ ♣❛r❛ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ②
r❡❝♦♥str✉❝❝✐ó♥ ♣♦r ♦♥❞í❝✉❧❛s ♦ s✐♠♣❧❡♠❡♥t❡ ❛❧❣♦r✐t♠♦s ♣✐r❛♠✐❞❛❧❡s ❧♦s ❝✉❛❧❡s ❢✉❡r♦♥
❞❡s❛rr♦❧❧❛❞♦s ❡♥ ❡❧ s❡①t♦ ❝❛♣ít✉❧♦✳
• ❊♥ ❡❧ sé♣t✐♠♦ ❝❛♣ít✉❧♦ s❡ ❞❡s❛rr♦❧❧❛r♦♥ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s✿ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s✱ ❝♦♠♣r❡✲
s✐ó♥ ❞❡ ✐♠❛❣❡♥ ② r❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦✳ ❊st♦ ❞❡❜✐❞♦ ❛ q✉❡ ❡st❛s ❛♣❧✐❝❛❝✐♦♥❡s ❝♦♠♣❛rt❡♥
❡❧ ♠✐s♠♦ ♣r♦❝❡❞✐♠✐❡♥t♦ ❣❡♥❡r❛❧✱ ❡❧ ❝✉❛❧ ❜ás✐❝❛♠❡♥t❡ ❝♦♥st❛ ❞❡ tr❡s ❡t❛♣❛s
✶✳ ❉❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❧❛ ✐♠❛❣❡♥ ✭d ♥✐✈❡❧❡s ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥✮✳
✷✳ ✜❧tr❛❞♦ ❞❡ ❞❛t♦s ✭✉♠❜r❛❧ λ✮✳
✸✳ ❘❡❝♦♥str✉❝❝✐ó♥ ❞❡ ❧❛ ✐♠❛❣❡♥ ✭d ♥✐✈❡❧❡s ❞❡ ❝♦♠♣♦s✐❝✐ó♥✮✳
• ▲❛s ❞✐❢❡r❡♥❝✐❛s ❡♥ ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ❞❡ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❞❡s❛rr♦❧❧❛❞❛s ♦❝✉rr❡♥ ❡♥ ❧❛
s❡❣✉♥❞❛ ❡t❛♣❛ ✭✜❧tr❛❞♦ ❞❡ ❞❛t♦s✮ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛
✕ ❉❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s✿ s❡ ❞❡♣r❡❝✐❛ t♦❞❛ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❞❡ ❧❛ ✐♠❛❣❡♥ ❛♣r♦①✐♠❛❞❛✳
✕ ❈♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥✿ s❡ ❞❡♣r❡❝✐❛ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ♠❡♥♦r ❛❧ ✉♠❜r❛❧✳
✕ ❘❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦✿ s❡ ❞❡♣r❡❝✐❛ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ♠❡♥♦r ❛❧ ✉♠❜r❛❧✳
• ❊♥ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s s❡ tr❛❜❛❥❛ ❝♦♥ ❧❛ ❧✉♠✐♥❛♥❝✐❛ ❞❡ ❧❛ ✐♠❛❣❡♥ ❧❛ ❝✉❛❧
♥♦s ❞❛ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❡♥ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s ❞❡ ❧❛ ✐♠❛❣❡♥ ❛ tr❛t❛r✳ ❯♥ ✐♥❝♦♥✈❡♥✐❡♥t❡
❞❡ ❡st❡ ♣r♦❝❡s♦ ♣✉❡❞❡ s❡r ❧❛ ❜❛❥❛ ❧✉♠✐♥❛♥❝✐❛ ♣r❡s❡♥t❡ ❡♥ ❧♦s r❡s✉❧t❛❞♦s ♣♦r ❧♦ q✉❡
❛❞✐❝✐♦♥❛❧♠❡♥t❡ s❡ t✐❡♥❡ q✉❡ ❛♣❧✐❝❛r ✉♥ ❢❛❝t♦r ❞❡ ❝♦rr❡❝❝✐ó♥ ❞❡ ❧✉♠✐♥❛♥❝✐❛ ♣❛r❛ ❤❛❝❡r
♠ás ♣❡r❝❡♣t✐❜❧❡s ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s✳
• P❛r❛ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥ ② r❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦ s❡ ✉t✐❧✐③❛ ✉♥
✉♠❜r❛❧ ❣❧♦❜❛❧✱ s✐❡♥❞♦ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❧❛ ❢♦r♠❛ ❞❡ ❝❛❧❝✉❧❛r ❡❧ ✉♠❜r❛❧
✶✷✶
✕ ❈♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥✿ ❡❧ ✉♠❜r❛❧ s❡ ❡s❝♦❣❡ t♦♠❛♥❞♦ ❝♦♠♦ r❡❢❡r❡♥❝✐❛ ❧❛ ♠❛①✐♠❛
✐♥t❡♥s✐❞❛❞ ♣r❡s❡♥t❡ ❡♥ ❧❛ ✐♠❛❣❡♥ ② ❡s ❝❛❧❝✉❧❛❞♦ ❝♦♠♦ ✉♥ ♣♦r❝❡♥t❛❥❡ ❞❡❧ ♠✐s♠♦✳
✕ ❘❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦✿ ❡❧ ✉♠❜r❛❧ s❡ ❡s❝♦❣❡ ❝♦♠♦ ❧❛ ♠❡❞✐❛♥❛ ❞❡ ❧♦s ❞❡t❛❧❧❡s ❝♦rr❡✲
s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ♣♦r ♦♥❞í❝✉❧❛s ❞❡ ❧❛ ✐♠❛❣❡♥✳
• ❊❧ ❞❡s❛rr♦❧❧♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ❡st❛s tr❡s ❛♣❧✐❝❛❝✐♦♥❡s ❡s ❡✈♦❧✉t✐✈♦✱ ♣❛rt✐❡♥❞♦ ❞❡
✐♠á❣❡♥❡s ❡♥ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s ♣❛r❛ ❧✉❡❣♦ ❡①t❡♥❞❡r ❧♦s r❡s✉❧t❛❞♦s ❛ ✐♠á❣❡♥❡s ❛ ❝♦❧♦r
❘●❇✳
• ❛❞✐❝✐♦♥❛❧♠❡♥t❡ s❡ ❡❧❛❜♦r♦ ✉♥ ♣r♦t♦t✐♣♦ ❞❡ s♦❢t✇❛r❡ ♣❛r❛ ♣♦❞❡r ❡①♣❧✐❝❛r✱ ✐❧✉str❛r ②
❞♦❝✉♠❡♥t❛r ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ✐♥✈♦❧✉❝r❛❞♦s ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❞✐❝❤❛s ❛♣❧✐❝❛❝✐♦♥❡s✱
♣❛r❛ ❡st♦ s❡ t♦♠❛r♦♥ ❡♥ ❝✉❡♥t❛ ✈❛r✐❛s ❢✉♥❝✐♦♥❛❧✐❞❛❞❡s t❛♥t♦ ❡♥ ❞❡s❡♠♣❡ñ♦ ❝♦♠♦ ❡♥
♣❡r❢♦r♠❛♥❝❡✱ s✐❡♥❞♦ ❧❛s ♣r✐♥❝✐♣❛❧❡s ❝❛r❛❝t❡ríst✐❝❛s
✶✳ ❙❡❧❡❝❝✐ó♥ ♣♦r ❡①♣❧♦r❛❞♦r ❞❡ ❧❛ ✐♠❛❣❡♥ ❛ tr❛t❛r✳
✷✳ ❙❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♥✐✈❡❧❡s ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❛ r❡❛❧✐③❛r ② s✉ r❡s♣❡❝t✐✈❛ r❡❝♦♥str✉❝✲
❝✐ó♥✳
✸✳ ❙❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♥✐✈❡❧❡s ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ② r❡❝♦♥str✉❝❝✐ó♥ ❝♦♥ ❧♦s ❝✉❛❧❡s ✈❛♥ ❛
tr❛❜❛❥❛r ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s✳
✹✳ ❙❡❧❡❝❝✐ó♥ ❞❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❛ r❡❛❧✐③❛r✿ ❡①♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ❚❘❖ ❜✐❞✐♠❡♥s✐♦♥❛❧✱
❞❡s❝♦♠♣♦s✐❝✐ó♥✱ r❡❝♦♥str✉❝❝✐ó♥✱ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s✱ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥ ②
r❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦✳
✺✳ ❙❡❧❡❝❝✐ó♥ ❞❡❧ ✉♠❜r❛❧ ❞❡ ❝♦♠♣r❡s✐ó♥✳
✻✳ ❙❡❧❡❝❝✐ó♥ ❞❡❧ ❢❛❝t♦r ❞❡ ❝♦rr❡❝❝✐ó♥ ❞❡ ❧✉♠✐♥❛♥❝✐❛✳
✼✳ ❈❛♣❛❝✐❞❛❞ ❞❡ ♠♦str❛r r❡s✉❧t❛❞♦s ✐♥t❡r♠❡❞✐♦s ❡♥ t♦❞♦s ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ❛♥t❡✲
r✐♦r❡s✳
✽✳ ❈❛♣❛❝✐❞❛❞ ❞❡ ❣✉❛r❞❛r ❧♦s r❡s✉❧t❛❞♦s ✜♥❛❧❡s ❡ ✐♥t❡r♠❡❞✐♦s ❞❡ ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s
❛♥t❡r✐♦r❡s✳
✶✷✷
❈♦♥❝❧✉s✐♦♥❡s
• ❊❧ ❆♥á❧✐s✐s ❞❡ ❖♥❞í❝✉❧❛s ❡s r❡❧❛t✐✈❛♠❡♥t❡ ♥✉❡✈♦✱ ❝✉❛♥❞♦ s❡ ✈✐♥❝✉❧ó ❧❛ ♠❛t❡♠át✐❝❛
❞❡ ❧❛s ♦♥❞í❝✉❧❛s ❝♦♥ ❧♦s ❢r❛♠❡s s❡ ❞✐❡r♦♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ♣❛r❛ ❢♦r♠✉❧❛❝✐ó♥
② ❡❧❛❜♦r❛❝✐ó♥ ❞❡❧ ❢✉♥❞❛♠❡♥t♦ ♠❛t❡♠át✐❝♦ ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❆♥á❧✐s✐s ♠✉❧t✐r❡s♦❧✉❝✐ó♥
✭❆▼❘✮ ❡❧ ❝✉❛❧ ❧❧❡✈♦ ❛❧ ♠á①✐♠♦ ❛♣♦❣❡♦ ❝♦♥t❡♠♣♦rá♥❡♦ ❡♥ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ❡st❡ ❛♥á❧✐s✐s✳
• ▲♦s ❛❧❣♦r✐t♠♦s ♣✐r❛♠✐❞❛❧❡s s✉r❣✐❡r♦♥ ♦r✐❣✐♥❛❧♠❡♥t❡ ♣❛r❛ ❧❛ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠á❣❡♥❡s✱
♣❡r♦ ❝♦♥ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ❆▼❘ ❡①♣❛♥❞❡♥ s✉ ❛♣❧✐❝❛❝✐ó♥ ❛ ❞✐✈❡rs♦s t✐♣♦s ❞❡ s❡ñ❛❧❡s
s✐❡♥❞♦ ❧♦s ♠ás ✐♠♣♦rt❛♥t❡s s♦♥✐❞♦✱ ✐♠❛❣❡♥ ② ✈✐❞❡♦✳ ❊♥ ❡st❛ t❡s✐s s❡ ❞❡s❛rr♦❧❧ó ❡❧ ♣r♦✲
❝❡s♦ ❞❡ ❡①t❡♥s✐ó♥ ❞❡ ❡st♦s ❛❧❣♦r✐t♠♦s ♣✐r❛♠✐❞❛❧❡s ❡♥ s❡ñ❛❧❡s ✉♥✐❞✐♠❡♥s✐♦♥❛❧❡s ✭❝♦♠♦
♣♦r ❡❥❡♠♣❧♦✿ s♦♥✐❞♦✮ ❛ s❡ñ❛❧❡s ❜✐❞✐♠❡♥s✐♦♥❛❧❡s ✭❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦✿ ✐♠❛❣❡♥✮✳ ❊st❡
♣r♦❝❡s♦ ❞❡ ❡①t❡♥s✐ó♥ t❛♠❜✐é♥ s❡ ♣✉❡❞❡ ❝♦♥t✐♥✉❛r ♣❛r❛ s❡ñ❛❧❡s tr✐❞✐♠❡♥s✐♦♥❛❧❡s ✭❝♦♠♦
♣♦r ❡❥❡♠♣❧♦✿ ✈✐❞❡♦✮✱ ♣❛r❛ ❡st♦ s❡ ❞❡❜❡ r❡♣r❡s❡♥t❛r ❡❧ ✈✐❞❡♦ ❝♦♠♦ ✉♥❛ ❤✐♣❡r♠❛tr✐③
VM×N×3×t ❞♦♥❞❡ t ❝♦rr❡s♣♦♥❞❡ ❛❧ ♥ú♠❡r♦ ❞❡ ✐♠á❣❡♥❡s q✉❡ ❝♦♥❢♦r♠❛♥ ❡❧ ✈✐❞❡♦✱ ②❛
q✉❡ ✉♥ ✈✐❞❡♦ ♣✉❡❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♥❛ s✉❝❡s✐ó♥ t❡♠♣♦r❛❧ ❞❡ ✐♠á❣❡♥❡s✳
• ▲♦s ❛❧❣♦r✐t♠♦s ❞❡s❛rr♦❧❧❛❞♦s ♣❛r❛ ❧❛ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥ ② r❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦
♣✉❡❞❡♥ s❡r ❢á❝✐❧♠❡♥t❡ ♠♦❞✐✜❝❛❞♦s ♣❛r❛ ♣♦❞❡r s❡r ✉t✐❧✐③❛❞♦s ❡♥ ✈✐❞❡♦s✳ ❚❡♥✐❡♥❞♦
❡♥ ❝✉❡♥t❛ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❤✐♣❡r♠❛tr✐❝✐❛❧ ❞❡ ✉ ✈✐❞❡♦ VM×N×3×t ✱ ♥♦t❛♠♦s q✉❡ ❝❛❞❛
❝♦♠♣♦♥❡♥t❡ ♣❛r❛ ✉♥ t ✜❥♦ ❡s ✉♥❛ ✐♠❛❣❡♥ ❡♥ ♣❛rt✐❝✉❧❛r ❛ ❧❛ ❝✉❛❧ s❡ ❧❡ ♣✉❡❞❡ ❛♣❧✐❝❛r
❧♦s ❛❧❣♦r✐t♠♦s ❞❡ ❝♦♠♣r❡s✐ó♥ ②✴♦ r❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦✱ ❝♦♥♦❝✐❡♥❞♦ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡
t ♠❡❞✐❛♥t❡ ✉♥ ❜✉❝❧❡ s❡ ♣r♦❣r❛♠❛ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❞❡ ❡st♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ❛ ❝❛❞❛
✐♠❛❣❡♥ ❝♦♠♣♦♥❡♥t❡ ❞❡❧ ✈✐❞❡♦ ♦❜t❡♥✐é♥❞♦s❡ ❛sí ❧♦s r❡s✉❧t❛❞♦s ❡s♣❡r❛❞♦s✳
• ❯♥❛ ❞❡ ❧❛s ♣r✐♥❝✐♣❛❧❡s ✈❡♥t❛❥❛s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s ❞❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❘á♣✐❞❛ ❞❡
❖♥❞í❝✉❧❛ ✭❚❘❖✮ s♦❜r❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❘á♣✐❞❛ ❞❡ ❋♦✉r✐❡r ✭❚❘❋✮ ❡s ❡❧ ❜❛❥♦ ❝♦st♦
❝♦♠♣✉t❛❝✐♦♥❛❧✳ ❊s ♣♦r ❡st❛ r❛③ó♥ q✉❡ s❡ ✈✐❡♥❡♥ ❡st✉❞✐❛♥❞♦ ② ❞❡s❛rr♦❧❧❛♥❞♦ ❛♣❧✐❝❛✲
❝✐♦♥❡s ❣r❛✜❝❛s ❜❛s❛❞❛s ❡♥ ❧❛ ❚❘❖✳
• ▲♦s ❜♦r❞❡s ❞❡ ✉♥❛ ✐♠❛❣❡♥ ❝♦♥t✐❡♥❡♥ ✐♥❢♦r♠❛❝✐ó♥ ✈❛❧✐♦s❛ s♦❜r❡ ❧❛s ❢r♦♥t❡r❛s ❞❡ ❧♦s
♦❜❥❡t♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧❛ ✐♠❛❣❡♥✱ ♣♦r ❧♦ q✉❡ s♦♥ ✉t✐❧✐③❛❞♦s ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♥ ❧♦s
♣r♦❝❡s♦s ❞❡ s❡❣♠❡♥t❛❝✐ó♥ ❞❡ ✐♠á❣❡♥❡s ② r❡❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ♦❜❥❡t♦s✱ ❡s♣❡❝í✜❝❛♠❡♥t❡
❤❛❜❧❛♥❞♦ ❡♥ ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ ❞❡t❡❝❝✐ó♥ ❞❡ ♦❜❥❡t♦s s❡ r❡q✉✐❡r❡♥ ♣r♦❝❡s❛r ❣r❛♥❞❡s
✈♦❧ú♠❡♥❡s ❞❡ ❞❛t♦s ② ❡st♦ ❞❡❜❡ s❡r r❡❛❧✐③❛❞♦ ❡♥ ❡❧ ♠❡♥♦r t✐❡♠♣♦ ♣♦s✐❜❧❡✱ ❡s ♣♦r ❡s♦
q✉❡ ❧❛ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s ♣♦r ♦♥❞í❝✉❧❛s ❜r✐♥❞❛ ✉♥❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ❧♦❣r❛r r❡❛❧✐③❛r
❞✐❝❤♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ❞❡ ♠❛♥❡r❛ ♠ás rá♣✐❞❛✳
• ▲❛ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥✱ ❢✉❡ ❧❛ ♣r✐♠❡r❛ ❛♣❧✐❝❛❝✐ó♥ q✉❡ s❡ ❧❡ ❞✐♦ ❛❧ ❆♥á❧✐s✐s ❞❡
✶✷✸
❖♥❞í❝✉❧❛s✱ ❛❝t✉❛❧♠❡♥t❡ ❡st❡ t✐♣♦ ❞❡ ♣r♦❝❡s♦s ✈✐❡♥❡ ✐♥t❡❣r❛❞♦ ❡♥ ❞✐✈❡rs♦s ❛♣❛r❛t♦s
❞✐❣✐t❛❧❡s✳ ▲❛ ❝♦♠♣r❡s✐ó♥ ♣♦r ♦♥❞í❝✉❧❛s ❧♦❣ró ♠❡❥♦r❛r ❞rást✐❝❛♠❡♥t❡ ❧❛s ❝♦♠♣r❡s✐♦♥❡s
❞❡ ✐♠á❣❡♥❡s ②❛ ❡①✐st❡♥t❡s r❡s✉❧t❛♥❞♦ ❛sí ❡❧ ❡stá♥❞❛r ■❙❖ ❞❡ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠á❣❡♥❡s
❞❡♥♦♠✐♥❛❞♦ ❏P❊●✲✷✵✵✵ ♣♦st❡r✐♦r ♠❡♥t❡ s✉r❣❡ ❡❧ ❢♦r♠❛t♦ ❞❡ ❝♦♠♣r❡s✐ó♥ ❞❡ ✈✐❞❡♦
❋▲❱ ❝♦♠♦ s❡ ❝♦♠❡♥t♦ ❛♥t❡s ❡st♦ ❢✉❡ ♣♦s✐❜❧❡ ②❛ q✉❡ ❞❡s❛rr♦❧❧❛❞❛ ✉♥❛ ❝♦♠♣r❡s✐ó♥ ❞❡
✐♠❛❣❡♥ ❡①t❡♥❞❡r❧❛ ❛ ✈✐❞❡♦ ❡s s✉♠❛♠❡♥t❡ s❡♥❝✐❧❧♦✳
• ▲❛ ú❧t✐♠❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡s❛rr♦❧❧❛❞❛ ❢✉❡ ❧❛ ✏r❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦✑✱ ❡st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ ❡s
❜❛st❛♥t❡ s✐♠✐❧❛r ❛❧ ❞❡ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥ ②❛ q✉❡ r❡❞✉❝✐♠♦s ❡❧ r✉✐❞♦ ♠❡❞✐❛♥t❡ ✉♥
✉♠❜r❛❧✱ ❡st❡ ✉♠❜r❛❧ ❛ ❞✐❢❡r❡♥❝✐❛ ❞❡❧ ✉♠❜r❛❧ ❞❡ ❝♦♠♣r❡s✐ó♥ ❡s ❝❛❧❝✉❧❛❞♦ ❞❡s♣✉és ❞❡
❤❛❜❡r ❞❡s❝♦♠♣✉❡st♦ ❧❛ ✐♠❛❣❡♥✱ ② s❡ ❝❛❧❝✉❧❛ s♦❧♦ ❝♦♥ ❧♦s ✈❛❧♦r❡s ❞❡ ❧♦s r❡s✉❧t❛❞♦s
❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ♦♣❡r❛❞♦r ❞❡t❛❧❧❡✱ ② ❧✉❡❣♦ s❡ ♣r♦❝❡❞❡ ❛ ❞❡♣r❡❝✐❛r ❧♦s ✈❛❧♦r❡s q✉❡
s❡❛♥ ♠❡♥♦r q✉❡ ❡❧ ✉♠❜r❛❧✱ ♣❛r❛ ❞❡s♣✉és r❡❝♦♥str✉✐r ❧❛ ✐♠❛❣❡♥ ♦❜t❡♥✐❡♥❞♦ ❛sí ♥✉❡str♦
r❡s✉❧t❛❞♦ ❡s♣❡r❛❞♦✳ ▲❛ r❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦ s✐♥ ❞✉❞❛ ❛❧❣✉♥❛ ❡s ✉♥ ❛❧✐✈✐♦ ♣❛r❛ ♠❡❥♦r❛r
❧❛ ♥✐t✐❞❡③ ❞❡ ❧❛s ✐♠á❣❡♥❡s✱ ♣♦r ❧♦ q✉❡ ❡st❡ t✐♣♦ ❞❡ ♣r♦❝❡❞✐♠✐❡♥t♦s ②❛ ✈✐❡♥❡ ✐♥❝❧✉✐❞♦ ❡♥
❞✐✈❡rs♦s ❞✐s♣♦s✐t✐✈♦s ❞✐❣✐t❛❧❡s✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ r❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦
s✉❡❧❡ s❡r ❛❝♦♣❧❛❞♦ ❝♦♠♦ ♣❛s♦ ❛❞✐❝✐♦♥❛❧ ❛❧ ✜♥❛❧ ❞❡ ♦tr❛s ❛♣❧✐❝❛❝✐♦♥❡s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡
❡♥ ❧❛ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s✱ ♦❜t❡♥✐é♥❞♦s❡ ♠❡❥♦r❡s r❡s✉❧t❛❞♦s✳
✶✷✹
❇✐❜❧✐♦❣r❛❢í❛
❬✶❪ ❑❘❊❨❙❩■●✱ ❊✳ ■♥tr♦❞✉❝t♦r② ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s✱ ❏❤♦♥ ❲❤✐❧❡② ✫
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❬✸❪ ❋■●❯❊■❘❊❉❖✱ ❉✳ ●✳ ❆♥á❧✐s❡ ❞❡ ❋♦✉r✐❡r ❡ ❈q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s P❛r❝✐❛✐s✱ Pr♦❥❡❝t♦
❊✉❝❧✐❞❡s✱ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛ P✉r❛ ❡ ❆♣❧✐❝❛❞❛✱ ✶✾✼✼✳
❬✹❪ ❙■❉❉■◗■✱ ❆✳ ❍✳ ❆♣♣❧✐❡❞ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s✱ ❲❛✈❡❧❡t ▼❡t❤♦❞s✱
❛♥❞ ■♠❛❣❡ Pr♦❝❡ss✐♥❣✱ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ▼❛r❝❡❧ ❉❡❦❦❡r✱ ■♥❝✳✱ ✷✵✵✹✳
❬✺❪ ❙❍■✱ ❳✳ ✫ ❈❍❊◆✱ ❋✳✱ ◆❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ❛✣♥❡ ❢r❛♠❡s✱
❙❝✐❡♥❝❡ ✐♥ ❈❤✐♥❛✱ ❙❡r✐❡s ❆✿ ▼❛t❤❡♠❛t✐❝s✱ ✷✵✵✺✳
❬✻❪ ❍❊❘◆➪◆❉❊❩✱ ❊✳ ✫ ❲❡✐ss✱ ●✳ ❆ ❋✐rst ❈♦✉rs❡ ♦♥ ❲❛✈❡❧❡ts✱ ❙t✉❞✐❡s ✐♥ ❆❞✈❛♥❝❡❞
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❆♣é♥❞✐❝❡ ❆
❍✐st♦r✐❛ ❞❡❧ ❆♥á❧✐s✐s ❞❡ ❖♥❞í❝✉❧❛s
❊❧ ❆♥á❧✐s✐s ❞❡ ❖♥❞í❝✉❧❛s✱ ❞❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ♠❛t❡♠át✐❝♦✱ ❡s ♥✉❡✈♦ ❛✉♥q✉❡ s✉s ♣r✐♠❡r♦s
❛♥t❡❝❡❞❡♥t❡s s❡ r❡♠♦♥t❛♥ ❛ ✶✽✵✼✱ ❛ñ♦ ❡♥ q✉❡ s❡ ♣✉❜❧✐❝❛♥ ❧♦s tr❛❜❛❥♦s ❞❡ ❛♥á❧✐s✐s ❞❡ ❢r❡✲
❝✉❡♥❝✐❛ r❡❛❧✐③❛❞♦s ♣♦r ❏♦s❡♣❤ ❋♦✉r✐❡r✳
P♦st❡r✐♦r♠❡♥t❡ ❡♥ ✶✾✵✾✱ ❆❧❢r❡❞ ❍❛❛r ❝♦♥str✉②❡ ✉♥❛ ❢✉♥❝✐ó♥ s❡❝❝✐♦♥❛❧♠❡♥t❡ ❝♦♥st❛♥t❡✱ ♣♦s✲
t❡r✐♦r♠❡♥t❡ ❝♦♥♦❝✐❞❛ ❝♦♠♦ ❧❛ ♦♥❞í❝✉❧❛ ❞❡ ❍❛❛r✱ ❡❧ tér♠✐♥♦ ♦♥❞í❝✉❧❛ ❡s ❛❝✉ñ❛❞♦ ✈❛r✐♦s ❛ñ♦s
❞❡s♣✉és✱ ♣❛r❛ ❧❛ ❝✉❛❧ s✉s ❞✐❧❛t❛❝✐♦♥❡s ② tr❛s❧❛❝✐♦♥❡s ❢♦r♠❛♥ ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡❧ ❡s♣❛✲
❝✐♦ L2(R)✱ ❧❛ ❝✉❛❧ ❡s ❝♦♥♦❝✐❞❛ ❝♦♠♦ ❧❛ ❜❛s❡ ❞❡ ❍❛❛r✳▲❛s ❜❛s❡s s❡♥t❛❞❛s ♣♦r ❡❧ tr❛❜❛❥♦ ❞❡
❍❛❛r s♦♥ ❝♦♥s✐❞❡r❛❞❛s ❝♦♠♦ ❧♦s ❢✉♥❞❛♠❡♥t♦s ❞❡❧ ❆♥á❧✐s✐s ❞❡ ❖♥❞í❝✉❧❛s✳
❊♥ ✶✾✸✵✱ ❏♦❤♥ ▲✐tt❧❡✇♦♦❞ ② ❘✐❝❤❛r❞ P❛❧❡②✱ ❞❡ ❧❛ ❯♥✐✈❡rs✐❞❛❞ ❞❡ ❈❛♠❜r✐❞❣❡✱ ❞❡♠♦str❛r♦♥
q✉❡ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❧♦❝❛❧ s♦❜r❡ ✉♥❛ ♦♥❞❛✱ ❝♦♠♦ ❧❛ ❞✉r❛❝✐ó♥ ❞❡ ✉♥ ✐♠♣✉❧s♦ ❞❡ ❡♥❡r❣í❛✱ s❡
♣✉❡❞❡ r❡❝✉♣❡r❛r ♠❡❞✐❛♥t❡ ❧❛ ❛❣r✉♣❛❝✐ó♥ ❞❡ ❧♦s tér♠✐♥♦s ❞❡ s✉s s❡r✐❡s ❞❡ ❋♦✉r✐❡r ❡♥ ♦❝t❛✈❛s✳
❊♥ ✶✾✹✻✱ ❉❡♥♥✐s ●❛❜♦r✱ ✉♥ ❝✐❡♥tí✜❝♦ ❜r✐tá♥✐❝♦✲❤ú♥❣❛r♦ ✐♥✈❡♥t♦r ❞❡ ❧❛ ❤♦❧♦❣r❛❢í❛✱ ❞❡s❝♦♠✲
♣♦♥❡ ❧❛s s❡ñ❛❧❡s ❡♥ ♣❛q✉❡t❡s ❞❡ t✐❡♠♣♦✲❢r❡❝✉❡♥❝✐❛ ♦ ❋r❡❝✉❡♥❝✐❛s ❞❡ ●❛❜♦r✳
❊♥ ✶✾✺✷✱ ❘✳ ❏✳ ❉✉✣♥ ② ❆✳ ❈✳ ❙❝❤❛❡✛❡r ♣r❡s❡♥t❛r s✉ ❛rtí❝✉❧♦ ❆ ❈❧❛ss ♦❢ ♥♦♥❤❛r♠♦♥✐❝
❋♦✉r✐❡r ❙❡r✐❡s ❛❧ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❣r❡ss ♦❢ ▼❛t❡♥❛t✐❝✐❛♥s✱ ❞♦♥❞❡ s❡ ✐♥tr♦❞✉❝❡ ♣♦r ♣r✐♠❡r❛
✈❡③ ❧❛ ♥♦❝✐ó♥ ❞❡ frame✳
❊♥ ✶✾✽✶✱ ❏❡❛♥ P✳ ▼♦r❧❡t✱ ✐♥❣❡♥✐❡r♦ ❣❡♦❢ís✐❝♦ ❢r❛♥❝és✱ ❡♥❝✉❡♥tr❛ ❡❧ ♠♦❞♦ ❞❡ ❞❡s❝♦♠♣♦♥❡r
✉♥❛ s❡ñ❛❧ sís♠✐❝❛ ❡♥ ❝✐❡rt♦ t✐♣♦ ❞❡ ♦♥❞❛s ❞❡ ❢♦r♠❛ ❝♦♥st❛♥t❡✱ ♣♦st❡r✐♦r♠❡♥t❡ ❝♦♥♦❝✐❞❛s
❝♦♠♦ ♦♥❞í❝✉❧❛s ❞❡ ▼♦r❧❡t✳
❊♥ ✶✾✽✷✱ P❡t❡r ❏✳ ❇✉rt✱ ❞❡ ❙❛r♥♦✛ ❈♦r♣♦r❛t✐♦♥✱ ② ❊❞✇❛r❞ ❍✳ ❆❞❡❧s♦♥✱ ❞❡❧ ▼■❚✱ ❞❡s❛rr♦❧❧❛♥
❡❧ ❛❧❣♦r✐t♠♦ ♣✐r❛♠✐❞❛❧ ♣❛r❛ ❧❛ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠á❣❡♥❡s✳
P♦st❡r✐♦r♠❡♥t❡ ❡♥ ✶✾✽✹✱ ❏❡❛♥ P✳ ▼♦r❧❡t ❝♦♥ ❛②✉❞❛ ❞❡ ❆❧❡① ●r♦ss♠❛♥✱ ❢ís✐❝♦ ❝✉á♥t✐❝♦ ❝r♦❛t❛
r❡s✐❞❡♥t❡ ❡♥ ❋r❛♥❝✐❛✱ ❞❡s❛rr♦❧❧ó s✉ ♠♦❞❡❧♦ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s ❡♥ ♦♥❞í❝✉❧❛s ❞❡
❢♦r♠❛ ❝♦♥st❛♥t❡✱ ❛❝✉ñ❛♥❞♦ ❡❧ tér♠✐♥♦ ♦♥❞❡❧❡tt❡ q✉❡ ♣♦st❡r✐♦r♠❡♥t❡ s❡ tr❛❞✉❥♦ ❞❡❧ ✐❞✐♦♠❛
✶✷✻
❢r❛♥❝és ❛❧ ✐❞✐♦♠❛ ✐♥❣❧és ❝♦♠♦ ✇❛✈❡❧❡t ② ❛❧ ✐❞✐♦♠❛ ❡s♣❛ñ♦❧ ❝♦♠♦ ♦♥❞í❝✉❧❛✳ ❯♥♦ ❞❡ ❧♦s r❡✲
s✉❧t❛❞♦s ♠ás ✐♠♣♦rt❛♥t❡s ❞❡ ❡st❡ tr❛❜❛❥♦ ❡s ❧❛ ❝♦♥❝❡♣❝✐ó♥ ❞❡ ❧❛ ❚r❛♥s❢♦r♠❛❞❛ ❈♦♥t✐♥✉❛
❞❡ ❖♥❞í❝✉❧❛✳
❊♥ ✶✾✽✺✱ ❨✈❡s ❋✳ ▼❡②❡r✱ ♠❛t❡♠át✐❝♦ ❢r❛♥❝és ❞❡ ❧❛ ❯♥✐✈❡rs✐❞❛❞ ❞❡ P❛rís✱ ❢✉❡ ❡❧ ♣r✐♠❡r♦ ❡♥
❞❛rs❡ ❝✉❡♥t❛ ❞❡ ❧❛ ❝♦♥❡①✐ó♥ ❡♥tr❡ ❧❛s ♦♥❞í❝✉❧❛s ❞❡ ▼♦r❧❡t ② ❧❛s ♦♥❞í❝✉❧❛s ❛♥t❡r✐♦r❡s✳ ▼❡②❡r
❝♦♥t✐♥✉ó s✉ tr❛❜❛❥♦ ② ❞❡s❝✉❜r✐ó ❧❛s ♦♥❞í❝✉❧❛s ♦rt♦❣♦♥❛❧❡s ❝♦♥ ❧♦ ❝✉❛❧ ♠❛♥✐♣✉❧❛r ② tr❛❜❛✲
❥❛r ❝♦♥ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ♦♥❞í❝✉❧❛ r❡s✉❧tó t❛♥ ❢á❝✐❧ ❝♦♠♦ ❝♦♥ ✉♥❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r✳
❊♥ ✶✾✽✻✱ ❙té♣❤❛♥❡ ▼❛❧❧❛t✱ ✉♥ ❛♥t✐❣✉♦ ❛❧✉♠♥♦ ❞❡ ▼❡②❡r q✉❡ ❡st❛❜❛ ❤❛❝✐❡♥❞♦ ✉♥ ❞♦❝t♦r❛❞♦
❡♥ ✈✐s✐ó♥ ✐♥❢♦r♠át✐❝❛✱ ✈✐♥❝✉❧ó ❧❛ t❡♦rí❛ ❞❡ ♦♥❞í❝✉❧❛s ❛ ❧❛ ❧✐t❡r❛t✉r❛ ❡①✐st❡♥t❡ s♦❜r❡ ♣r♦❝❡✲
s❛♠✐❡♥t♦ ❞❡ ✐♠á❣❡♥❡s✳ ▲❧❡✈❛♥❞♦ ❧♦s ❛❧❣♦r✐t♠♦s ♣✐r❛♠✐❞❛❧❡s ❛❧ ❝♦♥t❡①t♦ ❞❡ ❧❛s ♦♥❞í❝✉❧❛s✳
❆sí t❛♠❜✐é♥✱ ■♥❣r✐❞ ❉❛✉❜❡❝❤✐❡s✱ ❆✳ ●r♦ss♠❛♥ ❝♦♥ ❨✳ ▼❡②❡r ♣r❡s❡♥t❛♥ ❡❧ ❛rtí❝✉❧♦ P❛✐♥❧❡ss
♥♦♥♦rt♦❣♦♥❛❧ ❡①♣❛♥s✐♦♥s ❛❧ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s✱ ést❡ ❛rtí❝✉❧♦ ❡s ❡❧ ♣r✐♠❡r♦ ❡♥
✉s❛r ❧♦s ❢r❛♠❡s ❡♥ ❝♦♥❥✉♥t♦ ❝♦♥ ❧❛s ♦♥❞í❝✉❧❛s✳
❊♥ ❡st❛ é♣♦❝❛ ❧❛ ✐❞❡❛ ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❞❡ s❡ñ❛❧❡s ❛ ❞✐st✐♥t❛s ❡s❝❛❧❛s ❞❡ r❡s♦❧✉❝✐ó♥ ②❛
❡r❛ ❢❛♠✐❧✐❛r ♣❛r❛ ❧♦s ❡①♣❡rt♦s ❡♥ ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡ ✐♠á❣❡♥❡s✳ ▼❛❧❧❛t✱ ❡♥ ❝♦❧❛❜♦r❛❝✐ó♥ ❝♦♥
▼❡②❡r✱ ❞❡♠♦stró q✉❡ ❧❛s ♦♥❞í❝✉❧❛s ❡stá♥ ✐♠♣❧í❝✐t❛s ❡♥ ❡st♦s ♣r♦❝❡s♦s✳ ❉❡ ❡st❛ ❢♦r♠❛ ▼❡②❡r
② ▼❛❧❧❛t ❞✐❡r♦♥ ♦r✐❣❡♥ ❛❧ ❆♥á❧✐s✐s ▼✉❧t✐r❡s♦❧✉❝✐ó♥ ✭❆▼❘✮ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛s ♦♥❞í❝✉❧❛s✱
s❡♥t❛♥❞♦ ❧❛s ❜❛s❡s t❡ór✐❝❛s ♣❛r❛ ❝♦♥str✉✐r ❝✉❛❧q✉✐❡r t✐♣♦ ❞❡ ♦♥❞í❝✉❧❛✳
❊♥ ✶✾✽✼✱ ■✳ ❉❛✉❜❡❝❤✐❡s ❝♦♥str✉②ó ❧❛s ♣r✐♠❡r❛s ♦♥❞í❝✉❧❛s ♦rt♦❣♦♥❛❧❡s s✉❛✈❡s ❝♦♥ s♦♣♦rt❡
❝♦♠♣❛❝t♦✳ ❙✉s ♦♥❞í❝✉❧❛s ❝♦♥✈✐❡rt❡♥ ❧❛ t❡♦rí❛ ❡♥ ✉♥❛ ❤❡rr❛♠✐❡♥t❛ ♣rá❝t✐❝❛✳
❊♥ ✶✾✾✵✱ ❉❛✈✐❞ ❉♦♥♦❤♦ ❡ ■❛✐♥ ❏♦❤♥st♦♥❡✱ ❞❡ ❧❛ ❯♥✐✈❡rs✐❞❛❞ ❞❡ ❙t❛♥❢♦r❞✱ ✉t✐❧✐③❛r♦♥ ❧❛s
♦♥❞í❝✉❧❛s ♣❛r❛ r❡❞✉❝✐r ❡❧ r✉✐❞♦ ❞❡ ❧❛s ✐♠á❣❡♥❡s✱ ❤❛❝✐é♥❞♦❧❛s ❛ú♥ ♠ás ♥ít✐❞❛s q✉❡ ❧♦s ♦r✐❣✐✲
♥❛❧❡s✳
❊♥ ✶✾✾✷✱ ❡❧ ❋❇■ ❡❧✐❣✐ó ✉♥ ♠ét♦❞♦ ❞❡ ♦♥❞í❝✉❧❛s ❞❡s❛rr♦❧❧❛❞♦ ♣♦r ❚♦♠ ❍♦♣♣❡r✱ ❞❡ ❧❛ ❞✐✈✐s✐ó♥
❞❡ ❙❡r✈✐❝✐♦s ❞❡ ■♥❢♦r♠❛❝✐ó♥ ❈r✐♠✐♥❛❧ ❞❡❧ ❋❇■✱ ② ❏♦♥❛t❤❛♥ ❇r❛❞❧❡② ② ❈❤r✐s ❇r✐s❧❛✇♥✱ ❞❡❧
▲❛❜♦r❛t♦r✐♦ ◆❛❝✐♦♥❛❧ ❞❡ ▲♦s ❆❧❛♠♦s✱ ♣❛r❛ ❝♦♠♣r✐♠✐r s✉ ❡♥♦r♠❡ ❜❛s❡ ❞❡ ❞❛t♦s ❞❡ ❤✉❡❧❧❛s
❞❛❝t✐❧❛r❡s✳
❊♥ ✶✾✾✺✱ P✐①❛r ❙t✉❞✐♦s ♣r❡s❡♥t❛ ❧❛ ♣❡❧í❝✉❧❛ ❚♦② ❙t♦r②✱ ❧❛ ♣r✐♠❡r❛ ♣❡❧í❝✉❧❛ ❞❡ ❞✐❜✉❥♦s ❛♥✲
✐♠❛❞♦s r❡❛❧✐③❛❞❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ♣♦r ❝♦♠♣✉t❛❞♦r❛✳ ❊♥ ❧❛ s❡❝✉❡❧❛ ❚♦② ❙t♦r② ✷✱ ❛❧❣✉♥❛s
❢♦r♠❛s s❡ r❡❛❧✐③❛♥ ♠❡❞✐❛♥t❡ s✉♣❡r✜❝✐❡s ❞❡ s✉❜❞✐✈✐s✐ó♥✱ ✉♥❛ té❝♥✐❝❛ r❡❧❛❝✐♦♥❛❞❛ ♠❛t❡♠át✐✲
❝❛♠❡♥t❡ ❝♦♥ ❧❛s ♦♥❞í❝✉❧❛s✳
❊♥ ✶✾✾✻✱ s❡ ❞❡s❛rr♦❧❧ó ❧❛ t❡❝♥♦❧♦❣í❛ ❞❡ ❉❥❱✉✱ q✉❡ ❢✉❡ ❞❡s❛rr♦❧❧❛❞❛ ♦r✐❣✐♥❛❧♠❡♥t❡ ♣♦r ❨❛♥♥
▲❡ ❈✉♥✱ ▲é♦♥ ❇♦tt♦✉✱ P❛tr✐❝❦ ❍❛✛♥❡r ② P❛✉❧ ●✳ ❍♦✇❛r❞ ❡♥ ❧♦s ❧❛❜♦r❛t♦r✐♦s ❞❡ ❆❚✫❚✱
❉❥❱✉ ❡s ✉♥❛ té❝♥✐❝❛ ❞❡ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥ ❜❛s❛❞❛ ❡♥ ♦♥❞í❝✉❧❛s✳
✶✷✼
❊♥ ✶✾✾✾✱ ▲❛ ❖r❣❛♥✐③❛❝✐ó♥ ■♥t❡r♥❛❝✐♦♥❛❧ ❞❡ ❊stá♥❞❛r❡s ✭■♥t❡r♥❛t✐♦♥❛❧ ❙t❛♥❞❛r❞s ❖r❣❛♥✐③❛✲
t✐♦♥✮ ❛♣r♦❜ó ✉♥ ♥✉❡✈♦ ❡stá♥❞❛r ❞❡ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠á❣❡♥❡s ❞✐❣✐t❛❧ ❞❡♥♦♠✐♥❛❞♦ ❏P❊●✲✷✵✵✵✳
❊❧ ♥✉❡✈♦ ❡stá♥❞❛r ✉t✐❧✐③❛ ♦♥❞í❝✉❧❛s ♣❛r❛ ❝♦♠♣r✐♠✐r ❛r❝❤✐✈♦s ❞❡ ✐♠á❣❡♥❡s ❡♥ ✉♥❛ ♣r♦♣♦r✲
❝✐ó♥ ❞❡ ✶✿✷✵✵✱ s✐♥ ♣ér❞✐❞❛s ❛♣r❡❝✐❛❜❧❡s ❡♥ ❧❛ ❝❛❧✐❞❛❞ ❞❡ ❧❛ ✐♠❛❣❡♥✳
❊♥ ✷✵✵✷✱ ▼❛❝r♦♠❡❞✐❛ ❧❛♥③❛ ❛❧ ♠❡r❝❛❞♦ ▼❛❝r♦♠❡❞✐❛ ❋❧❛s❤ ▼❳✱ q✉❡ ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❡♥
❢♦r♠❛ ❞❡ r❡♣r♦❞✉❝t♦r ♠✉❧t✐♠❡❞✐❛ q✉❡ ✐♥❝❧✉✐❛ ❡❧ ❢♦r♠❛t♦ ❞❡ ✈✐❞❡♦ ❋❧❛s❤ ❱✐❞❡♦ ✭❋▲❱✮✱ ❡❧
❝✉❛❧ ❡s ✉♥ ❢♦r♠❛t♦ ❞❡ ❝♦♠♣r❡s✐ó♥ ❞❡ ✈✐❞❡♦ ♣♦r ♦♥❞í❝✉❧❛s✳ ❋▲❱ ❢✉❡ ❞✐s❡ñ❛❞♦ ♣❛r❛ s✉ ✉s♦
❛ tr❛✈és ❞❡ ■♥t❡r♥❡t✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ❡❧ ✈í❞❡♦✱ ❝♦♠♦ s❡r✈✐❝✐♦s ❞❡ ❛❧♦❥❛♠✐❡♥t♦ ❱✐❞❡♦ ❉❡s❦✳
❆❝t✉❛❧♠❡♥t❡✱ ❋▲❱ ❡s ❡❧ ❢♦r♠❛t♦ ❞❡ ❡❧❡❝❝✐ó♥ ♣❛r❛ ❡❧ ✈í❞❡♦ ❞❡ ■♥t❡r♥❡t✱ q✉❡ ❝♦♠❜✐♥❛ ❧❛
❝♦♠♣r❡s✐ó♥ ♠✉② ❜✉❡♥❛ ❝♦♥ ❜✉❡♥❛ ❝❛❧✐❞❛❞ ❞❡ ❛✉❞✐♦ ② ✈í❞❡♦✳ ❊st❡ ❢♦r♠❛t♦ ❞❡ ✈í❞❡♦ t❛♠❜✐é♥
♣✉❡❞❡♥ r❡♣r♦❞✉❝✐rs❡ ❡♥ ❝❛s✐ ❝✉❛❧q✉✐❡r t✐♣♦ ❞❡ ♦r❞❡♥❛❞♦r✳
✶✷✽
❆♣é♥❞✐❝❡ ❇
❆❧❣♦r✐t♠♦s ❇ás✐❝♦s
❇✳✶ ❖r❞❡♥❛♠✐❡♥t♦
❆❧❣♦r✐t♠♦ ❇✳✶✿ ❖r❞❡♥❛♠✐❡♥t♦
❊♥tr❛❞❛✿ ❯♥❛ ♠❛tr✐③ A
❙❛❧✐❞❛ ✿ ▲❛ ♠❛tr✐③ A ♦r❞❡♥❛❞❛
✶ [M,N ] = ❞✐♠❡♥s✐ó♥✭❢ ✮❀
✷ Aux = A
✸ P❛r❛ i← 1 s✐❣✉✐❡♥t❡ i← i+ 1 ❤❛st❛ M ❤❛❝❡r
✹ ❙✐ r❡st♦✭✐✱✷✮ 6= 0 ❡♥t♦♥❝❡s
✺ A( i+12 , :) = Aux(i, :)
✻ s✐ ♥♦
✼ A(M+i2 , :) = Aux(i, :)
✽ ✜♥ s✐
✾ ✜♥ ♣❛r❛
✶✷✾
❇✳✷ ❚❘❖✸
❆❧❣♦r✐t♠♦ ❇✳✷✿ ❚❘❖✸
❊♥tr❛❞❛✿ ❯♥❛ ✐♠❛❣❡♥ f
❙❛❧✐❞❛ ✿ ❘❡s✉❧t❛❞♦ ❞❡ ❛♣❧✐❝❛r ❚❘❖ ❛ f ❛❧♠❛❝❡♥❛❞♦ ❡♥ Tf
✶ Tf ← s✐♥❣❧❡✭❢ ✮❀
✷ [M,N,R]← ❞✐♠❡♥s✐ó♥✭Tf✮❀
✸ ❙✐ r❡st♦✭▼✱✷✮ 6= 0 ❡♥t♦♥❝❡s
✹ Tf ← Tf (1 : M − 1, :, :)
✺ ✜♥ s✐
✻ ❙✐ r❡st♦✭◆✱✷✮ 6= 0 ❡♥t♦♥❝❡s
✼ Tf ← Tf (1, 1 : N − 1, :)
✽ ✜♥ s✐
✾ ❙✐ ❘❂✶ ❡♥t♦♥❝❡s
✶✵ TM ← ❝❡r♦s✭▼✱▼ ✮❀
✶✶ TN ← ❝❡r♦s✭◆✱◆ ✮❀
✶✷ P❛r❛ i← 1 s✐❣✉✐❡♥t❡ i← i+ 2 ❤❛st❛ M ❤❛❝❡r
✶✸ TM
(
i+1
2 , i
)← 1√
2
❀
✶✹ TM
(
i+1
2 , i+ 1
)← 1√
2
❀
✶✺ TM
(
M
2 +
i+1
2 , i
)← 1√
2
❀
✶✻ TM
(
M
2 +
i+1
2 , i+ 1
)← − 1√
2
❀
✶✼ ✜♥ ♣❛r❛
✶✽ P❛r❛ i← 1 s✐❣✉✐❡♥t❡ i← i+ 2 ❤❛st❛ N ❤❛❝❡r
✶✾ TN
(
i+1
2 , i
)← 1√
2
❀
✷✵ TN
(
i+1
2 , i+ 1
)← 1√
2
❀
✷✶ TN
(
N
2 +
i+1
2 , i
)← 1√
2
❀
✷✷ TN
(
N
2 +
i+1
2 , i+ 1
)← − 1√
2
❀
✷✸ ✜♥ ♣❛r❛
✷✹ Tf ← TM ∗ Tf ∗ T
T
N
❀
✷✺ s✐ ♥♦
✷✻ P❛r❛ w ← 1 s✐❣✉✐❡♥t❡ w ← i+ 1 ❤❛st❛ R ❤❛❝❡r
✷✼ Tf (:, :, w)← TRO3(Tf (:, :, w))❀
✷✽ ✜♥ ♣❛r❛
✷✾ ✜♥ s✐
✶✸✵
❇✳✸ ❚❘❖■✸
❆❧❣♦r✐t♠♦ ❇✳✸✿ ❚❘❖■✸
❊♥tr❛❞❛✿ ❯♥❛ ✐♠❛❣❡♥ f ✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ r❡s✉❧t❛❞♦ ❞❡ ❚❘❖✸
❙❛❧✐❞❛ ✿ ■♠❛❣❡♥ r❡❝♦♥str✉✐❞❛ Tf
✶ Tf ← s✐♥❣❧❡✭❢ ✮❀
✷ [M,N,R]← ❞✐♠❡♥s✐ó♥✭Tf✮❀
✸ ❙✐ r❡st♦✭▼✱✷✮ 6= 0 ❡♥t♦♥❝❡s
✹ Tf ← Tf (1 : M − 1, :, :)
✺ ✜♥ s✐
✻ ❙✐ r❡st♦✭◆✱✷✮ 6= 0 ❡♥t♦♥❝❡s
✼ Tf ← Tf (1, 1 : N − 1, :)
✽ ✜♥ s✐
✾ ❙✐ ❘❂✶ ❡♥t♦♥❝❡s
✶✵ TM ← ❝❡r♦s✭▼✱▼ ✮❀
✶✶ TN ← ❝❡r♦s✭◆✱◆ ✮❀
✶✷ P❛r❛ i← 1 s✐❣✉✐❡♥t❡ i← i+ 2 ❤❛st❛ M ❤❛❝❡r
✶✸ TM
(
i+1
2 , i
)← 1√
2
❀
✶✹ TM
(
i+1
2 , i+ 1
)← 1√
2
❀
✶✺ TM
(
M
2 +
i+1
2 , i
)← 1√
2
❀
✶✻ TM
(
M
2 +
i+1
2 , i+ 1
)← − 1√
2
❀
✶✼ ✜♥ ♣❛r❛
✶✽ P❛r❛ i← 1 s✐❣✉✐❡♥t❡ i← i+ 2 ❤❛st❛ N ❤❛❝❡r
✶✾ TN
(
i+1
2 , i
)← 1√
2
❀
✷✵ TN
(
i+1
2 , i+ 1
)← 1√
2
❀
✷✶ TN
(
N
2 +
i+1
2 , i
)← 1√
2
❀
✷✷ TN
(
N
2 +
i+1
2 , i+ 1
)← − 1√
2
❀
✷✸ ✜♥ ♣❛r❛
✷✹ TM ← ✐♥✈❡rs❛✭TM✮❀
✷✺ TN ← ✐♥✈❡rs❛✭TN✮❀
✷✻ Tf ← TM ∗ Tf ∗ T
T
N
❀
✷✼ s✐ ♥♦
✷✽ P❛r❛ w ← 1 s✐❣✉✐❡♥t❡ w ← i+ 1 ❤❛st❛ R ❤❛❝❡r
✷✾ Tf (:, :, w)← TRO3(Tf (:, :, w))❀
✸✵ ✜♥ ♣❛r❛
✸✶ ✜♥ s✐
✶✸✶
❇✳✹ ❉❡t❡❝❝✐ó♥ ❞❡ ❇♦r❞❡s
❆❧❣♦r✐t♠♦ ❇✳✹✿ ❉❡t❡❝❝✐ó♥ ❞❡ ❇♦r❞❡s
❊♥tr❛❞❛✿ ❯♥❛ ✐♠❛❣❡♥ f ✱ ❢❛❝t♦r ❞❡ ❝♦rr❡❝❝✐ó♥ ❞❡ ❧✉♠✐♥❛♥❝✐❛ L
❙❛❧✐❞❛ ✿ ❇♦r❞❡s ❞❡ ❧❛ ✐♠❛❣❡♥ f ✱ ❛❧♠❛❝❡♥❛❞♦s ❡♥ TTi
✶ [M,N,R] = ❞✐♠❡♥s✐ó♥✭❢ ✮❀
✷ ❙✐ R = 3 ❡♥t♦♥❝❡s
✸ Af = 0.3 ∗ f(:, :, 1) + 0.59 ∗ f(:, :, 2) + 0.11 ∗ f(:, :, 3)
✹ s✐ ♥♦
✺ Af = f
✻ ✜♥ s✐
✼ Af ← s✐♥❣❧❡✭Af✮❀
✽ Tf ← TRO3(Af )❀
✾ TTf ← TRO3
(
Tf
(
1 : M2 , 1 :
N
2
))
❀
✶✵ TTf
(
1 : M4 , 1 :
N
4
)← ❝❡r♦s (M4 , M4 )❀
✶✶ Tf
(
1 : M2 , 1 :
N
2
)← TROI3 (TTf )❀
✶✷ TTi ← TROI3 (Tf )❀
✶✸ TTi ← L ∗ TTi
✶✸✷
❇✳✺ ❈♦♠♣r❡s✐ó♥ ❞❡ ■♠❛❣❡♥
❆❧❣♦r✐t♠♦ ❇✳✺✿ ❈♦♠♣r❡s✐ó♥ ❞❡ ■♠❛❣❡♥
❊♥tr❛❞❛✿ ❯♥❛ ✐♠❛❣❡♥ f ✱ ✉♠❜r❛❧ Umb
❙❛❧✐❞❛ ✿ ❈♦♠♣r❡s✐ó♥ ❞❡ ❧❛ ✐♠❛❣❡♥ f ❛ ✉♠❜r❛❧ Umb✱ ❛❧♠❛❝❡♥❛❞❛ ❡♥ Af
✶ [M,N,R] = ❞✐♠❡♥s✐ó♥✭❢ ✮❀
✷ Af ← s✐♥❣❧❡✭f✮❀
✸ Tf ← TRO3(Af )❀
✹ P❛r❛ k ← 1 s✐❣✉✐❡♥t❡ k ← k + 1 ❤❛st❛ R ❤❛❝❡r
✺ Te = ♠á①✐♠♦✭♠á①✐♠♦✭|Af (:, :, k)|✮✮∗Umb
100
❀
✻ P❛r❛ i← 1 s✐❣✉✐❡♥t❡ i← i+ 1 ❤❛st❛ M ❤❛❝❡r
✼ P❛r❛ j ← 1 s✐❣✉✐❡♥t❡ j ← j + 1 ❤❛st❛ N ❤❛❝❡r
✽ ❙✐ Tf (i, j, k) < Te ❡♥t♦♥❝❡s
✾ Tf (i, j, k) = 0
✶✵ ✜♥ s✐
✶✶ ✜♥ ♣❛r❛
✶✷ ✜♥ ♣❛r❛
✶✸ ✜♥ ♣❛r❛
✶✹ Af =← TROI3(Tf )❀
✶✸✸
❇✳✻ ❘❡❞✉❝❝✐ó♥ ❞❡ ❘✉✐❞♦
❆❧❣♦r✐t♠♦ ❇✳✻✿ ❘❡❞✉❝❝✐ó♥ ❞❡ ❘✉✐❞♦
❊♥tr❛❞❛✿ ❯♥❛ ✐♠❛❣❡♥ f
❙❛❧✐❞❛ ✿ ❘❡❞✉❝❝✐ó♥ ❞❡ r✉✐❞♦ ❞❡ ❧❛ ✐♠❛❣❡♥ f ✱ ❛❧♠❛❝❡♥❛❞❛ ❡♥ Af
✶ [M,N,R] = ❞✐♠❡♥s✐ó♥✭❢ ✮❀
✷ Af ← s✐♥❣❧❡✭f✮❀
✸ Tf ← TRO3(Af )❀
✹ P❛r❛ k ← 1 s✐❣✉✐❡♥t❡ k ← k + 1 ❤❛st❛ R ❤❛❝❡r
✺ p1 =♠❡❞✐❛♥❛✭♠❡❞✐❛♥❛✭
∣∣Tf (1 : M2 , N2 + 1 : N, k)∣∣✮✮❀
✻ p2 =♠❡❞✐❛♥❛✭♠❡❞✐❛♥❛✭
∣∣Tf (M2 + 1 : M, 1 : N2 , k)∣∣✮✮❀
✼ p3 =♠❡❞✐❛♥❛✭♠❡❞✐❛♥❛✭
∣∣Tf (M2 + 1 : M, N2 + 1 : N, k)∣∣✮✮❀
✽ p =
♠❡❞✐❛♥❛✭[p1, p2, p3]✮
0.6745 ❀
✾ Te = p ∗
√
2 log (♠❡❞✐❛♥❛✭M,N✮)❀
✶✵ P❛r❛ i← 1 s✐❣✉✐❡♥t❡ i← i+ 1 ❤❛st❛ M ❤❛❝❡r
✶✶ P❛r❛ j ← 1 s✐❣✉✐❡♥t❡ j ← j + 1 ❤❛st❛ N ❤❛❝❡r
✶✷ ❙✐ |Tf (i, j, k)| < Te ❡♥t♦♥❝❡s
✶✸ Tf (i, j, k) = 0
✶✹ ✜♥ s✐
✶✺ ✜♥ ♣❛r❛
✶✻ ✜♥ ♣❛r❛
✶✼ ✜♥ ♣❛r❛
✶✽ Af =← TROI3(Tf )❀
✶✸✹
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❡♥ ❧♦s ❞❡t❛❧❧❡s ❞❡ ❧❛ ✐♠❛❣❡♥✱ ❡st♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡♥ ❧❛ ❋✐❣✉r❛ ❉✳✹✳
▲❛ t❛r❡❛ ✏❘❡❝♦♥str✉❝❝✐ó♥✑ ❢✉❡ ✐♠♣❧❡♠❡♥t❛❞❛ ♣❛r❛ ♣♦❞❡r tr❛❜❛❥❛r ❝♦♥ ❝✉❛❧q✉✐❡r❛ ❞❡ ❧♦s
✶✺✸
✭❛✮ ✭❜✮
❋✐❣✉r❛ ❉✳✹✿ ✭❛✮ ✸ ♥✐✈❡❧❡s ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥✱ ✭❜✮ ✹ ♥✐✈❡❧❡s ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥
r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❧❛ t❛r❡❛ ✏❉❡s❝♦♠♣♦s✐❝✐ó♥✑ ✐♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡ ❞❡❧ ♥✐✈❡❧ ❞❡ ❞❡✲
s❝♦♠♣♦s✐❝✐ó♥ t♦♠❛❞♦✳
❈♦♠♦ ②❛ s❡ ❝♦♠❡♥tó ❛♥t❡s✱ ♠✐❡♥tr❛s s❡ ❣✉❛r❞❡♥ ❡♥ ♠❡♠♦r✐❛ ❧♦s ✈❛❧♦r❡s ❡①❛❝t♦s ♦❜t❡♥✐❞♦s
❝♦♠♦ r❡s✉❧t❛❞♦ ❞❡❧ ♣r♦❝❡s♦ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥✱ s❡ ♣♦❞rá r❡❝♦♥str✉✐r ❞❡ ♠❛♥❡r❛ ❡①❛❝t❛ ❧❛
✐♠❛❣❡♥ ♦r✐❣✐♥❛❧✳ ➱st❛ ❝♦♥s✐❞❡r❛❝✐ó♥ ❢✉❡ t♦♠❛❞❛ ❡♥ ❝✉❡♥t❛ ❛❧ ♠♦♠❡♥t♦ ❞❡ ✐♠♣❧❡♠❡♥t❛r
Wavelet✳
▲❛ s✐❣✉✐❡♥t❡ ✏❚❛r❡❛ ❛ ❘❡❛❧✐③❛r✑ ❡s ✏❉❡t❡❝❝✐ó♥ ❞❡ ❇♦r❞❡s✑✱ ❧♦s ♣❛rá♠❡tr♦s ♣♦r ❞❡❢❡❝t♦ ❝♦♥
❧♦s q✉❡ ✈❛ ❛ tr❛❜❛❥❛r Wavelet s♦♥ ✷ ♥✐✈❡❧❡s ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ② ✉♥ ❢❛❝t♦r ❞❡ ❝♦rr❡❝❝✐ó♥
❞❡ ❧✉♠✐♥❛♥❝✐❛ ❞❡ ✹✱ ♣❛r❛ ❡st♦ ❝♦♥s✐❞❡r❡♠♦s ❧❛ ✐♠❛❣❡♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ❉✳✺✳
❋✐❣✉r❛ ❉✳✺✿ ❚❛t✉❛❥❡ ❞❡ ❚✉♠✐
✶✺✹
▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❝♦♥ ❧♦s ♣❛rá♠❡tr♦s ♣♦r ❞❡❢❡❝t♦ s♦♥ ♠♦str❛❞♦s ❡♥ ❧❛ ❋✐❣✉r❛ ❉✳✻❛
② ❡♥ ❧❛ ❋✐❣✉r❛ ❉✳✻❜ s❡ ♠✉❡str❛ ❧♦s ❜♦r❞❡s ♦❜t❡♥✐❞♦s ❝♦♥ ✶ ♥✐✈❡❧ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ② ✉♥
❢❛❝t♦r ❞❡ ❝♦rr❡❝❝✐ó♥ ❞❡ ❧✉♠✐♥❛♥❝✐❛ ❞❡ ✸✳
✭❛✮ ✭❜✮
❋✐❣✉r❛ ❉✳✻✿ ✭❛✮❇♦r❞❡s ❝♦♥ ♣❛rá♠❡tr♦s ♣♦r ❞❡❢❡❝t♦ ✱ ✭❜✮ ❇♦r❞❡s ❝♦♥ ♣❛rá♠❡tr♦s ♠♦❞✐✜❝❛❞♦s
❈♦♠♦ ②❛ s❡ ✈✐♦ ❡♥ ❡❧ ú❧t✐♠♦ ❝❛♣ít✉❧♦✱ ést❡ ♣r♦❝❡s♦ ❞❡ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s s❡ ♣✉❡❞❡ ❛♣❧✐❝❛r
❛ ✐♠á❣❡♥❡s ❡♥ ❝♦❧♦r ❘●❇✱ ❧❛ ❋✐❣✉r❛ ❉✳✼❛ ♠✉❡str❛ ❧❛ ✐♠❛❣❡♥ ❛ ❧❛ ❝✉❛❧ s❡ ❧❡ ❛♣❧✐❝❛rá ❡❧
♣r♦❝❡s♦ ❞❡ ❞❡t❡❝❝✐ó♥ ❞❡ ❜♦r❞❡s ❝♦♥ ✶ ♥✐✈❡❧ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ② ✉♥ ❢❛❝t♦r ❞❡ ❝♦rr❡❝❝✐ó♥ ❞❡
❧✉♠✐♥❛♥❝✐❛ ❞❡ ✺ ❡❧ ❝✉❛❧ s❡ ♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ❉✳✼✳
✭❛✮ ✭❜✮
❋✐❣✉r❛ ❉✳✼✿ ✭❛✮✈✐tr❛❧✱ ✭❜✮ ❜♦r❞❡s ❞❡❧ ✈✐tr❛❧
✶✺✺
❙✐ s❡ s❡❧❡❝❝✐♦♥❛ ✏▼♦str❛r ■♥t❡r♠❡❞✐♦s✑ s❡ ♣♦❞rá ✈❡r ♣❛s♦ ❛ ♣❛s♦ ❡❧ ♣r♦❝❡s♦ ❛♥t❡r✐♦r ✐✳❡✳ ❧❛
❝♦♥✈❡rs✐ó♥ ❛ ❡s❝❛❧❛ ❞❡ ❣r✐s❡s✱ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥✱ ❧❛ ❞❡♣r❡❝✐❛❝✐ó♥ ❞❡ ❧❛ ✐♠❛❣❡♥ ❛♣r♦①✐♠❛❞❛✱
② ✜♥❛❧♠❡♥t❡ ❧❛ r❡❝♦♥str✉❝❝✐ó♥✱ ❛sí ♦❜t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r✳
▲❛ s✐❣✉✐❡♥t❡ ✏❚❛r❡❛ ❛ ❘❡❛❧✐③❛r✑ ❡s ❧❛ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥ ❝♦♥ ✉♠❜r❛❧✱ ♣❛r❛ ❡❧❧♦ ❡s❝♦❣❡♠♦s
❧♦s ♥✐✈❡❧❡s ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ② ❡❧ ✉♠❜r❛❧✱ ❡❧ ✉♠❜r❛❧ ❡s t♦♠❛❞♦ ❝♦♠♦ ❡❧ ♣♦r❝❡♥t❛❥❡ ✐♥❞✐❝❛❞♦
♣♦r ❡❧ ✉s✉❛r✐♦ ❞❡ ❛❧ ✈❛❧♦r ♠á①✐♠♦ ❞❡ ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡ ❧♦s ♣í①❡❧❡s ♣r❡s❡♥t❡s ❡♥ ❧❛ ✐♠❛❣❡♥ ②
❞❡s♣✉és ❧♦s ✈❛❧♦r❡s ❞❡ ❧♦s ♣í①❡❧❡s q✉❡ s❡❛♥ ♠❡♥♦r❡s ❛❧ ✉♠❜r❛❧ s❡ ❞❡s♣r❡❝✐❛♥✳ P❛r❛ ✐❧✉str❛r
❡st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ tr❛❜❛❥❛r❡♠♦s ❝♦♥ ❧❛ ✐♠❛❣❡♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ❉✳✽✳ ❊st❛ ✐♠❛❣❡♥
❢✉❡ t♦♠❛❞❛ ♣♦r ✉♥❛ ❝á♠❛r❛ ❞✐❣✐t❛❧ ❈❛♥♥♦♥✱ ❞❡ ✉s♦ ❝♦t✐❞✐❛♥♦✱ ❧❛ ❝✉❛❧ t✐❡♥❡ ❞✐♠❡♥s✐♦♥❡s ❞❡
✶✻✵✵×✶✷✵✵ ♣í①❡❧❡s✱ ❡s ✉♥ ❛r❝❤✐✈♦ ❞❡ t✐♣♦ ❏P● ❞❡ t❛♠❛ñ♦ ❞❡ ✼✾✷ ❑❜✳
❋✐❣✉r❛ ❉✳✽✿ ❘❡✉♥✐ó♥ ❞❡ ❛♠✐❣♦s
❊♥ ❧❛ ❋✐❣✉r❛ ❉✳✾ s❡ ♠✉❡str❛ ❧❛ ❝♦♠♣r❡s✐ó♥ ❝♦♥ ✶ ♥✐✈❡❧ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ② ✉♥ ✉♠❜r❛❧ ❞❡
✺✪✱ ❡st❛ ✐♠❛❣❡♥ t✐❡♥❡ ✉♥ t❛♠❛ñ♦ ❞❡ ✸✷✽ ❦❜✳
❋✐❣✉r❛ ❉✳✾✿ ❈♦♠♣r❡s✐ó♥ ❛ ✉♠❜r❛❧ ❞❡ ✺✪
✶✺✻
❊♥ ❧❛ ❋✐❣✉r❛ ❉✳✶✵ s❡ ♠✉❡str❛ ❧❛ ❝♦♠♣r❡s✐ó♥ ❝♦♥ ✶ ♥✐✈❡❧ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ♣❡r♦ ❛ ✉♥ ✉♠✲
❜r❛❧ ❞❡ ✶✵✪✱ ❡st❛ ✐♠❛❣❡♥ r❡s✉❧t❛♥t❡ t✐❡♥❡ ✉♥ t❛♠❛ñ♦ ❞❡ ✸✶✻ ❦❜✳
❋✐❣✉r❛ ❉✳✶✵✿ ❈♦♠♣r❡s✐ó♥ ❛ ✉♠❜r❛❧ ❞❡ ✶✵✪
❉❡ ❡st❡ ♠♦❞♦ ❡s♣❡r❛♠♦s ♦❜t❡♥❡r ♠❡❥♦r❡s r❡s✉❧t❛❞♦s ❛ ♠❡❞✐❞❛ q✉❡ ❛✉♠❡♥t❡♠♦s ❡❧ ✉♠❜r❛❧
❞❡ ❝♦♠♣r❡s✐ó♥✳ ❊st♦ ❡s ❝✐❡rt♦✱ ♣❡r♦ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♥♦ ❡s ✉♥✐❢♦r♠❡
r❡s♣❡❝t♦ ❛ ❧❛ ♣r❡♠✐s❛ ❛♥t❡r✐♦r ②❛ q✉❡ ❡❧ ❣r❛❞♦ ❞❡ ❝♦♠♣r❡s✐ó♥ ♥♦ s♦❧♦ ❞❡♣❡♥❞❡ ❞❡ ❧❛ ❡❧❡❝❝✐ó♥
❞❡❧ ✉♠❜r❛❧ s✐♥♦ t❛♠❜✐é♥ ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛ ✐♠❛❣❡♥✳
❈♦♥s✐❞❡r❡♠♦s ❝♦♠♦ ❡❥❡♠♣❧♦ ❧❛ ✐♠❛❣❡♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ❉✳✶✶ ♣❛r❛ ❧❛ ❝✉❛❧ ♠♦str❛♠♦s
❞✐✈❡rs♦s r❡s✉❧t❛❞♦s ❡♥ ❧❛ ❋✐❣✉r❛ ❉✳✶✷✱ ♦❜t❡♥✐❞♦s ❛ ✶ ♥✐✈❡❧ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥✱ ❞♦♥❞❡ ♦❜✲
s❡r✈❛♠♦s ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ✐♥❝r❡♠❡♥t❛♥❞♦ ❡❧ ✉♠❜r❛❧ ❞❡ ❝♦♠✲
♣r❡s✐ó♥ ❞❡ ♠❛♥❡r❛ ❣r❛❞✉❛❧ ② ❝♦♥st❛♥t❡✳
❋✐❣✉r❛ ❉✳✶✶✿ ●✉❡rr❡r♦ ■♥❝❛ ✭✷✶✳✼ ❑❜✮
✶✺✼
✭❛✮ ✭❜✮
✭❝✮ ✭❞✮
✭❡✮
❋✐❣✉r❛ ❉✳✶✷✿ ✭❛✮❯♠❜r❛❧ ❞❡ ✺✪ ✭✷✵✳✾ ❑❜✮ ✱ ✭❜✮ ❯♠❜r❛❧ ❞❡ ✶✵✪ ✭✷✵✳✷ ❑❜✮✱✭❝✮ ❯♠❜r❛❧ ❞❡
✶✺✪ ✭✶✾✳✾ ❑❜✮✱ ✭❞✮ ❯♠❜r❛❧ ❞❡ ✷✵✪ ✭✷✵✳✸ ❑❜✮✱ ✭❡✮ ❯♠❜r❛❧ ❞❡ ✷✺✪ ✭✷✶✳✸ ❑❜✮
✶✺✽
▲❛ ú❧t✐♠❛ ✏❚❛r❡❛ ❛ ❘❡❛❧✐③❛r✑ ❡s ✏❘❡❞✉❝❝✐ó♥ ❞❡ ❘✉✐❞♦✑ s✉ ♣r♦❝❡❞✐♠✐❡♥t♦ ❡s ❜❛st❛♥t❡ s✐♠✐❧❛r
❛❧ ❞❡ ❝♦♠♣r❡s✐ó♥ ❞❡ ✐♠❛❣❡♥✱ s❛❧✈♦ q✉❡ ❡❧ ✉♠❜r❛❧ ❡s ❝❛❧❝✉❧❛❞♦ ❝♦♥ ❧♦s ✈❛❧♦r❡s ❞❡ ❧♦s ❞❡t❛❧❧❡s
❞❡ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❧❛ ✐♠❛❣❡♥✳ ❧❛ ❋✐❣✉r❛ ❉✳✶✸ ♠✉❡str❛ ❧❛ ✐♠❛❣❡♥ ♦r✐❣✐♥❛❧ ② ❧❛ ❋✐❣✉r❛
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